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1. Bee,n;eHHe 

B 3Toii KHHre MhI paccKruKeM o HecKOJihKHX KJiaccHqecKHx rrpo6JieMax 

COBpeMeHHOH KOM6HHaTOpHKH H TeopHH rpa<l>oB, CB.H3aHHhlX c IIOH.HTHeM 

pacKpaCKH. HaBepH.HKa MHOrHe qf1TaTeJIH HeO,ZJ;HOKpaTHO CTaJIKHBaJIHCh c 

3THM rroH.HTHeM. MHorHe CJihIIIIaJIH, HarrpHMep, o 3HaMeHHTOH rHrroTe3e 

qeThipex KpacoK: Ha mo6oii «,n;ocTaToqHo xopoIIIeH» KapTe MHpa CTpaHhI 

MOrYT 6bITh TaK IIOKpaIIIeHhI, qTo6bI coce,n;HHe CTpaHhl HMeJIH pa3Hhie :QBe­

Ta, a Bcero :QBeToB 6hmo He 6oJihIIIe qeThipex. A em;e MHOrHe 3Ha:EOT 3a,n;aqy 

0 xpoMaTHqecKOM qflCJie IIJIOCKOCTH: HaHTH HaHMeHhIIIee qf1CJIO :QBeTOB, B 

KOTOpbie MO)KHO TaK IIOKpaCHTh BCIO IIJIOCKOCTh, qTo6bI KruK,Zl;hie ,ZJ;Be ToqKH, 

paCCTO.HHHe Me:>K,ZJ;y KOTOphIMH paBHO e,n;HHH:Qe, 6bmH IIOKpaIIIeHhl B pa3-

Hhle :QBeTa (CM. [1], [2]). 
B 3TOH KHHre MhI paccKruKeM He 06 3THX 3a,ll;aqax. Ho Te 3aJJ;aqH, o KO­

TOphIX Mhl rroroBOpHM, ceiiqac HrpaIOT KOJIOCCaJihttyIO pOJih B ,ZJ;HCKpeTHOH 

MaTeMaTHKe, HaXO,ll;.HTC.H B caMOM ee :QeHTpe - Ha CThIKe H,ZJ;eH H MeTO,ZJ;OB. 

B KHHre Macca KpacHBhIX pacc)')l(,lJ;eHHH. ,lJ;JI.H ,n;ocTIDKeHHR MaKCHMaJihHO­

ro «KaTapcHCa» IIOJie3HO BJia,ll;eTh OCHOBaMH KOM6HHaTOpHKH (CM., HarrpH­

Mep, [3]-[7]), TeOpHH rpa<l>oB (CM. [8], [9]), TeopHH rrpe,n;eJIOB H aCHMII­

TOTHK B ,Zl;HCKpeTHOM aHaJIH3e (CM. [10]), TeopHH Bepo.HTHOCTeH (CM. [SJ, 
[11]) H JIHHeHHOH aJire6pbI (CM. [12]). 0,n;HaKo He CTOHT rryraThC.H TaKOro 

H306HJIH.H rrpe,n;MeTOB. Ha caMOM ,n;eJie OT KOM6HHaTOpHKH tty)l(Hhl TOJihKO 

qflCJia coqeTaHHH (6HHOMHaJihHhie K03<l><l>H:QHeHThI)' OT TeOpHH rpa<l>oB -

TOJihKO 6a30BOe orrpe,n;eJieHHe rpa<l>a, OT TeopHH Bepo.HTHOCTeH - TOJihKO 

ee KOM6HHaTopHhie acrreKThI (Bh16op cnyqaliHoro o6oeKTa H3 KOHeqHoro 

MHO)KeCTBa, 6pocaHHe MOHeThl, MaTeMaTHqecKoe O)KH,ll;aHHe rrpocTeHIIIeH 

~aHHOH BeJIHqflHhI)' OT aCHMIITOTHK - rrpocTo IIOHHMaHHe, HarrpHMep, 

Toro,qTo 

n2 + n,....., n 2 rrpH n--+ oo 

B TOM CMhICJie, qTo rrpe,n;eJI OTHOIIIeHH.H BeJIHqflH n 2 + n H n2 
paBeH e,n;HHHIJ;e 

(tty, MO)KeT, Wb IIOCJIO)KHee, HO Mhl Bee aKKypaTHO H IIOCJie,n;oBaTeJihHO 

HaIIOMHHM)' OT JIHHeHHOH aJire6pb1 - TOJihKO rrpe,n;cTaBJieHHe 0 TOM, qTo 

6brnaeT rrpocTpaHCTBO ]Rn' a B HeM BeKTOphI, MaTpH:QhI, CKaJI.HpHbie rrpo­

H3Be,n;eHH.H... B o6m;eM, H3JIO)KeHHe 6yJJ;eT ,ZJ;OCTYIIHO a6coJIIOTHO JI1060MY 

3aKOHqHBIIIeMY BTOpOH Kypc H oqeHh MHOrHM CTapIIIeKJiaCCHHKaM, o6yqa­

IOIIJ;HMC.H B Kp~ax, MaTeMaTHqecKHX KJiaccax H BCeB03MO)KHhIX JieTHHX H 

He TOJihKO JieTHHX OJIHMIIHa,ZJ;HhIX H He TOJihKO OJIHMIIHa,ll;HhIX IIIKOJiax. 

KHHra OCHOBaHa Ha KYPCe, KOTOphIH aBTOp rrpoqHTaJI B ,LJ;y6He Ha JieT­

HeH IIIKOJie «COBpeMeHHa.H MaTeMaTHKa» B HIOJie 2019 ro,n;a, a TaK)Ke Ha 
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MHOroqHCJieHHhIX ero )Ke JieKI.J;H51X Ha BCeB03MO)l(HhlX c6opax (B «CHpHy­

ce», «KOMaH,ll;e», «KOMnhIOTeppHH» H ,n;p.), Ha pa3JIHqHhIX IIIKOJiax (KHpoB­

CKruI JIMill, KoM6HHaTOpHKa H aJiropHTMhI H ,n;p.) H yttHBepcHTeTax no Bceii 

PoccHH. 

,l(JUI 3aTpaBKH paccMoTpHM cJie,n;YJOrn;YJO 3a,n;aqy, B KJiacce yqaTC.H 30 qe­

JIOBeK. yfa HHX OT6HpaIOTC.H 5 JiyqlIIHX KOM6HHaToprn;HKOB, 5 .JiyqlIIHX qlfc­

JIOBHKOB, 5 JiyqIIIHX Bepo.HTHOCTHHKOB H TaK ,n;aJiee. Bcero 15 TIRTepoK. Ko­

HeqHo, 3TH TI.HTepKH JiyqIIIHX MOrYT KaK yro,n;Ho nepeceKaTbC.H: 3apaHee Mhl 

He 3HaeM, KTO OKa)l(eTC.H CHJibHee B KaKOM H3 HarrpaBJieHHH. Bonpoc: BCe­
zaa JlU MO)l(HO TaK pacca,n;HTh HaIIIHX 30 IIIKOJibHHKOB no ,ll;BYM Ka6HHeTaM, 

qTo6hI B Ka)l(,ZJ;OM Ka6HHeTe 6bIJI XOTH 6hI O,ll;HH rrpe,n;cTaBHTeJih Ka)l(,ZJ;OH H3 

TI.HTepoK? HanpHMep, eCJIH BCe TI.HTepKH COBna,n;aIOT, TO, oqeBH,D;HO, pac­

ca,n;Ka B03MO)l(Ha. Ho Be,ZJ;b eCTh orpoMHOe KOJIHqecTBO ,n;pyrHX BapHaHTOB! 

Mo)l(eT, eCJIH TI.HTepKH pacnpe,n;eJIHTC.H 6oJiee XHTpO, TO OKa)l(eTCH, qTo, KaK 

HH paCCa)l(HBaH 30 IIIKOJihHHKOB no ,ll;BYM Ka6HHeTaM, ofornaTeJihHO HaH­

,n;eTC.H Ka6HHeT, B KOTOpOM o,n;Ha H3 TI.HTepoK HaXO,ll;HTCH u;eJIHKOM? 

0TBeT Ha BOnpoc BCe-TaKH nOJIO)l(HTeJibHhIH: ,n;a, TaKruI pacca,n;Ka BCezaa 
B03MO)l(Ha. PeIIIeHHe oqeHh rrpocToe H KpacHBOe ! OHO OCHOBaHO Ha Bepo­

.HTHOCTHOM MeTO,n;e B KOM6HHaTOpHKe (cp. [13] , [14]). B npHHI.J;Hne 3,ZJ;eCb 

ern;e MO)l(HO 6hIJIO 6hI o6oHTHCh 6e3 CChlJIOK Ha TeopHIO BepO.HTHOCTeH, HO 

6y,n;eT Jiyqllle, eCJIH Mhl cpa3y BOCnOJih3yeMC.H HMeHHO Bepo.HTHOCTHOH Tep­

MHHOJIOrHeii. 

11TaK, HaM ,n;aHhI 15 TIRTepoK. 06o3HaqHM HX Mv ... , M15 • PaccMoTpHM 

c.nJllaUHYJO pacca.n;Ky IIIKOJibHHKOB. llTo 3TO 3HaqHT? Boo6~e roBopJI, qTO 

yro,n;Ho, Be,n;b CJiyqaiiHOCTh MO)l(HO onpe,n;eJUITh no-pa3HOMY· Ho MhI 6y­

,n;eM nOHHMaTh CJiyqaiiHOCTh MaKCHMaJihHO npOCTO: Ka)l(,ZJ;bIH IIIKOJibHHK 

u 6 1 u 
OTnpaBJUleTC.H B rrepBbIH Ka HHeT c BepO.HTHOCThlO 2' H c TaKOH )Ke Be-

pOHTHOCThlO OH H,D;eT BO BTOpoii Ka6HHeT; Bb16op Ka6HHeTa IIIKOJihHHKH 

oc~eCTBJUllOT He3aBHCHMO ,n;pyr OT ,n;pyra. 11HhIMH CJIOBaMH, Mhl KaK 6bI 

30 pa3 6pocaeM CHMMeTpMqHYJO MOHeTKy, H eCJIM MOHeTKa B i-M 6poca­

HHH na,n;aeT peIIIKOH KBepxy, TO i-ii IIIKOJibHHK H,D;eT B nepBblH Ka6HHeT, 

HHaqe - BO BTopo:H. BBe,n;eM o6o3HaqeHMe Ai, i = 1, ... , 15, ,n;JIH co6hITHR, 

COCTO.Hrn;ero B TOM, qTo TI.HTepKa Mi u;eJIHKOM norraJia B O,ll;HH Ka6HHeT. 

KaKoBa BepoRTHOCTh P(Ai ) 3Toro co6hITHR7 TiocKOJihKY Bh16op npoH3BO­

,ll;HTC.H IIIKOJibHHKaMH He3aBHCHMO, Bepo.HTHOCTH rrepeMHO)l(alOTC.H, H Mbl 

no.rryqaeM 
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Tenepb H3yqMM Bepo.HTHOCTb Toro, qTo XOrnR 6bL oaH.a TI.HTepKa I.J;eJIHKOM 
15 

CH,D;MT B o,n;HoM Ka6HHeTe . Pa3YMeeTc.H, 3TO Bepo.HTHOCTb co6bITHR LJ Ai . 
i=l 

3HaqHT, c nOJlO:HCUmellbH.OU BepO.HTHOCTblO HMeeT MeCTO rrpOTHBOnOJIO)l(­

HOe co6bITMe, KOTOpoe COCTOHT B TOM, qTo HH o,n;Ha TI.HTepKa u;eJIMKOM He 

CH,D;HT B O,ll;HOM H3 Ka6HHeTOB. Ho Be,ZJ;b 3TO pOBHO TO, qTo Hy)l(HO! «HM 

o,n;Ha TIRTepKa I.J;eJIHKOM He CH,D;HT»- 3TO )Ke TO )Ke caMoe, qTo «B Ka.)1(­

,ll;OM Ka6HHeTe eCTb XOTR 6bI O,ll;HH rrpe,n;c'i'aBHTeJib Ka)l(,ll;OH H3 TI.HTepOK». 

11 3TO BbITIOJIHeHo c noJIO)l(HTeJibHOH Bepo.HTHOCTbIO. ECJIM BepoTHOCTb 

paeea.n;KH e H)7)KHbIM CBOHeTBOM nOJIO)l(HTeJibHa, TO TaKruI pacea,n;Ka TOqHo 

ecTb. KaK ee MCKaTb - ,n;pyro:H Bonpoc. Ho 3a,n;aqa peIIIeHa: paeca,n;Ka ecTb 

Bcer,n;a. 

0TMeTHM, qTo B HaIIIeM peweH.UU HMr,n;e He HenOJib30BaJIC.H TOT cpaKT, 

qTo Beero IIIKOJibHMKOB HMeHHO 30. COOTBeTeTBeHHO, B03HHKaeT Bonpoc: 

a MO)l(HO JIM, no-rrpe)l(HeMY npeHe6perru1 HCXO,ll;HbIM KOJIHqecTBOM IIIKOJib­

HHKOB, BMeCTO 15 B3.HTb 60Jib1IIee qHCJIO H noJiyqHTb TOT )Ke pe3yJibTaT c 

B03MO)l(HOeTbIO pacca,n;KH? ,l(o IIIeCTHa.n;u;aTH ,n;oTRHYTb JierKo. B eaMOM ,n;e­

Jie, Bee eo6bITHR A i MMeIOT HerrycToe rrepeeeqeHHe. 3aBe,n;oMo B 3TOM rre­

peeeqeHMH Haxo,n;HTe.H ,n;ypau;KruI pacca,n;Ka, rrpH KOTopo:H BCe IIIKOJibHMKH 

CH,ZJ;.HT B nepBOM Ka6MHeTe. Ho TOr,n;a BepO.HTHOCTb o6'he,ll;HHeHH.H cmpozo 
MeH.bWe CYMMbl BepO.HTHOCTeH H Halli MeTO,ll; eHoBa cpa6aTbrnaeT. Y)l(e e 

eeMHa,n;u;aTblO TaKOH HOMep He rrpoxo,n;HT ... 

JierKO BH,D;eTb, qTo ,ll;JUI 126 TI.HTepoK OTBeT ]')Ke nOJIO)l(HTeJibHbIM He 

RBJUieTCH. CTpaHHoe qlfeJio, ,n;a? Hy, eeiiqae pa36epeMC.H! Mb1 )Ke BOJibHbI 

B BbI6ope HCXO,ll;HOro KOJIHqeeTBa IIIKOJibHHKOB. ,l(aBaiiTe B03bMeM ace TIR­

TepKH, KaKHe TOJibKO MO)l(HO eoeTaBHTb H3 aeaRmU qeJioBeK. 11X B aKKY­

paT 126 = C~. Tionpo6yeM Terrepb paeea,n;HTb ,n;eBHTepbIX IIIKOJibHHKOB no 

,ll;BYM Ka6HHeTaM. 11 BOT He TYT-TO 6bIJIO! TipH JII06o:H paeea,n;Ke B KaKOH­

TO Ka6HHeT nona,n;eT He Mettee TIRTM IIIKOJibHHKOB. Ho y Hae Ka:Heaa.R. TIR­

TepKa eeiiqac «B ,n;eJie». 3HaqHT, Bee IIJIOXO H Mbl HMeeM npHMep CHrya­

I.J;HH, Kor,n;a OTBeT Ha nepBOHaqaJibHhIH BOIIpoe ]')Ke He .HBJIHeTe.H YTBep,n;H­

TeJibHbIM. 

11TaK, ,ll;JIH JII06bIX 16 n.HTepoK OTBeT YTBep,n;HTeJihHhIH, HO C)'l4ecmay-
10m 126 TI.HTepoK, ,ll;JUI KOTOpbIX OTBeT OTpHu;aTeJibHhIH. Bee 3TO npHBO,ll;HT 

K o6rn;e:H noeTaHOBKe 3a,n;aqM, 0 KOTOpo:H Mhl H rrorOBOpHM B CJie,n;YJOrn;eM 

pa3,n;eJie . 
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Tipe)l(,ZJ;e Bcero rropa rrepeHTl1 OT IIIKOJibHl1KOB K a6cTpaKTHblM o6'b­

eKTaM. A 11MeHHO, BBe.n;eM 110HRTl1e 2unep2pa<fia. OHO HBJIHeTCH rrpHMbIM 

0606m;eH11eM rroHRTIDI rpacpa. Y mrreprpacpa TaIOKe ecTb BepIII11HhI, 06-

pa3yiom;11e HeKOTOpoe KOHeqHoe MHO)KeCTBO v' 11 pe6pa, 06pa3yiom;11e 

MHO)Kecrno E. ToJibKO y r1111eprpacpa B Ka)l(,ZJ;OM pe6pe He o6H3aTeJihHO 

,D;Be BepIII11HbI : MO)KeT 6hITb 11 6oJibIIIe (pe6pa 113 O,ll;HOH BepIII11Hbl Mbl 

11CKJIIQql1M 113 paCCMOTpeHIDI BOB Ce). EoJiee CTporo, r1111eprpacp- 3TO rra­

pa H = (V, E), r.n;e V - HeKoTopoe MHO)KeCTBO, a E - HeKoTopaH coBo­

K)'IIHOCTh IlO.ZJ;MHO)KeCTB MHO)KeCTBa v. Tio,n;MHO)KeCTBa Heynop.H,l.l;oqeHHhle 

( coqeTaHIDI 6e3 110BTopeH11H)' KpaTHbIX pe6ep HeT, B Ka)l(,ZJ;OM pe6pe XOT.H 

6bI ,n;Be BepIII11Hbl. f11neprpacp Ha3hIBaeTCH n-oOH.OpOOH.blM, eCJil1 B Ka)l(,ZJ;OM 

ero pe6pe poBHO n BepIII11H. 06bIKHOBeHHbIH rpacp, TeM caMbIM, - 3TO 2-

0,ZJ;Hopo,n;HhIH r11neprpacp. A IIIKOJihHl1KH 11 IlHTepKH - 3TO 5-o,n;Hopo,n;HhIH 

r1111eprpacp Ha TpH,ll;n;aT11 BepIII11Hax. 

"lJacTo 3aMeqaroT, qTo y r1111eprpacpa, B OTJI11q11e OT rpacpa, HeT ecTe­

CTBeHHoro «IlOpTpeTa». ,lJ;eHCTBl1TeJihHO, eCJil1 rpacp JierKO 11306pa311Tb KaK 

MHO)KeCTBO ToqeK Ha IlJIOCKOCTl1, coe,n;11HeHHbIX OTpe3KaMl1 (HJI11 .n;yraM11)' 

TO ITOilbITKa C,ZJ;eJiaTb TO )Ke caMoe c r11neprpacpoM rrp11BO,Z1;11T K CTpaHHOMy 

X11TpOCITJieTeHl1IO 3,ZJ;aKHX «Cap,n;eJieK» (CM. p11c. 1). B CBOl1X JieKD;IDIX H qacTO 

yn0Tpe6JIH10 CJIOBO «cap,n;eJibKa» ,n;mI o6o3HaqeHIDI pe6pa r11neprpacpa, HO 

KapT11HOK He p11cyio. MHe caMOMY Jierqe rrpe.n;cTaBJIHTb ce6e 11MeHHO 3,ZJ;a­

KYJO KaCTplOJibKY (MHO)KeCTBO BepIII11H) c HaMeIIIaHHbIMl1 B Hett cap,n;eJibKa­

M11-pe6paMl1. HeKOTOpbie «11pO.ZJ;Bl1HYThie 110Jlb30BaTeJil1» BCI10Ml1HalOT Bbl­

pa)KeH11e «Cl1MilJll111;11aJibHbIH KOMITJieKC» (rrpocb6a Tex, KTO He CJibIIIIaJI ero, 

. 0 

P11c. 1 
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He nyraThCH, TaK KaK Mbl ero ynoTpe6JIHTb He 6y,n;eM). Ho (011HTb )Ke, .ZJ;JIH 

Tex, KTO B TeMe) Cl1MilJll111;11aJibHbIH KOMITJieKC - 3TO r11neprpacp, y KOTOpo­

ro Ka)l(,ZJ;Oe IlO,ZJ;MHO)KeCTBO Ka)l(,ZJ;Oro pe6pa caMO HBJIHeTCH pe6poM, T. e. 3TO 

3aBe,n;oMo He o,n;Hopo,n;HhIH r11neprpacp. B o6m;eM, HaM 3TO 3HaH11e He noMo­

)KeT, 11 Mbl 6oJibIIIe 0 Cl1MilJll111;11aJibHbIX KOMITJieKcax BCITOMl1HaTb He 6y,n;eM. 

Ha3oBeM xpoMamulieCKUM liUCJWM r1111eprpacpa H BeJI11q11ey x (H) , paB­

HYJO Ha11MeHbIIIeMy KOJI11qeCTBY n;BeTOB, B KOTOpbie MO)KHO TaK 110Kpac11Tb 

Bee Bepin11HbI r11neprpacpa, qT06h1 Ka)l(,ZJ;oe ero pe6po 6hmo Heo,n;Hon;BeT­

HhIM (11MeJIO BepIII11Hbl pa3HbIX u;BeTOB). TI03BOJibTe, HO Be,ZJ;h 3a.n;aqa 113 

npe,n;hI,n;yrn;ero pa3,ZJ;eJia OTJil1qHo cpopMyJI11pyeTCH B 3Tl1X TepM11Hax! B ca­

MOM ,ZJ;eJie, Bonpoc 0 11HTHa,n;u;aTl1 IlHTepKax OTHbIHe 3Byql1T TaK: «BepHO 

JI11, qTQ y JI106oro 5-o,n;Hopo,n;Horo r11neprpacpa c TpH,ll;n;aTblO BepIII11HaM11 11 

IlHTHa.n;n;aThlO pe6paM11 xpoMaT11qeCKoe q11CJI0 paBHO .ZJ;BYM?)> Pacca,n;Ka rro 

.ZJ;BYM Ka611HeTaM 11 pacKpacKa B ,ZJ;Ba u;BeTa - Jll1Illb ,ZJ;Ba cnoco6a on11caHIDI 

o,n;Horo 11 Toro )Ke HBJieHIDI. 

BBe,n;eM HaKoHeu; KJ1accw1ecKyio BeJI11q11tty m (n), npe.ZJ;JIO)KeHHYJO TI. 3p­

,n;eIIIeM1 11 A. XaH:HaJieM B 1961 ro.n;y 11 paBHYJO Hal1MeHbIIIeMy m, np11 KOTO­

poM cyrn;ecrnyeT n-o,n;Hopo,n;HhIH mrreprpacp H cm pe6paMl111cx(H)>2. 

fJiaBHOe - cpa3y IlOHRTh, qTo B TepM11HaX 3TOH BeJI11q11Hbl pe3yJibTaThl 

rrpe.n;hI.ZJ;yrn;ero pa3,n;eJia Bbir.lUl,AHT TaK: 

17 ~ m(5)~126. (1) 

Y JI106oro 5-o,n;Hopo,n;Horo mrreprpacpa c IIIeCTHa.n;n;aThlO pe6paM11 xpoMa­

T11qeCKoe q11CJIO paBHO .ZJ;BYM, 1103TOMY m(S) ~ 17, HO cyrn;ecrnyeT 5-0.ZJ;HO­

po,n;HblH r1111eprpacp co 126 pe6paM11, y KOToporo xpoMaT11qecKoe q11CJI0 

6oJibIIIe ,n;Byx, a 3Haq11T, m(5) ~ 126. 

QqeBH,ll;HOe 0606m;eH11e HepaBeHCTB (1) rrp11BO.ZJ;l1M HH)Ke: 

zn- l + 1 ~ m(n) ~ c;n - 1' (2) 

Mbl He CTaHeM ,ZJ;OKa3bIBaTb 3Tl1 HepaBeHCTBa, Be,ZJ;b 3TO COBCeM JierKoe 

ynpa)l(HeH11e. Ho Mbl 06cy,n;11M Borrpoc 0 TOM, HaCKOJibKO 6Jil13KH .n;pyr K 

.n;pyry BepxHRH 11 HH)KIDIH ou;eHKH. B caMoM ,n;eJie, xopoIIIo H3BeCTHO TO)K­

.n;ecrno (CM. [3]) 

Co cl cn-1 en + c2n-l _ z2n-1 
2n-1 + 2n- 1 + ... + 2n- 1 + 2n-1 + ··· 2n- 1 - · 

TalOKe 113BeCTHO, KOHeqHo, qTo ,ZJ;Ba u;eHTpaJibHbIX CJiaraeMbIX B 3TOM TO)K­

.n;ecTBe HBJIHIOTCH B HeM caMbIMl1 6oJihIIIl1Ml1. Tip11 3TOM o6m;ee q11CJIO CJia­

raeMbIX B JieBOH qaCTl1 TO)l(,ZJ;eCTBa paBHO 2n. CJie,n;oBaTeJibHO, 

22n-1 
__ <Cn <22n-1. 

2n 2n-1 

1 B aeHrepcKHx cpaMRmrnx y,n;apemie acer,n;a na,n;aeT Ha nepBbIH CJior, no3TOMY npa­
BRTibHO npOH3HOCHTb «3p,n;elll». 
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B MTOre IIOHHTHO, qTQ 3a3op Me)l(,ll;y ou;eHKaMM B <PopMyJie (2) 3KCIIOHeH­

u;MaJibHbIM: HM)l{HH.H MMeeT IIOp.H,ll;OK 2n, a BepXHH.H C TOqHOCTbIO ,ZJ;O B03-

MO)l{HOrO ,ZJ;eJieHM.H Ha Bblpa)l{eHMe rrop.H,D;Ka n MMeeT rropR,ZJ;OK 4n . 3a3op Be­

JIMl<:OBaT, M 3a,n;aqa ero ycTpaHeHM.H - o,n;Ha M3 cepbe3HeH:nmx rrpo6JieM co­

BpeMeHHoH: 3KCTpeMaJibHOM KOM6MHaTOpMKM! (Pa3,ZJ;eJI HaYKM, c KOTOpbIM 

Mbl ceH:qac MMeeM ,n;eJIO, Ha3bIBaeTCR «3KCTpeMaJibHOM KOM6MHaTOpMKOM» 

i:i;e IIOTOMY, qTo TOJibKO 3KCTpeMaJibl MM 3aHMMaIOTC.H (XOT.H OH M 3aXBa­

TbIBaIOm;e Kpacirn, M He MeHee 3aXBaTbIBaIOm;e Tpy,n;eH)' HO IIOTOMy, qTo B 

ero paMKax MIIJ;YTC.H 3KCTpeMaJibHbie (MaKCMMaJihHbie MJIM M11H11MaJibHbie) 

KOM611HaTOpHbie BeJI11qMHbl, cpe,n;11 KOTOpbIX m(n).) 
B rroCJ1e,n;yIOm;11x pa3,n;eJiax MbI 113yq11M Kpac11Bettlll11e rro,n;xo,n;hI K YMeHh­

IlleHMIO 3a3opa B HepaBeHCTBax (2), a TaK)l{e paccMoTpMM PM pa3JI11qHbIX 

YTOqHeH11H: M 0606m;eH11H: 3a,n;aq11. 0TMeTMM, qTo HM)l{HHR ou;eHKa B <Pop­

MYJie (2) sepo.HTHOCTHaR (T. e. oHa rapaHT11pyeT HaJI11q11e pacKpacKM, Ho 

He o6'b.HCHHeT, KaK ee 11CKaTb) , a BepxH.H.H ou;eHKa KOHCTPYKT11BHaR (rrp11-

BO,ZJ;l1TCR RBHhIM rrpMMep r11rreprpa<Pa, He 11MeIOm;ero pacKpacKM B 2 u;se­

Ta). B pa3,n;eJie 4 MhI 3Haq11TeJibHO yJiyqlllMM BepxHIOIO ou;eHey, HO c,n;eJiaeM 

3TO ... BepORTHOCTHbIM MeTO,ZJ;OM, T. e. 3a yJiyqllleH11e Mbl 3aIIJiaTMM IIOTepeH: 

KOHCTPYKT11BHOCT11 . . 

HarroCJie,n;oK rrpe,n;JiaraeM q11TaTeJIIO caMOCTORTeJibHO OTBeT11Tb Ha so­

rrpoc, qeMy paBHO m(2) (COBCeM rrpocTO) M m(3) (CJIO)l{Hee, HO IIOCMJibHO). 

0TMeT11M rrpM 3TOM, qTo m ( 4) HalllJI11 COBCeM He,n;aBHO c IIOMOIIJ;bIO BeCbMa 

HeTp11B11aJibHOro KOMIIbIOTepHoro rrepe6opa, a BeJI11q11ey m(S), KOTOpaR 

IIOCJIY)KMJia HaM B KaqecTBe 3aTpaBK11, HMKTO ,n;o C11X rrop He 3HaeT! 

4. Bepxmm ou;eHKa BeJiuqnHhI m(n) 

B 3TOM pa3,n;eJie MhI ,n;oKffiKeM CJie,n;yIOm;yIO TeopeMy. 

TeopeMa 1~ ,4Jl.fl JL106020 e > 0 cyll{eqnayem maKoe n0, tLmo OJl.fl JL106020 
n > n0 BbtnOJLHeHo ttepaaettcmao 

TeopeMa 3aMeqaTeJibHa TeM, qTo OHa ,n;aeT ou;eHKY BeJIMq11Hbl m (n)' KO­

TOpaR He CMJibHO orn11qaeTCR OT 113BeCTHOH HaM HM)l{HeH ou;eHKM, rrpMMep­

HO B n2 pa3. 3TO )')Ke He 3KCIIOHeHu;11aJihHbIM, HO scero JI11Illb KBa,n;paT11q­

HbIH non 3a3op. 

,ll;JIR IIOHMMaHM.H ,ZJ;OKa3aTeJI:bCTBa IIOTpe6yeTCR, IIOM11MO 6a30BOM sepo­

RTHOCTM, c KOTOpoH: Mbl )')Ke HeMHOrO CBbIKJIMCh, 3HaHMe O,ZJ;HOro KOM6MHa­

TOpHoro HepaBeHcTBa M O,ZJ;HOro HeCJIO)l{HOrO <PaKTa 0 Jiorap11<l>Me. 
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HepaeeHCTBO BbinyKJIOCTH. IIycmb n E N. IIycmb v ~ n - tLemHoe tLuc­
JLo. IIycmb a, bE N u a+b=v. To2oa 

cn+cn 
a b >- en en --2- /"" v/2 = a+b , 

2 

Ha3BaHMe HepaBeHCTBa rrp011CXO,ZJ;MT OTTOro, qTo OHO roBOpMT 0 BbIIIYK­

JIOCTM 6MHOMMaJibHOro Kos<P<PMu;11eHTa KaK <l>YHKI.J;1111 OT HM)l{Hero 11H,ZJ;eK­

ca rrp11 3a,n;aHHOM sepxHeM MH,ZJ;eKce. KoHeqHo, qeTHOCTh v He o6R3aTeJib­

Ha. Ho TaK rrpom;e ,n;AA socrrp11RTM.H. HepaseHCTBO oqeHh rrpocToe, 11 MhI 

OCTaBJIReM q11TaTeJIIO ero ,ZJ;OKa3aTeJihCTBO. 3aMeTMM, qTo Mbl cqMTaeM qTo 

e~ = o rrp11 k > m. ' 

Ceo:HcTBO JiorapmpMa. IIpu acex x > 0 BbtnOJLHeHo HepaaeHcmao 

ln(l -x) ~ -x, 

U npu BCeX OOcmamotLHO MaJLbLX nOJLOJ1CUmeJLbHbLX X BbLnOJLHeHO HepaBeH­
CffiBO ln(l - x) ~ -x - x 2• 

,ll;oKa3aTeJihCTBO CBOHCTBa TaK)l{e RBJIReTCR xopOillO M3BeCTHblM M MO­

)l{eT 6hITb paccMOTpeHo KaK HeCJIO)l{HOe yrrpa)l{HeHMe. 

)J;oKa3aTeJibCTBO TeopeMbI 1. ,ll;AA YMeHhllleHM.H rpoM03,ZJ;KOCTM 6y,n;eM 

cqMTaTb, qTo n qeTHO. ,ll;AA HeqeTHblX n BCe aHaJIOrMqHo. 

3a<P11Kc11pyeM e > 0. Ey,n;eM TaK)l{e cq11TaTh, qTQ s < ~. TioJIO)l{MM 

m= [ci+e)el~2n22n], 

r,n;e [·] -u;eJiaR qacTb. TIOCTpOMM CllYt£aUHbLU n-O,ZJ;HOpO,ZJ;HhIH rMrreprpa<i> c 

m pe6paMM. HaM H)l)KHO 6y,n;eT TaK ocym;ecTB11Tb IIOCTpOeH11e, qTo6bI rrpM 

Bcex ,ll;OCTaTOqHo 60JibIIl11X n c IIOJl0)1{11TeJibHOM Bepo.HTHOCThlO B JII06oif 

paCKpacKe seplll11H cJiyqa:H:ttoro r11rreprpa<Pa B 2 u;Bern 6hmo xorn 6b1 o,n;­
HO O,ZJ;HOI.J;BeTHOe pe6po, MJI11, qTo paBHOCMJibHO, qTo6bI c BepORTHOCTbIO, 

MeHhllleH e,n;MHMI.J;hI, HalllJiaCb paCKpacKa seplll11H CJiyqa:H:ttoro r11rreprpa<Pa 

B 2 u;BeTa, rrp11 KOTOpo:H: Bee pe6pa HeO,ZJ;HOI.J;BeTHbL TioJIO)l{MM v = ~
2 

M pac­

CMOTpMM MHO)l{eCTBO Beplll11H v = {1, ... , v}. CJiyqattHblM11 6y,n;YT pe6pa. 

Bb16epeM Ka)l(,ll;oe 113 H11X He3aB11C11MO OT BCex OCTaJibHbIX M3 MHO)l{eCTBa 

~ v 1 
BCeX n-coqeTaHMM 113 C BepO.HTHOCTbIO en. qMTaTeJib MO)l{eT CIIpOCMTb: 

«A qTo, eCJI11 IIO.HBHTC.H KpaTHhie pe6pa? Be~b rrpM B3aMMHO He3aBMCMMOM 

Bh16ope pe6pa MOrYT M COBII3CTb». Ho OTBeT rrpoCTOM. ECJI11 KaKMe-To pe6pa 

COBIIa,ZJ;YT, Mbl MX OTO)l(,ll;eCTBMM. TioJiyq11TC.H rMrreprpacp c em;e MeHblllMM 

q11CJIOM pe6ep, a HaM 3TO TOJibKO Ha IIOJih3y, pa3 )7)K Mbl ,ZJ;OKa3bIBaeM ceH:­

qac sepxHIOIO ou;ettKy ,n;AA m(n). HTaK, rrycTh H= (V, E)-sTo orr11caHHhIM 

TOJihKO qrn CJiyqaHHhIH r11neprpa<P ME= {f1, ... , fm}. . 
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TiycTb x - HeKOTopaa pacKpacKa MHO:>KeCTBa v B ,n;Ba QBeTa. TiycTb B 

HeH a KpaCHbIX H b CHHHX BepIIIHH. EcTeCTBeHHO, v =a + b. 06o3HatJ:HM 

qepe3 Ax,i co6bITHe, COCTOHIQee B TOM, tJ:TO pe6po h O,ZJ;HOQBeTHO B pacKpac­

Ke x. QqeaH,n;Ho, 

3a CtJ:eT HepaBeHCTBa BblIIYKJIOCTH IIOJiyqaeM OQeHey 

c; +c~ 2c~12 
P(Ax ,i) = -----en- ~ en-. 

ll ll 2cn 
TioJio:>KHM p = c~12 • Tor,n;a aepoHTHOCTh OTpHQaHHH co6hITHH Ax,i (pe6po .h 

ll 

HeO,ZJ;HOQBeTHO) He 6oJibIIIe 1 - p. 
TiycTh Ax - co6hITHe, rrpH KOTopoM ace pe6pa CJiyqa:HHoro rHrreprpacpa 

HeO,ZJ;HOQBeTHbl B pacKpaCKe x. TIOCKOJibKY pe6pa BhI6HpaJIHCb He3aBHCHMO 

,n;pyr OT ,n;pyra, rronyqaeM HepaBeHCTBO 

HaKoHeQ, HHTepecyioIQee Hae co6hITHe A - «Haff,n;eTCH pacKpacKa aep­

IIIHH CJiyqaHHOro rHrreprpacpa B 2 QBeTa, rrpH KOTopo:H Bee pe6pa HeO,ZJ;HO­

QBeTHbl» - 3TO LJ Ax. 3HatJ:HT, 
x 

P(A) =P( y Ax)~~ P(Ax) ~2v(l-pr, 

ae,n;h acero pacKpacoK MHO:>KecTBa V B 2 QBeTa 2v IIITYK. 

OcTaJIOCb ,n;oKa3aTh, tJ:TO 2v (1 - p )m < 1 rrpH Bcex ,n;ocTaTOtJ:HO 6oJib­

IIIHX n. 3aMeTHM, tJ:TO 

2v (l - p )m = ev In 2+m ln(l - p) ~ ev ln2- pm 

B CHJIY CBOHCTBa JIOrapHcpMa. Terrepb OQeHHM BeJIHtJ:HHy p CHH3y, TaK KaK 

OHa H,n;eT y Hae c MHHyCOM. PacCMOTpHM CHatJ:aJia ee 3HaMeHaTeJib: 

en= v! = v(v-l) · .. . ·(v-n+l) = vn. (i-!) .... · (i- n-1). 
v n!(v-n)! n! n! v v 

.AHaJiorHtJ:HO 

CTaJIO 6bITh, p paBHO BeJIHtJ:HHe 21- n, YMHO:>KeHHOH Ha OTHOIIIeHHe ,n;ayx 

rrpOH3Be,n;eHHH, COCTOHIQHX H3 n - 1 CK060K Ka:>K,n;Oe. H3YtJ:HM rrpOH3Be,n;e-

10 

HHe B 3HaMeHaTeJie. Ero Ha,n;o OQeHHTb CBepxy: 

( 1- ~) .... . ( 1- n ~ 1) =eln(l - t) + ... +ln(l- n; 1) ~ 
1 n - 1 n(n - 1) 

~e- u - .. . --v- =e-~. 

( 
2) ( 2(n-l)) 1 ( 2) ( 2(n-1) ) 1-v · .... 1- v =en 1-u + .. . +ln 1 - - v- ~ 

22 
· (n -1) 2 n(n -1) 4n(n - 1)(2n - 1) 

v2 =e --v- - 6v2 

(IIOJih3yeMCH cao:HcTBOM JiorapHcpMa H H3Becrno:H cpopMYJIOH ,n;mI CYMMhI 

KBa,n;paTOB rrepBbIX HaTYPaJibHblX tJ:HCeJI, CM. [3]). TioJiyqaeM, tJ:TO 

n(n -1) 4n(n -1)(2n -1) 
p ~ 21- ne -~ - 6v2 

4n(n-1)(2n -1) 

6v 2 

n2 
CTpeMHTCH K eymo rrpH n--... oo , H6o v =-.To :>Ke caMoe BepHo ,n;mI BeJIH-

n 2 
tJ:HHhI 2v. Tio3TOMY rrpH Bcex ,n;ocTaTOtJ:Ho 60JihIIIHx n BhIIIOJIHeHo HepaaeH-
CTBO 

_ n(n -1) _ 4n(n -1)(2n -1) _ n2 ( £) 
e 2v 6v

2 ~ e 2v 1 - Z = ( 1 - i) e-1, 

p~21-n(1-i)e-1. 

,aaJiee, 3aMetJ:aa, tJ:TO rrpH Bcex ,ZJ;OCT3TOtJ:HO 60JibIIIHX n crrpaBe,D;JIHBO 
HepaBeHCTBO 

m >- (l + 3£) e In 2 22n 
r 4 4 n ' 

IIOJiyqaeM 

v ln 2- pm v ln 2- 21- n (I- f )e- lm n2 ln 2 - 2I-n (1 + f - 3e2 ) n2(ln 2)2" 
e ~e 2 ~e 2 4 s 4 

1 
TiocKOJihKY e < 2, c orpoMHhIM 3arracoM 

£ 3£2 £ 
4-g-> 100· 

B HTore 

n
2 

ln 2 _ 21-n (I+ f _ 3e2) n
2
(ln 2)2" n2 ln 2 _ (l f _ 3e2 ) n2 ln 2 En2 ln 2 

e 2 4 s 4 =e 2 + 4 s 2 < e-200<1 

rrpH Bcex ,n;ocTaTOtJ:Ho 6oJihIIIHX n. TeopeMa ,n;oKa3aHa. D 
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KpaM:He mo6onhITHO, qTo, :>KepTBYH KOHCTPYKTHBHOCThIO, MhI peaJihHO 

ynpocTMJIH ce6e )KI13Hh. ,l(o CHX rrop HeH3BeCTHhl .HBHhie KOHCTp)1Kll;HH 

rHrreprpacl>oB co CTOJih MaJihIM qHCJIOM pe6ep H xpoMaTHqecKMM qHCJIOM, 

60JihIIIHM ,ll;Byx. JIHIIIh COBCeM He,n;aBHO - B 2013 ro,n;y- X. fe6ay3p IIO­

CTpOMJia npHMep rHrreprpacl>a, y KOTOporo qHCJIO pe6ep He npeBOCXO,ll;HT 

n+cn2/3 0 2 , c> . 

3TO rrpeKpaCHOe Bhlpa:>KeHHe, IIOCKOJihKY OCHOBHOM COMHO)KMTeJih - 2n -
COBrra,n;aeT c H3BeCTHOM HaM 3KCIIOHeHTOM B BepxHeM H HH:>KHeM ou;eHKax. 

2 2n2/3 Ho 3TO ropa3,n;o rna6ee TeopeMhI 1, Be,n;h n HecpaBHHMO MeHbIIIe, qeM 

5. Y;cyqmeHHe HH)KHeH: on;eHKH BeJIHqHHbI m(n) 
c noMo~LIO ma,n;Horo aJiropHTMa 

B 3TOM pa3,n;eJie MhI y~IIIHM HH:>KHIOIO ou;eHKY m(n) npHMepHo B tin 
pa3. 

TeopeMa 2. C)'L4eCmByem maKWI KOHcmm-1.ma c > 0, tJ.mo O.ll5l JZ106ozo n 
BbLnOJlHeHO HepaBeHCmBO 

m(n)): c Vri · 2n. 

,l(oKa3aTeJihCTBO TeopeMbl 2 OCHOBaHO Ha KpacHBOM H HeCJIO:>KHOM H,n;ee, 

KOTOpyIO rrpe,n;JIO)KMJI A. IIJI:Yxap. ,l(JI.H OIIHCaHMH M,ll;eH BBe,n;eM HeCKOJihKO 

HOBhIX rroHHTHM. TiycTb ,n;aH rHrreprpa<P H = (V, E). l13HaqaJibHO ero Bep­

IIIHHhI rrpe,n;cTaBJI.HIOT co6oM: HeKOTOpyIO COBOKynHOCTh o6'beKTOB, KOTOphie 

HHKaK He ynop.H,ZJ;oqeHhl. Tiop.H,ll;OK Ha 3TOM COBOKynHOCTH MO:>KHO 3a,n;aTh, 

pa3YMeeTC.H, IVI ! crroco6aMH. TiycTb 3a,n;aH HeKOTOpbIM nop.H,ZJ;OK (HfMepa­

UMH BepIIIHH) n H eCTh ,n;Ba pe6pa f1, f2, HMeIOm;He pOBHO o,n;ey o6m;yro 

BepIIIHHY i. Ha30BeM napy CJ1' f2) ynop.ROOlJ.eHHOU 2-4enb10 B ~epau;HH n, 
eCJIH HOMepa Bcex BepIIIHH pe6pa !1 rrpe,n;IIIeCTByIOT HOMepy l, a HOMepa 

Bcex BepIIIHH pe6pa !2 M,ll;YT IIOCJie HOMepa BepIIIHHhl i. Ha pHC. 2 IIOKa3aHhI 

«KaCTpIOJibKa c ,ll;BYM.51 cap,n;eJibKaMH» H ,n;Ba crroco6a HfMepu;HH BepIIIHH B 

KaCTpIOJihKe, IIpH O,ll;HOM H3 KOTOphIX cap,n;eJihKH o6pa3yIOT ynop.H,ZJ;oqeHHyIO 

2-u;enh, a rrpH ,n;pyroM He o6pa3yIOT. H,n;e.H IIJiyxapa cpopMYJIHpyeTC.H B BH,n;e 

rne,n;yrom;ero KpHTepMH. 

KpHTepHii II.rryxapa. XpoMamutJ.ecKoe tJ.UCJlO 2unep2parjja paBHO 2 mo­
zoa U mOJlbKO mozoa, KOZOa cyl«eCmByem HyMepal{U.R ezo BepW.UH, B KOmo­
pou Hem ynopHOotJ.eHHbLX 2-4eneii. 

Tipe)K,ll;e qeM npHBeCTH rrpocToe ,ll;OKa3aTeJibCTBO KpHTepMH, IIOJie3HO 

OC03HaTh, qTo OH rOBOpHT B rnyqae o6bIKHOBeHHOro rpa<Pa (T. e. 2-0,ll;HO­

po,n;Horo rHrreprpacl>a). B caMOM ,n;eJie, qTo 03HaqaeT yrnep)K,ll;eHHe «Xpo-
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P11c. 2 

MaTHqecKoe qHCJio rpacpa paBHo ,n;BYM»? 0Ho 03HaqaeT, qTo MHO:>KeCTBO 

BepIIIHH rpa<Pa MO)KHO pa3,n;eJIHTh Ha ,n;Be HenepeceKaIOm;HeC.H qacTH, BeyT­

pH KOTOphIX pe6ep rpacpa HeT, HO Me)K,ll;y KOTOphIMH KaK pa3 H npOXOMT 

Bee pe6pa rpacl>a (cM. pHc. 3). TaKoM: rpa<P em;e Ha3hIBaIOT OBYOOJlbHbLM 

~ 
~ 

P11c. 3 

(T. e. 6fKBaJihHO ,n;ByxqacTHhIM), H MHOrHe qHTaTeJIH HaBepHHKa CTaJIKH­

BaJIHCh c 3THM o6'beKTOM. fIOHHTHO, qTo BepIIIHHaM O,ll;HOM ,ll;OJIH MO:>KHO 

rrpHCBOHTb HOMepa OT e,n;HHHIJ;hl ,n;o qlfcJia, paBHOro KOJIHqecTBY BepIIIHH B 

3TOM ,ll;OJie, a BepIIIHHaM BTOpoM: ,ll;OJIH - Bee IIOCJie,n;yrom;He HOMepa, H Tor,n;a 

ynop.H,ZJ;oqeHHhIX 2-u;erreM: He B03HHKHeT (3,n;ech 2-u;enh- 3To «raJioqKa», y 

KOTopoM: HOMepa BepIIIHH M,ll;YT B rropR,n;Ke «MeHbIIIe-60JibII1e-MeHhIIIe» MJIH 

«60JihIIIe-MeHbIIIe-6oJihIIIe»). 

,lJ;oKa3aTeJibCTBO KpHTepH.H. B o,n;ey cTOpoey MhI <PaKTHqecKH: ,n;oKa-

3aTeJihCTBo f)Ke npHBeJIH. ,l(eMCTBHTeJihHO, eCJIH cym;ecrnyeT ,ll;ByxIJ;BeTHaR 

pacKpacKa, IIpH KOTopoM: Bee pe6pa Heo,n;Hou;BeTHbl, TO ,ll;OCTaToqHo B351Th 

JII06yIO HfMepau;HIO, IIpH KOTopoM: Bee BepIIIHHhl nepBoro IJ;BeTa HMeIOT 

MeHhIIIHe HOMepa, He:>KeJIH Bee BepIIIHHhl BToporo u;BeTa (,n;By,ll;OJihHOCTh). 

B o6paTHyIO CTOpOHY paCCy)K,ll;eHHe OCHOBaHO Ha npocTeMIIIeM :>Ka,n;HOM 

aJiropHTMe, H 3TO o6'bRCHHeT Ha3BaHHe pa3,n;eJia. HTaK, nycTh cym;ecTByeT 

HfMepau;MH BepIIIHH 6e3 ynopR,n;oqeHHblX 2-u;eneM:. 0603HaqHM 6y,n;ym;He 

13 



ii 

I 

u;BeTa qMCJiaMM 1, 2, ... PaeeMaTpMBaeM BepIIIMHbI ITO ITOpR,ZI;Ky M KpaeMM 

MX B MMHMMaJibHbIM D;BeT, ITPM KOTOpOM OHM He o6pa3yIDT O'AHOD;BeTHbIX 

pe6ep BMeeTe e }')Ke ITOKpaIIIeHHbIMM BepIIIMHaMM. EeJIM 'AJIJI HeKOTOpoii 

BepIIIMHbl v HaM He XBaTaeT u;BeTOB 1 M 2, TO e~eernyeT pe6po f2, KOTO­

POMY ITpMHaMe)KMT BepIIIMHa v M B KOTopoM Bee oeTaJibHbie (ITpe'AIIIeerny­

IOIIJ;Me) BeplllMHbl }')Ke ITOKpa111eHbl B u;BeT 2 . TiyeTb w - BeplllMHa B !2 e 

HaMMeHbIIIMM HOMepoM. Pa3 Mbl ee ITOKpaeMJIM B eBoe BpeMH B D;BeT 2, Mbl 

He eMOrJIM TOr'Aa ee ITOKpaeMTb B u;BeT 1. TioqeMy? A ITOTOMy, qTo, eTaJio 

6bITb, MMeJIOeb pe6po !1' 'AJIJI KOTOporo BepIIIMHa w 6bma, Hao6opoT, ITO­

CJie'AHeM M KOTOpoe MMeJIO Bee BeplllMHbl u;BeTa 1. B 3TOM ~ae oqeB~HO, 

qTQ pe6pa fv f 2 o6pa3yroT yrropR,ZI;oqeHHyro 2-u;eITb. TipoTMBopeqMe. 

KpMTepMii ITOJIHOeTblO 'AOKa3aH. D 
,ll;o 'AOKa3aTeJibeTBa TeopeMbl 2 oeTaJie.H em;e O'AMH He60JibIIIOM Illar. 

HMO BeITOMHMTb yrnep)l(,ZJ;eHMe 06 acUMnmomuKe cf>aKmopuaJLa. Bo BBe­

'AeHMM MbI }')Ke ITPMBO'AMJIM o6o3HaqeHMe «"'», Ha3bIBaeMoe acUMnmomu­
t.£eCKUM paaettcmBOM (MJIM 3KBUBaJLeHmttocmb10). CTporo roBop.H, 'ABe 4>YHK­

D;MM f M g HaTYPaJibHOro aprYMeHTa, He rrpMHMMalOm;Me eyJieBbIX 3Haqe­

HMM, aeMMIITOTMqeeKM paBHbl (IIMillYT f "' g)' eeJIM rrpe'AeJI MX OTHOIIIeHM.H 

paBeH e'AMHMD;e ITPM eTpeMJieHMM aprYMeHTa K 6eeKOHeqHoeTM. 0TMeTMM, 

qTo pa3HOeTb rrpM 3TOM BOBee He o6.H3aHa eTpeMMTbC.H K ffYJllO: HaITpMMep, 

n2 + n "'n2. B 3TMX TepMMHax errpaBe'AJIMBa CJie'AyIDIIJ;a.H 3HaMeHMTa.H 4>op­

MyJia. 

<l>opMyJia CTHpJiuura. MMeem Mecmo acUMnmomut.£ecKoe paaettcmao 

n! N V2nn(~r. 
B HeKoTopoM eMbICJie 4>opMyJia CTMPJIMHra BXO'AMT B 3'AaKMM eMHKJIMT 

«eaMbIX rrpeKpaeHbIX 4>0PMYJI MaTeMaTMKM» - 4>.opMyJI, B KOTOpbIX O'AHO­

BpeMeHHO yqaeTByIDT o6e MMpOBbie KOHeTaHTbl e H n. ,ll;oKa3aTeJibeTBO 

cpopMYJibl MO)KHO HaMTM BO Beex eTa~apTHbIX yqe6HMKax ITO MaTeMaTM­

qeeKOMY aHaJIH3y, H Mbl ero, KOHeqHo, He ITPMBO'AMM. TIOJiyqMTb e XO'AY 

HeKOTopyro MHTYlfD;MIO 4>opMyJibl IIOMoraeT 06b1qHaJI MaTeMaTMqeeKa.H HH­

'AYKQM.H, e IIOMOI.U;blO KOTOpOM JierKO 'AOKa3bIBaeTC.H HepaBeHeTBO 

n!~(~r . 
,lJ;JIJI HaIIIMX u;eJieM ITO'A06HbIX HepaBeHeTB He'AOeTaToqHo. COMHO:>KMTeJib 

Jn M 'AaeT HaM B MTOre KopeHb qeTBepTOM eTerreHM M3 TeopeMbl 2, K 

'AOKa3aTeJibeTBY KOTOpOM Mbl HaKOHeu; rOTOBbl rrepeMTM. 

,D;oKa3aTeJibCTBO TeopeMbl 2. TiyeTb 'AaH rrpOM3BOJlbHblM n -O'AHOPOk 

HbIM rMITeprpa4> H = (V, E) em pe6paMM. MbI xoTMM ITOKa3aTb, qTo rrpM 

HeKOTOpOM c > 0 (He 3aBMe.Hm;eM HH OT qero, BKJIJOqaJI Halli rMrreprpacp) M 
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m ::;; c vn. 2n BbIIIOJIHeHO paBeHeTBO x (H) = 2. ComaeHO KpMTepMIO TIJiyxa­

pa 'AOeTaToqHo 'AOKa3aTb e~eeTBOBaHMe ffYMepau;HH v 6e3 yrropR,ZI;oqeH­

HbIX 2-u;erreii. PaeeMoTpHM, KaK BO'AMTC.H, CJiyqaiiHyro ffYMepau;MID. l1HbI-

MH CJIOBaMM, Ka)l(,ZJ;a.H HYMepau;M.H BbI6HpaeTe.H e Bepo.HTHOeTblO l:I ! . TiyeTb 

fv !2 EE M rrepeeeqeHMe 3TMX pe6ep eoeTOMT M3 O'AHOM BeplllMHbl. 06o3Ha­

qMM qepe3 A1i .f2 eo6bITHe, eoeTo.Hm;ee B TOM, qTo B ~aMHOM HYMepau;HM 

pe6pa fv f 2 o6pa3yroT yrrop.H'AoqeHHyro 2-u;errb. JierKo eoo6pa3MTb, qTO 

((n-1)!)2 

P(Af1J) = (2n-1)! · 

,ll;aJiee, Bepo.HTHOeTb Toro, qTo Ha~YTe.H 'ABa pe6pa, o6pa3yrom;Me yrropR,ZI;o­

qeHHyro 2-u;errb, paBHa 

P( LJ A ) ~" P(A )<IEl2 · CCn-1)!)2 =m2· ((n-1)!)2 
f1.f2 ~ Li f1.f2 (2n -1) ! (2n -1) ! 

fi,h. fi,h. 

OeTaeTe.H JIMIIIb rrpoBepMTb, qTQ rrpM m B~a c vn . 2n e ITO'AXO~m;eii KOH­

eTaHTOM c BbIIIOJIHeHO HepaBeHeTBO 

2 ((n-1)!)2 

m · (2n-1)! < 1· (3) 

BoerroJib3yeMC.H 4>opMyJioii CTMPJIMHra: 

((n -1)!)2 (n!)2 · (2n) 
=----

(2n -1)! n2 · (2n)! 

( v'2mi(~)")2 
2(n!)

2 "'~ . e = ~. rnn. r2n. 
n . (2n)! n J4mi(~n rn n 

B IIOCJie'AHeM BbIKJIMKe, IIOMMMO 06b1qHblX paBeHeTB, eeTb O'AHO aeMMITTO­

TMqeeKoe. KaK e HMM 6opOTbe.H? Hy, TOqHo MO:>KHO eKa3aTb, qTo e~eeTByeT 

KOHeTaHTa c' e KOTOpOM rrpM Beex n BbIIIOJIHeHO HepaBeHeTBO 

((n-1)!)
2 < ~. r2n 

(2n-1)! Jn 

3HalJ:MT, HepaBeHeTBO (3) 3aBe'AOMO 6y'AeT BbIIIOJIHeHO, KOJib eKopo 

m2 ~Jn ·22n 
~ c ' 

OTKy'Aa H II~aeM BO)l(,ZJ;eJieHHOe HepaBeHeTBO m::;; C vn · 2n e K034>4>MD;M-
1 

eHTOM c = JC. TeopeMa 'AOKa3aHa. D 
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6. t(aJihHenwee yicyqweHue HH)KHeu on;eHKH m(n) 
c IIOMOI.QhlO paH,ll;OMU3UpOBaHHOro aJiropUTMa 

rrepeKpacKu 

B 3TOM pa3,a;eJie MbI 11erroJib3yeM 11HOH BepoHTHOeTHbIH rro,a;xo,a;, He)Ke­
Jil1 ,a;o e11x rrop, 11 ,a;oKa)KeM eJie,a;yrorn;yro TeopeMy, rroJiyqeHHyro H. EeKoM 11 
,[VK. CrreHeepoM. 

TeopeMa 3. IIpu Bcex oocmamotJ.1iO 6oJZbU1UX n BbtnOJZ1ie1iO ttepaBettcmBO 

m(n) >- [.!. 3 Jn. 2n-l]. 
~ 2 v i:Ilri" 

KoHe'IHO, MO)KHO 6bIDO HaIIHeaTb B cpopMyJI11pOBKe 1/ 4 H 2n, HO TaK 
6y,a;eT y,a;o6Hee 'AJ151,lJ;OKa3aTeJiberna, K KOTopoMJ Ha eeif pa3 MbI 6e3 BrnKHx 
npe,a;11CJIOBl1H rrpHeTJIIl1M. 

,ll;oKa3aTeJibCTBO TeopeMhI 3. IlyeTb H = (V, E)- n-o,a;Hopo,a;HbIH r11-
neprpacp e m = [x · 2n-1] pe6paMH, r,a;e 

x=~·~. 
IlOKa)KeM, 'ITO eyrn;ecrnyeT paCKpaeKa B 2 u;BeTa MHO)KeCTBa v, rrpH KO­
TOpOH Bee pe6pa Heo,a;Hou;BeTHbI. PaCKpacey 6y,a;eM eTp011Tb e IIOMOIIJ;bIO 
CJie,a;yrorn;ero patt,a;OMl13HpOBaHHOro aJiropHTMa. 

Illar 1. Kpae11M BeplllHHbI He3aBHeHMO ,a;pyr OT ,a;pyra, e BepoHTttoeTbIO 
1 6 v v 2 Bbl 11pa51 ,lJ;JI51 Ka)K,lJ;Ol1 BeplllHHbI O,lJ;l1H 113 ,a;Byx u;BeTOB - KpaCHbIH HJll1 

c11H11if. IlycTb D - CJiyqaifHoe MHO)Keerno BepIII11H, np11Ha,a;Jie)Karn;11x o,a;­
Hou;BeTHbIM pe6paM (06'be,a;11HeHHe Bcex pe6ep, KOTOpbre OKa3aJil1Cb O,lJ;HO­
u;BeTHbIM11). 3TO MO)KeT 6bITb, HarrpHMep, 11 nyeToe MHO)KeeTBO. 

Illar 2. IlyCTb p E [O, l] (Mb! ,lJ;JIH Ka)K,lJ;Oro n BbI6epeM KOHKpeTHOe p 
no3,a;Hee). PaeeMaTpHBaeM TOJibKO BepIII11HbI 113 MHO)Kecrna D. Y Ka)K,lJ;OH 
113 Hl1X Mb! He3aBl1eHMO OT Bcex oeTaJibHbIX BepIII11H MHO)KeCTBa D MeH51-
eM u;BeT Ha npOTHBOIIOJIO)KHbIH c BepOHTHOCTbIO p H He MeH51eM u;BeT c 
BepOHTHOCTbIO 1 - p. l1HbIMH CJIOBaMH, y Hae KaK 6br eeTb MOHeTa co CMe­
rn;eHHbIM, Boo6rn;e roBOpH, u;eHTpOM T51)KeCTl1. Ilp11 CJiyqaHHOM 6pocaHl111 
MOHeTa Jl0)1{11TC51 peIIIKOH KBepxy e BepOHTHOCTbIO p 11 OpJIOM - c BepOHT­
HOeTbIO 1-p. Mbr 6pocaeM MOHezy IDI pa3 11, ecJI11 B oqepe,a;ttoM 6pocaH1111 
MOHeTa na,a;aeT peIUKOH KBepxy, MeH51eM u;BeT COOTBeTernyrorn;eif BepIII11HbI 
113 D; 11Ha'le He MeH51eM. 

IlOH5ITHO, 'ITO Illar 1-3TO o6bI'IHa51 CJiyqaHHM paeKpacKa, e IIOMOIIJ;bIO 
KOTOpOH Mb! ,lJ;OKa3bIBaJil1 HepaBeHeTBO m(n) ~ 2n- l + 1. TaKl1M o6pa30M, 
Illar 2 - 3TO IIOIIbITKa 11enpaBHTb OIUH6KH IUara 1 3a eqeT Toro, 'ITO Illar 1 
He'IJECTBl1TeJieH K BH,a;Y 11exo,a;Horo r11rreprpacpa, a Illar 2 IIbITaeTCH yqeCTb 
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era eTPYKTYPY H IIOBbieHTb TeM caMbIM BepoHTHOeTb Toro, 'ITO Ha BbIXO­
,a;e Bee pe6pa OKa)l{JTC51 Heo,a;Hou;BeTHbIMH. Pa3JMeeTrn, KaqeeTBO IIIara 2 
3aBl1Cl1T OT BbI6opa p' 11 CKOpo Mb! JBH,a;HM, KaK tty)KHO 3TOT Bbr6op oey­
rn;eeTBJIHTb OIITl1MaJibHO. 

IlycTb §: - eo6bITl1e, coeTOHrn;ee B TOM, 'ITO paeKpaeKa He y,a;aJiaCb, 
T. e. eyrn;eeTByroT O,lJ;HOll;BeTHbie pe6pa. KaK KOHKpeTHOe pe6po f MO)KeT 
OKa3aTbCH 0,lJ;HOll;BeTHbIM? ECTb Bcero 6 Bap11aHTOB: 

1) A1,1: pe6po f KpaeHoe rroCJie IIIara 111 Kpaettoe rrocJie IUara 2; 

2) A1,2 : pe6po f KpaeHoe rroCJie IIIara 111 CHHee rroCJie IIIara 2; 

3) A1,3 : pe6po f CHHee rroCJie IUara 111 c11Hee rroCJie IIIara 2; 

4) A1.4: pe6po f c11Hee rroCJie IIIara 111 KpacHoe rroCJie IIIara 2; 

S) C f,l: pe6po f Heo,a;Hou;BeTHoe rroCJie IIIara 1 11 Kpaettoe noCJie IIIara 2; 

6) C 1,2 : pe6po f Heo,a;Hou;BeTHoe rroCJie IUara 1 11 e11Hee rroeJie IIIara 2. 

QqeBH,a;HO, 

§: = LJ (Af,l UAJ,2 UAJ,3 UAJ,4 U Cf,l U Cf,2), 
fEE 

P(A1,1) =P(Af,3), P(Af.2) =P(A1,4), P(Cf,l) =P(C1,2). 

Il03TOMY 

P(§:) ~ 2 L (P(A1,1) + P(A1,2) + P(Cf,1)). 
fEE 

Ou;eH11M BepOHTHOeTH, CTOHID;l1e B CK06Kax rro,a; 3HaKOM CJMM11pOBaHl1H. 
CoBceM JierKo pa3o6paTbrn e rrepBbIMH ,a;BYMJI: 

A BOT e TpeTbeH BepoHTHOeTbIO HaMHoro Tpy,a;Hee. 
KaK MOrJIO CJl)"-IHTbC51, 'ITO pe6po f 6bmo HeO,a;Hou;BeTHbIM IIOCJie IUa­

ra 1, HO CTaJIO KpaCHblM IIOCJie IIIara 2? KoHe'IHO, eHHl1e BepIII11HbI pe6pa f' 
HMeBIU11ern B HeM IIOCJie IIIara 1, ,lJ;OJl)l{HbI 6bIDl1 rrepeKpael1TbCH. Ho rroqe­
My? KaK OHl1 IIOIIaJIH B MHO)KeCTBO D, eeJil1 f HeO,a;Hou;BeTHOe 11 B cpopM11-
poBaHl111 D He yqaeTBOBaJio? 3Ha'll1T, 6bIDO ern;e XOTH 6bI O,lJ;HO pe6po <p, 
KOTopoe 6bmo c11H11M rrocJie IIIara 1 11 KOTopoe 11MeeT HerrycToe rrepece­
'leH11e cf. 3TO 11MeHHO CJie,a;CTBl1e, He paBHOeHJibHOeTb! Bee MOrJIO 6bITb 
O'leHb 11 O'leHb XHTpo. HarrpHMep, KpaCHbie IIOCJie IIIara 1 BepIII11HbI pe6-
pa f TO)Ke MOrJil1 rrorraeTb B D H IIbITaTbCH IIOMeH51Tb u;BeT, HO MOHeTKa 
JierJia opJIOM. l1 TaK ,a;aJiee. Ho Mb! TO'IHO 3HaeM, 'ITO CJie,a;CTBl1e 11MeeT 
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MeeTO, a 3Haq11T, 

r,n;e 06'be,n;11HeH11e 6epeTCH no BeeM r..p EE, KOTopbre RMeIOT HenyeToe nepe­

eeqeH11e e f' a B f ,r.p - eo6bITHe, eoeTo.Hm;ee B TOM, qTo f HeO,ZJ;HOI.J;BeTHOe 

noCJie rnara 1, f KpaeHoe noCJie rnara 2 11 r..p e11Hee noCJie rnara 1. TaKRM 

o6pa3oM, 

P(Cf.1) ~LP(Bf,r.p ), 
r.p 

11 HaM H}')KHO ou;eHRTh BeJI11qmzy P(Bf,r.p ). 
IloJIO)KlfM h = If n r.p I ~ 1. TioeMoTpHM oT,n;eJihHO Ha a= f n r..p, oT,n;eJihHO 

Ha b = r..p \ f 11 OT,ZJ;eJibHO Ha c = f \ r..p. c BepIIIHHaMH H3 a Bee .HeHO. OHR 6bI­

JIH eRHHMH 11 eTaJIH KpaeHhIMH. Bepo.HTHOeTb 3Toro paBHa 2-h · ph. TaK )Ke 

npoeTO Bee 11 B CJiyciae c. BepIIIHHbI TaM 6hIJIH eHHHMH, a qTo e HHMH eTaJIO, 

MhI He 3HaeM. Bepo.HTHOeTh 3Toro He 6oJihIIIe qeM 2-Cn-h) · 1. 11HTepee­

Hee Beero o6eTo.HT ,n;eJia e b. TiyeTh v Eb. EeTb ,n;Ba Bap11aHTa. Bo-nepBhrx, 

BepIIIHHa v MOrJia 6bITb eHHeH: 11 eTaTb KpaeHOH. Bepo.HTHOeTb 3TOrO paB-

Ha ~ . p. Bo-BTOpbIX, OHa MOrJia 6bITb KpaeHOH H oeTaTbCH KpaeHOH. KaK 

np01130IIIJIO noCJie,n;Hee, Mhl He 3HaeM: TO JIH v nonaJia B D, HO MOHeT­

Ka JierJia opJIOM, TO JIM v He nonaJia B D 11 npoeTO He nhITaJiaeb eMeHHTb 
1 

u;BeT. B JI1060M CJiyciae 3,n;eeb Bepo.HTHOeTh He 6oJibIIIe qeM 2 · 1. 11Toro ,n;JI.H 

,n;aHHOH BepIIIHHhl v E b HMeeM ou;eHKY BepO.HTHOeTH BeJI11q11HOH, paBHOH 

eYMMe ou;eHOK BepO.HTHOeTeH: nepBoro 11 BTOporo BapHaHTa, T. e. ~ + ~. 
B u;e.noM nob 3a eqeT He3aB11e11MocT11 Bepo.HTHOeTh ou;eHRBaeTCH BeJIHq11-

(
P l)n-h 

HOH 2 + 2 . Co611pa.H Bee ou;eHKR BMeeTe, noJiyciaeM 

QqeBH,ZJ;HO, noCJie,ZJ;H.H.H BeJI11q11Ha npHHHMaeT MaKeHMaJibHOe 3HaqeH11e 

np11 h = 1 (oHa y6hrnaeT no h). 3Haq11T, Beer,n;a BbIIlOJIHeHhI HepaBeHeTBa 

P(Bf,r.p ) ~ 2 1-2n. p. (1+p)n-1< 21-2n. p. (1 + p)n. 

BepHeMCH K ou;eHKe Bepo.HTHOeT11 C f,1 · .HeHo, qTo 

P(Cf,1) ~ L P(Bf,r.p ) < IEI. 21-2n. p. (1+p)n=m.21-2n. p. (1 + p)n ~ 
r.p 

~ x. 2n-l. 21- 2n. p. (1 +pr =x. 2-n. p. (1 + p)n. 

18 

,l(aJiee, 

P(§) ~ 2 L (P(A1,1) + P(A1,2) + P(C f,1)) ~ 
f EE 

~ 2 2: c2-n. o - Pr+ z-n. Pn + x. 2- n. P. o + P )n) = 
f EE 

=2m(rn · (1-p)n+z-n · pn+x·rn · p · (l+pr) ~ 

~ x. 2n crn . (1 - pr+ z-n . pn + x. 2-n . p. (1 + p )n) = 

= X • (1 - p) n + X • pn + x2 · p · (1 + p) n. 

IloJiycieHHbIH pe3yJibTaT MO)l{HO TpaKTOBaTb TaK: «TiyeTb ,n;aHO n 11 nyeTb 

x - MaKeHMaJibHOe qlfCJIO, ,ZJ;JI.H KOToporo eym;eeTByeT p E [0, 1], y,n;oBJie­

TBOp.HIOID;ee HepaBeHeTBY 

x. (1- p )n + x. pn + x2. p. (1+p)n<1. 

Tor,n;a m(n) ~ x. 2n-1». TeopeMa 3 JIHIIIb roBOpHT HaM, qTQ ,ZJ;JI.H 

x=.!. 3fn 
2 v iiiTi 

TaKoe p ,n;eH:eTBHTeJibHO eeTh. KaKoe )Ke oHo? BoT TaKoe: 

1 In(fnn) 
p=3 · n 

BrreqaTJI.HeT? Em;e Kpae11Bee BhirJI.H,ZJ;RT npoBepKa (rrOJih3yeMCH eBoH:eTBOM 

JIOrapHcpMa): 

X · (1 - p) n + X • pn + x 2 · p · ( 1 + p) n = 
= x. enln(l-p) + x. pn + x2. p. enln(l+p) ~ x. e-pn + c. pn + x2. p. epn < 

(np11 ,n;oeTaToqHo 6oJiblIIHX n) 

1 ( n ) 113 _l.1n(...I!...) 1 1 ( n ) 213 1 Inn l.1ri(...I!...) _ <-· - ·e 3 lnn +-+-· - ·-·-·e3 lnn -
2 Inn 10 4 Inn 3 n 

= .! . (_..!}__) 1/3. (_..!}__)-1/3 + _.!_ + _.!_. (_..!}__) 2/3. Inn . (_..!}__) 1/3 = 
2 Inn Inn 10 12 Inn n Inn 

1 1 1 
= 2 + 10 + 12 < 1. 

TeopeMa ,n;oKa3aHa. D 
3aMeTHM, qTo B paMKax MeTo,n;a MO)l{HO YJiycIIIIHTb KOHeTaHTbl, HO HeJib-

3.H YBeJI11q11Th no rrop.H,D;ey ey611qeeK11H: KopeHh. I1orrpo6yH:Te oeo3HaTh 3TO! 
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7. CaMaH CUJihHCUI H3BeCTHCUI HIDKHHH on;eHKa 

B 3TOM pa3~e.ne MbI eo6epeM BMeeTe 11,lleIO CJiy<IaHHOH paeKpaeKH H 
11,lleIO )l(~Horo an:ropHTMa. B pe3yJihTaTe MhI ~OKa)l(eM CJie~yronzyro Teo­
peMy. 

TeopeMa 4. IIpu acex aocmamo"4.HO 6oJZbWUX n BbtnOJZHeHo HepaaeHcmao 

c TOqHoeTbIO ~o KOHeTaHTbI 3TO eaMbIH Jiy<IIIIHH H3BeeTHhIH pe3yJihTaT! 
,ll;oKa3aB TeopeMy 4, Mbl OKa)l(eMCR Ha eaMOH BepIIIHHe eoBpeMeHHOro 3Ha­
HIDI B o6Jiaern, B~b H BepxIDIB O.QeHKa BeJIHqHHOH ITOpJIAKa n2 • 2" - 3TO 
Jiy<IIIIee, qTo eeifqae H3BeeTHO. 

Y TeopeMhI 4 oqeHb JII06onhITHill! weTopIDI. B 2002 ro~y ee ~oKa3aJIH 
,ll;)I(. Pa~xaKpHIIIHaH H A. CpttHHBaeaH. l1x paee~eHwe MO)l(HO npoqeeTh 
B KHHre [13]. A B 2013 ro~y ,n;. ,n;. qepKaIIIHH H .H. K03HK IlPH.llYMaJIH HHOH 
aJirOpHTM, eI.Qe 6oJiee npoeTOH H H3Jfl.QHhIH. l1MeHHO ero MbI 3~eeb H H3-
JIO)l(HM. qepKaIIIHH H Ko3HK pa6oTan:H eoBepIIIeHHO He3aBHeHMO ~pyr OT 
~pyra. Ho B HTOre OHM 6YKBaJibHO e pa3HH.QeH B O~HY He~eJIIO no~an:H eBOH 
eTaTbH B O~HH H TOT )Ke )l(ypHan:! Y~HBHTeJibHOe eoBna~eHHe. 

EI.Qe HeMHoro 3HaHHH H3 MaTeMaTwqeeKoro aHaJIH3a noTpe6yeTeJI HaM 
~ noHHMaHIDI BhIKJia~oK. A HMeHHO, Hy)l(HO 3HaTh, ~o 

00 t 

ex = L ~. 
t=O t! 

(4) 

OnJITh )Ke, 3TOT cpaKT MO)l(HO HattTH B JII06oM ern~apTHOM yqe6HHKe. 
,lJ;oKa3aTeJibCTBO TeopeMbI 4. ,ll;aH n-o~Hopo~HhIH rwneprpacp H = 

= (V,E) e 

m= [.!. · fn .2"] 
4 v i1l11 

pe6paMH. ,ll;eifernyeM Ha eTbIKe MeTO~OB. IlOJIO)l(HM (epa3y!) 

ln(4n ln2 n) 
p= 2n 

Illar 1. KpaettM BepIIIHHhI He3aBHettMo ~pyr OT ~pyra, e BepoJITHOeThIO 
1 

; p BbI6Hpill! ~JIJf K~OH BepIIIHHbl O~HH H3 ~Byx .QBeTOB - KpaeHbIH 

HJIH eHHHH, - a e BepoJITHOeThIO p ~e.nilll ee )Ke 6ee.QBeTHOH. IlyeTb W -
eJiyqaifHoe MHO)l(eerno 6ee.QBeTHhIX BepIIIHH. 
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Illar 2. EepeM CJiyqaifttyro HYMep.QHIO BepIIIHH H3 W. KaK H3 3TOH Hy­
Mepa.QHH e~e.naTb paeKpaeKy H ~o B006I.Qe MbI 6y~eM KpaeHTb, IlOHMeM 
eoBeeM eKopo. 

,lJ;JIJI K~oro pe6pa f EE eeTh CJie~yroI.QHe H TOJibKO CJie~yroI.QHe «ITJIO­
XHe» BapttaHTbl noeJie IIIara 1: 

1) A1,1 : pe6po f KpaCHoe noCJie IIIara 1; 

2) A1,2 : pe6po f CHHee noeJie IIIara 1; 

3) Af ,3: IlOCJie IIIara 1 B pe6pe f TOJibKO O~Ha 6ee.QBeTHill! BepIIIHHa, a Bee 
oeTan:bHbie BepIIIHHbI KpaeHbre; 

4) Af ,4 : IlOCJie IIIara 1 B pe6pe f TOJibKO O~Ha 6ee.QBeTHill! BepIIIHHa, a Bee 
oeTan:bHbie BepIIIHHhI eHHHe; 

5) A 1,5 : noCJie IIIara 1 B pe6pe f He MeHee ~Byx H He 6oJiee n - 1 6ee.QBeT­
HbIX BepIIIHH, a Bee oeTaJibHbie BepIIIHHbI KpaeHhre; 

6) A1,6 : noCJie IIIara 1 B pe6pe f He MeHee ~Byx H He 6oJiee n - l 6ee.QBeT­
HhIX BepIIIHH, a Bee oeTaJibHhie BepIIIHHhI eHHHe; 

7) Af,7: noeJie IIIara 1 B pe6pe f Bee BepIIIHHhl 6ee.QBeTHbie. 

KaK MhI CKopo YBH.llHM, Bee eo6bITIDI, KpoMe 5-ro H 6-ro, HMeIOT KpaifHe 
Man:eHbKHe BepOJITHOeTH. Illar 2 6opeTCR HMeHHO e 5-M H 6-M CJiy<Iill!MH. 
A HMeHHO, eCJIH ~JIJI f BhIITOJIHHJIOeb yCJIOBHe A1,5 , TO paeeMoTpHM MHO­
)l(eerno f n W H nptteBOHM eMy «MeTKY» 1. ECJIH )Ke ~JIJI f BhIITOJIHHJIOeh 
yeJIOBHe Af,6> TO TaK)l(e paeeMOTpHM MHO)l(eeTBO f n w H npHeBOHM eMy 
«MeTKY» 2. CKa)l(eM, qTo B ~aHHOH HYMepa.QHH MHO)l(eerna W napa f n W 
H J' n w o6pa3yeT CUJlbHYIO ynop.R.ao"4.eHHY10 2-4enb, eeJIH OHa 06pa3yeT 
ynopJIAoqeHHYIO 2-.QeITb, npwqeM y f n W MeTKa 1, a y J' n W MeTKa 2. l1Me­
eT MeeTO aHaJior KpHTepHJI llJiyxapa, KOTOpbIH ~OKa3bIBaeTCR eoBepIIIeHHO 
aHaJiorwqHo. 

AHanor KpHTepIDI Il.Jiyxapa. MH0J1Cecmao W MOJICHO maK noKpacumb 
8 KpacHbLU u CUHUU 4aema, "4.mo6bt KQJICaoe noaMHOJICecmao auaa I n w c 

- MemKOU 1 He 6bLJZO l{eJZUKOM KpaCHbLM U KaJICaoe noaMHOJICeCmBO auaa f n W 
c MemKOU 2 He 6bLJZO l{eJZUKOM CUHUM, eCJZU u moJZbKO eCJZU CY1.4ecmayem 
HyMepa4U.R. ezo aepwuH, a Komopoii Hem CUJZbHbtx ynop.R.ao"4.eHHbtx 2-4eneii. 

B qeM TYT ~onoJIHHTeJihHill! xwTpoeTb? B TOM, qTo HaM He H~Ho Kpa­
eHTh w TaK, qTo6bI Bee «06py6KH» f n w 6bmH HeO~HO.QBeTHbIMH. ,ll;oeTa­
ToqHo ~06HThCR Toro, qTo6bI HX .QBeTa 6bmH He TaKHMH, KaK y f \ W! 

OeTaeTeJI y6e~HTheJI B TOM, qTo npw ~oeTaToqHo 6oJihIIIHX n eYMMa Be­
poJITHOeTeif Beex ITJIOXHX co6bITHH MeHbIIIe e~HHH.Qhl. 
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~JlH nepBbIX ,n;Byx THnOB co6bITHH C}'MMa BepO.HTHOCTe:H ou;eHHBaeTCH 
BeJIHqHHOH 

( 
1 - p) n 1 fn n - n _ n l fn ln( 4n ln

2 
n) 

2m. -2- ~ 2 . V Inn . 2 . 2 . e P = 2 . V Inn . e 2 = 

1 In 1 
= 2 · V iilTi" · 2 · v'n · In n ' 

KOTOpM CTpeMHTC.H K HYJIIO H, CTaJIO 6bITb, npH 60JibIIIHX n 3HaqeHH.H He 
HMeeT. 

~ TpeTbero H qernepToro THTIOB co6bI'i'Hi1: ou;eHKa rnerKa yxy,n;IIIaeTC.H 

H3-3a Heo6xo,n;HMOCTH BbI6paTb 6ecu;Benzy10 BepIIIHey: 

2m. np ( 1-p)n-1 ~ ! . /n. 2". ln(4n ln2 n). 2-n+1. e - pn. 

2 ~2 Viiln 2 1-p 

BeJIHqHHa 1- p cTpeMHTC.H K e,n;HHHu;e, a 

In( 4n ln2 n) In n 
2 ""2· 

Il03TOMY npH Bcex 60JibIIIHX n MO)KHO, HanpHMep, HanHcaTb 

ln(4n ln2 
n) 1 ~ l 

2 . 1-p ~ nn, 

OTKy,n;a 

! . /n. 2n. ln(4n ln
2 

n) . 2-n+I. e-pn ~ /n. (ln n). e-pn = 
2 v iilTi" 2 1 - p ~ v iilTi" 

= Vnlnn· 1 
-+O. 

2·v'n·Inn 

HaKoHeu;, ,n;Jrn co6bITHH 7-ro nma HMeeM ou;eHey mp", H 3Ta BeJIHqHHa 

CTpeMHTC.H K HYJIIO c KOCMHqecKOH CKOpOCTblO. 

~JlH noJiyqeHH.H ou;eHKH B CJiyqae 5-ro H 6-ro THilOB co6bITHH H)')KHO 

3aqmKCHpOBaTb npOH3B0.71bHYJO 2-u;enb C3TO ,ZJ;eJiaeTC.H 3aBe,ZJ;OMO He 60J1ee 

qeM m
2 

crroco6aMH). IlycTb a~ 2, b ~ 2 CYTb If n WI H If' n WI cooTBeT­

CTBeHHO. Tor,n;a HCKOMM Bepo.HTHOCTb ou;eHHBaeTC.H CJle,n;yJOiu;HM npOH3Be­
,n;eHHeM: 

(
1-p)2n- a-b • a+b-I. ca-I. Cb-I. (a-l)!(b-1)! 

2 P n- I n-1 (a+b-1)! · 

3,n;ecb nepBbIH MHO)KHTeJib OTBeqaeT BepIIIHHaM H3 Cf \ W) u Cf' \ W), BTo­

po:H MHOJKHTeJib OTBeqaeT BepIIIHHaM H3 Cf n W) u Cf' n W) , TpeTHH H qeT­

BepTbIH MHO)KHTeJIH OTBeqalOT BbI6opy H3 f H f' Tex BepIIIHH, KOTOpbie 
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oKCUKYTCH 6ecu;BeTHbIMH C e,n;HHCTBeHHM o6iu;M BepIIIHHa 2-u;enH 3aBe,n;o­

MO ,ll;OJl)l(Ha CTaTb 6ecu;BeTHOH, n03TOMY BbI6op ocyiu;ecTBJlHeTC.H H3 n - 1 
no a -1 H nob - 1), nocJie,ZJ;HHH MHOJKHTeJib-3TO BepOHTHOCTb Toro, qTo 

B rnyqaHHOH ffYMepau;HH Ha IIIare 2 HaIIIa 2-u;enb OKCUKeTC.H CHJibHOH yrro­

pH,n;oqeHHOH. C}'MMa BepoHTHOCTe:H He npeBocxo,n;HT 

2 """(1-p)2n-a-b. a+b-l.ca-1.cb-I. (a-l)!(b-1)! 
m Li -2- P n-1 n- 1 (a+b - 1)! · 

a,b~2 

C,n;eJiaeM aaMeey t =a + b - 2. YqTeM TaK)Ke, qTo 

OTKy,n;a 

ca-1 - (n -1) ..... (n - a+ 1) < ~ 
n-1- (a-1)! (a - 1)!' 

a-l b-I (a-l)!(b-1)! ~ nt 
cn- l

0

cn-I
0 

(a+b-1)! "'(t+l)! 

H CnpH ,n;aHHOM t qHCJia a, b <j>HKCHPYIQTC.H He 6oJiee t cnoco6aMH) 

2 """(1-p)2n-a-b . a+b-I . ca-I.cb-I. (a - l)!(b-1)! < 
m Ll 2 p n-I n-1 (a+b-1)! 

a ,b~2 

oo (l - p)2n- t- 2 t+l nt 
< m2 L: t. -2- . p . (t + 1) ! < 

t=O 

< m2. ( 1-p )2n-2. p. £ ( 1- p)-t. pt . n; ~ 
2 t=O 2 t. 

Cc yqeToM Bb16opa m, CBOHCTBa JiorapmpMa, cl>opMyJibI C4) H Toro cl>aKTa, 
Inn 

qTQ rrpH 60JibIIIHX n BeJilfiHHa p He 60JibIIIe -;- ) 

2pn 2pn 
~l....._!!_. 22n. 2-2n+2.e-2pn+2p. Inn ·eI-p =!·e-2pn+2p+I-p 
~ 16 Inn n 4 

1 
flocKOJlbKY p-+ 0, npH 60JibIIIHX n HMeeM 1- p ~ 1+2p, TaK qTQ 

2pn 
e - 2pn+2p+ l-p <e-2pn+2p+2pn+4p2n=e4p2n+p 

B CBOIO oqepe,n;b, p 2n-+ 0 Hp-+ 0, a 3HaqHT, npH 6oJibIIIHX n Mbl HMeeM 

e4p2n+ P < 2, 

H, CJie,ZJ;OBaTeJibHO, 
2pn 

1 -2pn+2p+ 1_P 1 
-·e <-. 
4 2 
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CKJia,D;bIBruI nocJie,n;HIOIO ou;eHKY c TpeMH ou;eHKaMM, cTpeMHII.J;MMMCH 
K HYJIIO, np11: 6oJibIIIMX n noJiyqaeM, qTo Halli aJiropMTM 3aBepIIIMTC.H Hey,z:i;a­
qeii c Bepo.HTHOCTbIO, MeHbIIIeii e,n;MHMI.J;bI. TeM caMbIM TeopeMa ,z:i;oKa-
3aHa. D 

8. 3ap;aqa 06 }'KJIOHeHHH: IlOCTaHOBKa 

H HeKOTOpbie pe3yJihTaThl 

B 3TOM pa3,z:i;eJie MbI paccKa)KeM 06 o,n;HoM MHTepecHoM YTOqHeHMM 3a­
,z:i;aq11: o pacKpacKe. A MMeHHO, 3aqacTYJO Ba)KHO He npocTo ,z:i;o6MTbC.H Toro, 
qTo6bI Bee pe6pa 6bmH HeO,ZJ;HOI.J;BeTHbIMM, HO ern;e M nocrnpaTbC.H c,n;eJiaTb 
TaK, qT06bI KOJIMqecTBa KpaCHbIX M CMHMX BepIIIMH B Ka)K,ZJ;OM pe6pe 6bmM 

np11:MepHo o,n;MHaKOBbIMM. ,l(JI.H cpopMaJI11:3au;11:11: HOBOH nocTaHOBKM y,z:i;o6Ho 
cq11:TaTb, qTo KpaCHbIH u;BeT - 3TO 1, a CMHMH u;BeT- 3TO -1, T. e. pacKpac­
Ka - 3TO OTo6pa)KeHMe x' npM KOTOpOM Ka)K,D;OH BepIIIHHe npHCBaMBaeTCH 
o,n;Ho M3 ,n;Byx 3HaqeHMH. B TaKMX TepMHHax ,ZJ;JI.H Ka)K,D;oro H = (V, E) M ,n;JI.H 
pacKpacKM x Hae MHTepecyeT BeJI11:q11:Ha 

disc(H, X) =max Ix CJ) I, x(f) = L x(v), 
fEE uEf 

Ha3bIBaeMruI YK.Jl.OHeHUeM ( o603HaqeHMe npoMCXO,ZJ;MT OT aHrJIMHCKoro CJIO­
Ba «discrepancy»). TioJIO)KMM TaIOKe 

disc(H) =min disc(H, x). 
x 

B ,n;aJibHeHIIIeM Mbl 6y,n;eM paccMaTpMBaTb He TOJibKO O,ZJ;Hopo,n;Hbie rM­
neprpacpbI. TipHBe,n;eM M npOKOMMeHTMpyeM OCHOBHbie M3BeCTHbie pe3yJib­
TaTbI. 

TeopeMa 5. IIycmb H = (V, E), IVI = n, IEI = m. To2aa 

disc(H) ~ J2n ln(2m). 

TeopeMa 5 BO MHOrMX CMryau;M.HX ,z:i;aeT BeCbMa xopOIIIYJO ou;eHey. ,l(eii­
CTBMTeJibHO, eCJIM m He CJIMIIIKOM BeJIMKO (HanpMMep, He 60Jibllle KaKoro~ 
HM6y,n;b MHoroqneHa OT n), a pe6pa r11:neprpacpa ,z:i;ocrnToqHo 6oJibIIIMe (Ha­
rrpMMep, nop.H,ZI;Ka n)' TO noJiyqaeTC.H, qTo He npOCTO MO)KHO Bcer,z:i;a c,z:i;e­
JiaTb BCe pe6pa HeO,ZJ;HOI.J;BeTHbIMM, HO MO)KHO ern;e M C,ZJ;eJiaTb TaK, qT06bI 
pa3HMu;a Me)l{',,D;y KOJIMqecTBaMM BepIIIHH pa3HOro I.J;BeTa B Ka)K,D;OM pe6pe 
He npeBocxo,n;MJia KopHH M3 ero pa3Mepa, YMHO)KeHHoro Ha Jiorap11:cpM ero 
pa3Mepa. TaKMM o6pa30M, onTMMaJibHOe yKJIOHeHMe 6ecKoHeqHo MaJio no 
cpaBHeHMIO c q11:CJIOM BepIIIHH B Ka)K,ll;OM pe6pe. 
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TeopeMY 5 Mbl ,ZJ;OKa3bIBaJIM B KHMre [14). Ho TaM Mbl ,ZJ;aJIM He COBCeM 
aKeypaTHoe M ,n;oBOJibHO-TaKM He3JieMeHTapHoe ,n;oKa3aTeJibCTBo. B CJie,n;y-
10rn;eM pa3,z:i;ene MbI npHBe,n;eM ,z:i;pyroe, 6oJiee 3aMKeyToe B ce6e paccy)K,ll;e­
HMe, 06ocHOBbIBa10rn;ee TeopeMy 5. B CJiyqae m = n . TeopeMa 5 ,z:i;onycKaeT 

YTOqHeHMe. 
TeopeMa 6. IIycmb H = (V, E), IVI = n, IEI = n. To2aa · 

disc(H) ~ 6../Ti. 
TeopeMa 6 ,ZJ;OKa3aHa B KHMre [13). Tio CJIO)KHOCTM OHa HeCKOJibKO npe­

BOCXO,ZJ;MT Bee, 0 qeM Mbl 3,ZJ;eCb nMIIIeM. TI03TOMY B 3TOH KHMre Mbl ee ,ZJ;OKa-

3bIBaTh He CTaHeM. 
TeopeMa 6 ToqHa no nop.H,ZI;Ky. 
TeopeMa 7. ,l(.ll.R. JZ106020 £ > 0 c~ecmsyem maKoe n0, l.f.mo npu Ka:J1CaoM 

n > n0 ttaii.aemc.R. 2unep2pa<jj H = (V, E), y Komopo20 IVI = n, IEI =nu 

disc(H) ~ (1- e) · .;;- . 

TeopeMa 7 ,n;oKa3aHa Bepo.HTHOCTHbIM MeTo,n;oM B KHMre [14] M JIMHeiiHo­
aJire6pattqecKMM - B KHMre [12]. ,l(JI.H noJIHOTbl KapTHHhl Mbl B pa3,ZJ;eJie 10 
BOCnpOM3Be,n;eM BTOpoe (qYTh 6oJiee aKKypaTHOe M KpaCMBOe) ,ZJ;OKa3aTeJih­

CTBO. 

9. )J;oKa3aTeJihCTBO TeopeMbl 5 

9.1. BcrroMoraTeJI&Hoe HepaBeHCTBO H3 TeopHH BepoHTHOCTeii 

MaTepHaJI 3Toro naparpacpa ecTb B KHMre [15] . MbI npMBO,ZJ;MM ero ,ZJ;JI.H 
nOJIHOTbl ,ZJ;OKa3aTeJibCTBa. 

TeopeMa 8. IIycmb i;-1, ... ' i;-n - He3aBUCUMble CJlYt.f.UUHble BeJZUl./.UHbl, 
1 

npuHUMa10w,ue 3Hal.f.eHUR. ± 1 c sepo.R.mttocmb10 2. To2aa O.ll.R. JZ106020 a > 0 
BbLnOJZHeHO HepaBeHCffiBO 

a 2 

PCli;-1 + ... +i;-nl >a) ~2e-2n. 

<l>aKTMqecKM B TeopeMe 8 peqh M,ZJ;eT 0 COBepIIIeHHO KJiacc11:qecKOM o6'h­
eKTe TeopMM Bepo.HTHOCTeH - 0 CJiyqaiiHOM 6Jly)K,ll;aHMM Ha np.HMOH. B IIIy­
ToqHoH MHTepnpeTaI.J;MM, KOTOPYJO .H 06p1qHo paccKa3bIBaIO Ha JieKu;M.Hx, 
B ToqKe 0 Ha np.HMOH HaXO,ZJ;MTC.H Ka6aK. l13 Hero BbIXO,ZJ;MT nh.HHMu;a, KO-

~ 1 1 ~ TOpbrn c BepO.HTHOCTbIO 2 nepeMern;aeTCH B ToqKy M c TaKOM )Ke Bepo-

.HTHOCThIO M,D;eT B Toqey -1. ,l(aJibIIIe OH CHOBa BhI6MpaeT HanpaBJieHMe 
,ZJ;BM)KeHM.H ~aHHO. TaK BOT, TeopeMa roBOpHT 0 TOM, qTO Kpaii:He MaJia 
BepO.HTHOCTb, c KOTopoH: nb.HHMu;a ~eT cpaBHMTeJibHO ,n;aJieKO OT po,n;Horo 
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Ka6aKa. HanpHMep, npn n = 106 , a= 104 Bepo.HTHOCTb He 6oJibIIIe 2e-50, 

T. e., c,n;enaB MlfJIJIHOH maroB, nb.HHm.J;a y,n;aJIHTC.H OT «CH.HIOII.I;ero u;eHTpa» Ha 
paCCTO.HHHe, paBHOe Bcero JIHIIIb ,n;ec.HTH TbIC.HqaM maroB, c Bepo.HTHOCTblO, 
He npeBOCXO,ZJ;.Hm;eM: qy,n;OBHIIJ;HO MaJIOH BeJilfqlfHbl 2e-50 • 

.l);oKaJaTeJibCTBO TeopeMbI 8. BBlf,ZJ;Y CHMMeTpHH ,n;ocTaToqHo y6e,n;nTh­
C.H B TOM, qTO 

a 2 

P ( ~ 1 + ... + ~ n > a) ~ e - 2n • 

TioJIO)l(HM A = £!.. I1MeeM 
n 

BocnoJih3yeMc.H HepaBeHCTBOM MapKoBa (cM. [SJ) H He3aBHCHMOCTbIO CJiy­
qaliHhIX BeJIHqlfH: 

n 
P(eA.C.;1 + ... +.;n) > eA.a) ~ e-A.a. EeA.C.;1 + ... +.;n) = e-A.a. n EeA..;i = 

i=l 

(no <l>opMyJie ( 4)) 

-A.a ( 1 ( oo A k oo ( - A) k ) ) n -A.a ( oo A 2k ) n =e . 2. Eo TI+ Eo----;(! =e . k~o (2k)! ~ 

(3a cqeT Toro, qTQ (2k) ! ~ 2k · k ! ) 

~ -A.a A. 
(

oo zk )n 
" e . Eo 2k . k ! 

(no <l>oPMYJie (4)) 

TeopeMa ,n;oKa3aHa. D 

9.2. TeopeMa 8 H pacKpacKa 

HaM ,n;aH rnneprpa<l> H = (V, E) c V = {1, ... , n} H IEI = m. TiycTb ~v ... 
•.. , ~ n - CJiyqaHHbie BeJIHqlfHbl H3 TeopeMbI 8. C nOMOII.I;blO HHX nocTpOHM 
cJiyqaM:HYJO pacKpacKy x, noJiara.H x ( i) = ~ i. TIOKa)l{eM, qTQ c noJIO)l(HTeJib­
HOH Bepo.HTHOCThIO ,n;JI.H Ka)l{,ZJ;oro f EE BbIITOJIHeHo HepaBeHCTBO 

Ix Cf) I~ a, r,n;e a= .J2n ln(2m). 
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3To H 3aBepIIIHT ,n;oKa3aTeJibCTBO TeopeMbl 5. Ho 3TO paBHOClfJibHO TOMy, 
qTo c BepO.HTHOCTblO, MeHbIIIeH e,n;HHHD;bl, HaH.n;eTC.H f EE, ,ZJ;JI.H KOToporo 
Ix (f) I >a. ,ZJ;JI.H Ka)l{,ZJ;oro oT,n;eJihHoro pe6pa f HMeeM 

(no TeopeMe 8) 

PClxCf)I > a) .=P(j ~~ii >a) .~ .. 

2 
_ ...£.__ 2n ln(2m) l 

~ 2e 21!1 ~2e __ 2_n_ =-. 
m 

TI pH 3TOM If I MO)l{eT paBH.HTbC.H n JIHIIIb ,n;JI.H o,n;Horo f EE, oTKy,n;a CJie,n;yeT, 

P(3 f : Ix Cf) I> a)~ L: PClxCf)I >a)< @1=1, 
f EE m 

H TeopeMa 5 ,n;oKa3aHa. 

10. ~OKa3aTeJihCTBO TeopeMbl 7 

CHaqaJia HaM noTpe6YJOTC.H HeTpHBHaJihHbie cBe,n;eHH.H H3 JIHHeHHOH 
aJire6pb1. 

MaTpHIJ;bI MaMapa. KBa,n;paTHYJO MaTpnu;y pa3Mepa n x n MbI Ha3oBeM 
Mampuu,eii. AoaMapa, ecJIH Bee ee 3JieMeHThI CYTh ITJIIOC H MHHyc e,n;HHHD;bI, 
a CTpoKH ee nonapHo opToroHaJibHbI. AnpnopH He.HcHo ,ZJ;a)l{e, cym;ecTByeT 
JIH TaKa.H MaTpnu;a, HO 3aBe,n;OMO nOH.HTHO, qTo c TeM )Ke ycnexoM MO)l{HO 
6bIJIO noTpe6oBaTb nonapHOH opToroHaJibHOCTH ee CTOJI6I..J;OB (BbllIIJIO 6bI 
3KBHBaJieHTHOe onpe,n;eJieHHe) H qTo ,ZJ;OMHO)l{eHHe Bcex 3JieMeHTOB JII060H 
cTpoKH (JII06oro cToJI6u;a) MaTpHD;bI A,n;aMapa Ha -1 coxpaH.HeT «a,n;aMapo­
BOCTb». YnOM.HHyTbie <l>aKTbl II03BOJI.HIOT cqHTaTb, qTo, CKa)l{eM, Bee 3JieMeH­
Tbl nepBoro CTOJI6u;a H rrepBOH CTpOKH MaTpHD;bl A,n;aMapa CYTb e,n;HHHI..J;bl. 
06o3HaqnM TaKYJO MaTpHu;y H1 • 

qTO KacaeTC.H cym;ecTBOBaHH.H MaTpHD; A,n;aMapa, TO rHIIOTe3a, KOTOpa.H 
,n;o CHX rrop He ,n;oKa3aHa, COCTOHT B TOM, qTo 3TH MaTpHD;bl cym;eCTBYJOT 
rrpH n = 1, 2 H n = 4k. l13BeCTHO, TeM He MeHee, ,n;ocTaToqHo MHOro. TaK, 
HarrpHMep, ycTaHOBJieHO cym;ecTBOBaHHe MaTpHD; rrpH n = 2k' n =pk + 1, 

- r,n;e p rrpocTOe, a n ,n;eJIHTC.H Ha 4, rrpH n = 92, 116, 172 H rrpn pa3JIHqHhIX 
,n;pyrHx crreu;HaJibHbIX 3HaqeHH.HX n (cM. [16]). B KOHeqHoM cqeTe MHO)l{e­
CTBO Tex n, ,ZJ;JI.H KOTOpbIX MaTpHD;bl A,n;aMapa ToqHo HaH.n;YTC.H, «IlJIOTHO» 
B TOM CMblCJie, qTo ,ZJ;JI.H JII06oro e > 0 Me)l{,ZJ;y n H n(l + e) eCTb rrop.H,ll;OK 
MaTpHD;bI A,n;aMapa. 

OcHOBHa.H JieMMa. TiycTb n1 < n2 < n3 < ... , r,n;e ni - rrop.H,n;oK MaTpHD;bI 
A,n;aMapa. PaccMoTpHM ,ZJ;JI.H Ka)l{,ZJ;oro n = ni MaTpHu;y H 1 rrop.H,n;Ka n. Bo3h­
MeM, KpOMe Toro, MaTpHu;y J ' COCTO.HII.I;YJO H3 O,ZJ;HHX e,n;HHHD;, H IIOJIO)l{HM 
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H * H1 +J ( * ( = - 2- H -3TO 0, 1)-MaTpiu.i;a). CtfHTaJI, qTo x= (x1' ... , xn)-BeK-

Top B Rn, orrpe.z(e.JIHM ero HopMy B lP KaK 

rrpH p E [1, oo) H KaK 

lxloo =m~x lxil 
l 

rrpH p = oo. BbIIIOJIHeHa CJie,ZJ;yion.i;aJI JieMMa. 
JleMMa 1. /(.Ml JZ106020 BeKmopa x, Koopowtambt Komopozo cymb 11.ll10c u 

MUHyc eouHu4bt, UMeem Mecmo 04eHKa 

I * I Jn H X 00 ?2-

/];0Ka3aTeJibCTBO JieMMbI 1. PaccMoTpHM rrpoH3BOJihHbIH BeKTop x = 
= (x1, ... , Xn) H3 <l>opMyJIHpOBKH JieMMbI. Tor,ZJ;a 

H 1x=x1h 1 + ... +xnhn, 

r,ZJ;e hi - BeKTop-cToJI6u;h1 MaTpHI.J;hI H 1. TioJiaraJI H 1 x = (L 1' ... , Ln), rroJiy­
qaeM 

Li+··· +L~ = IH1xl; =x~lh1 I; + ... +x~lhnl; =n+ ... +n=n2
, 

IIOCKOJibKY BeKTOpbI hi rrorrapHO opTOfOHaJibHhI. 3HaqHT, HeKOTopoe L~ 
ou;eHHBaeTCH CHH3Y BeJIHqHHOH n, H, cTaJio 6bITh, IH 1 xi oo ? Jn. 

Terrepb rrycTb hi,j' i, j = 1, ... , n, - 3JieMeHTbI MaTpHIJ;bI H 1. Tor,ZJ;a 

IIOCKOJibKY CYMMa 3JieMeHTOB MaTpHI.J;bl H1, CTO.Hlll;HX B rrepBOH CTpOKe, 
ecTb, oqeBH,ZJ;Ho, n, a CYMMa 3JieMeHTOB B ocTaJihHbIX cTpoKax paBHa ttyJiro 
( qffCJia e,ZJ;HHHI.J; H MHttyC e,ZJ;HHHI.J; B HHX O,ZJ;HHaKOBh,I, Be,ZJ;h OHM ,ZJ;OJDKHbl 6bITb 
opTOfOHaJibHbI rrepBOH CTpOKe, B KOTOpOH O,ZJ;HH e,ZJ;HHHIJ;hl). 

TioJIO)KHM, ,ZJ;Mee, 

A=x1 + ... +xn, 

TaK qTo Jx= (A, ... , A). CooTBeTCTBeHHO 

CJie,ZJ;OBaTeJihHO, 

n n 

ICH1 +J)xl; = L:CLi +A.)2 = L:CL~+2LiA.+A.2) =n2 ±2nA.+nA.2 . 
i=l i=l 
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y Haen qeTHO, TaK KaK MaTpHu; A,n;aMapa HeqeTHOro rrop.H,ZJ;Ka, KOHeqHo )Ke, 
He 6hrnaeT (HCKJiroqeHHe COCTaBJI.HeT BblpO)K,lJ;eHHhIH C~aH n = 1). BeJIH­
qHHa A, 6y.ZJ;yqH, CTaJIO 6bITh, CYMMOH qeTHoro qHCJia IIJiroc H MHttyc e,ZJ;H­
HHu;, ecTh TOr,ZJ;a qeTHOe u;eJioe. KBa,ZJ;parn:qHaJI <l>opMa (no A) n2 ±2nA.+nA. 2 

,ZJ;OCTHraeT MHHHMYMa rrpw A= ±1, HO, KaK MhI TOJibKO qTo BbIBCHHJIH, 
A. o6.H3aHo 6b1Tb qeTHhIM, H rroceMY peaJihHhIH MHHHMYM HaxO,ZJ;HTC.H B 
MHO)KecTBe A E {-2, 0, 2}. ¥13 3Toro pacc]7)K.ZJ;eHH.H cJie,ZJ;yeT ou;ettKa 

ICH1 +J)xl;? n 2
• 

KaK 3TO pKe 6hmo O,ZJ;Ha)K,ZJ;hI, rrocJie,ZJ;Hee HepaBeHCTBO 03HaqaeT, qTo 

ICH1 +J)xloo? Jn, 

l * I Jn D T. e. H x ? 2 , H JieMMa ,ZJ;OKa3aHa. 

3asepmeHHe ,ZJ;OKa3aTeJibCTBa TeopeMbl 7. 06o3HaqHM CTpOKH MaT­
pHI.J;hl H * qepe3 gl, ... , gn. 3TO (0, 1)-BeKTOpbI, KOTOpbie Mb! rrpeBpaTHM 
B rro,ZJ;MHO)KeCTBa M1' ... , Mn MHO)KeCTBa V = {1, ... , n} no CJie,ZJ;yion.i;eMy 
_IIpHHIJ;Hrry: i EMj TOr,ZJ;a H TOJibKO TOr,ZJ;a, KOr,ZJ;a i-.H KOOp,ZJ;HHaTa BeKTOpa gj 
paBHa 1. Bo3HMKaeT rwrreprpa<l> H = (V, {M1, ... , Mn}), H HaM ocTaeTCH 
IIOH.HTb, qTo ,ZJ;JI.H Hero 

disc(H) ? ;;1. 
TiycTh x - 3TO rrpOH3BOJihHa.H pacKpaCKa. EH: O,ZJ;H03HaqHo COOTBeTCTBy­

eT ( -1, 1)-BeKTOp x, COCTO.Hlll;HH H3 «I.J;BeTOB». HeTpy,ZJ;HO BH,ZJ;eTb, qTo 

IH*xl oo = disc(H, X). 

B caMOM ,ZJ;eJie, 

H *x= CC&v x), .. ., (gn, x)), 

HO 

(gv, x) = L: x(i), v = 1, ... , n, 
iEMv 

~ H Bee B rrop.H,ZJ;Ke. PacKpacKa x 6bma Bb16paHa, no CYTH, Hayra,ZJ;, H rroToMy 

disc(H) =mindisc(H, x) =min IH*xloo? Jn2n 
x x 

BBH,ZJ;Y JieMMhI 1. TeopeMa ,ZJ;OKa3aHa ,ZJ;JI.H JIJo6oro n, CJipKan.i;ero rrop.H,ZJ;KOM 
MaTpHu;hlA,n;aMapa. D 

Bo BCeH )Ke CBOeH IIOJIHOTe TeopeMa HeMe,ZJ;JieHHO CJie,ZJ;yeT M3 yrroM.HHY­
TOH BhIIIIe IIJIOTHOCTM rrop.H,ZJ;KOB MaTpwu; A,n;aMapa. 
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