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VAK 530.145.7

Kuura ussectnoro ¢pusuga-reoperuka O. Illrefinmana
NOoCBslleHa GOpMYJHPOBKe MeToJa BO3MYLIEeHHH B aKCHO-
MaTHYecKoil Teopuu mnosas. Ee jpocTomHCTBOM sBJAsercs
coyeTaHHe MaTeMaTHYeCKOH CTPOTOCTH H3JI0XKEHHS C ICHBIM
NoHHMaHHeM (H3HyecKoro cyulectBa npo6aembl. MHorue
pe3ysnbTaThl NpHHaJJIeXaT CaMOMYy aBTOpY.

B ocHOBe MaTemaTHyYecKoro amnnapata MoHorpaduu
JIeXXHT cHucTeMa ypaBHeHM#l [n1asepa — Jlemana — llum-
MepMaHa A5 3anaspibiBawoliux ¢yekuuit I'puna. T'nas-
Hasi ee 4acCTh MOCBSILEHA HCCJIeJOBaHHIO CBOHCTB pasJjoxe-
HUl 3THX GOYHKUHH no KoHcrauTe cBsidu. OcoGoe BHH-
MaHHe YyJleNsieTcsl ONMCAHMIO TOBeJeHHsl MOJYYeHHBIX
pelIeHHH Ha MaJsIbIX pacCTOsSiHUSIX. 3aBepluaeTcs MOHOrpa-
¢ua aHaau3oM npo6seMbl NMepeHOPMHPYEMOCTH TEOpPHH
noJisi, Hrpampuleii BaxHYI0 poJib B QU3HKe 3JeMeHTapHHIX
YacTHIL.

Kuura npeicraBisier uHTepec Misi GU3MKOB-TEOPETH-
KOB — HayYHbIX PaGOTHHKOB, CTYLEHTOB H aCHHPaHTOB,
a TaKxXe JJIs MaTeMaTHKOB, HHTepeCYIOIHXCS MaTeMa-
THYeCKMMH npo6GJeMaMH KBaHTOBOH TeOpHH TMOJs.

Pedakyus aumepamypel no Qusuxe

20402—061 N i
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[MPEIMCJ/IOBHE K PYCCKOMY H3JAHHIO

Kuura nocesimieHa MeTOAYy BO3MYIUEHHH B aKCHOMaruye-
cKoil KBaHTOBO#H Teopuu noss. OfHAKO MBI XOTeslu 6bl C CaMOT0
Haya/Ja YTOYHUTb €e coiepkaHue. [lejo B TOM, YTO NepBHIH
NocJIeIOBaTe/NbHBIH  BapHAHT TEOPHH  BO3MYLIEHHH — TOT,
Kotopblil u3noxex B Kuure H. H. Boromo6osa u 1. B. Iup-
koBa [5],— y»ke omupasicsi mo cylecTBy He Ha KaHOHHYECKYIO
¢opMyJIHPOBKY KBaHTOBOH TEOpHH MOJIs, a HAa akcHUOMaTuye-
CKYIO TEOpPHIO S-MaTpHIB C YCJOBHEM NPUUYHHHOCTH. B Teopun
Bo3MmyiieHHit BoromoGoBa 3HaMeHUThIE «GECKOHEUHOCTHY OBIIH
BO3BEIEHbl K CBOEMY HCTOYHHKY — II€PEMHOXKEHHIO 060OIIEeH-
ubix ¢dynkuuii. Teopus R-omepauun Boromwo6oBa — Ilapacto-
Ka HEe HCIO0JIb30Bajla «BHEILHHX» DEHeNnTyPHHX TpeGoBaHHH,
HO OnHpanach TOJbKO Ha BHYTPEHHUH NPOU3BOJ Ko3(hGhHIYEHT-
HbIX QYHKUME S-MaTpHUBl NPU COBNAJEHHH apryMeHTOB. TOT
($akT, yTO /IS NEPEHOPMHUPYEMBIX TEOPUH — B YaCTHOCTH, LJId
3JIEKTPOAMHAMUKH — 3TOT NPOM3BOJI «COOHpaETCs» B Iepeornpe-
Jnenenve GU3MYECKHX MacChl M 3apsila W omneparopa mnoJs,
C YHCTO aKCHOMATHYECKOH TOUKH 3PEHHS SIBJSETCH JIHIb yaad-
HOH ciydafiHOCThIO, a ¢ GoJjiee oOIIed — MOATBEPKIAAET aje-
KBAaTHOCTb MaTeMaTH4ecKoro ¢opManusMa GpuauvecKoil 3ajaue.
Takum ob6pa3oM, NPHHIUNHAJIbHOE HOCTPOEHHE aKCHOMaTHye-
CKOH TEeOpHM TOJI B pPaMKax TEOPHUH BO3MYLIEHHH ObLIO OCY-
1ecTBIeHO yxe K 1957 r.

OpnHako 3TO He 3HAUHT, pa3yMeercs, YTO 3J[ECb HE OCTaJIOCh
HepelleHHbIX 3ajay. He Kacasch NMONBITOK BbIXOJAa 38 PaMKH
TEOPUH BO3MYLIECHHH, JaKe M B 3TOH TEODHUH NEePBOHAYAJIbHbIH
noxxox BorosoGoBa onupascss Ha Takue HehU3UUECKHE ITOHS-
THS, KaK «TOJIble» HeB3aUMOJEeHCTBYIOLIYeE 10/l U T. 1., a C ApY-
rOfl CTOPOHBI, CTAJKHBAICA C CEpbe3HEHIIUMH TPYAHOCTSIMH
IpU IONHITKax ChOPMYJHPOBATb YpaBHEHUS NBMXKEHUS IJIs
B3aHMOJEHCTBYIOIIUX Teld3eH6eproBrIX OnepaTopoB.

[TosaTroMy He yAUBHTENbHO, YTO 3a NpoOIleAlINe NATHAAUATb
JieT ObLIO CHIeJIaHO MHOTO NMOMNBITOK, HCXOASI U3 HECKOJNBbKO HHBIX
aKCHOMAaTHYeCKHX (POpMYyJHPOBOK, GJIHKe NMOJOHTH K AHHAMH-
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YECKOMY OIHCaHMIO, OOOHTH DS TEXHUYECKHX H NPHHIHUNIHAMD-
HBIX TPYJIHOCTeH BHIIE ONHCAHHOIO NOJNXOA H, TaK CKasarhb,
pacliMpHuThb cepy, B KOTOPoH MoxkeT 3h(eKTHBHO XEeHCTBOBATH
KBaHTOBasl TeopHs moJsi (B pasiHYHBIX (OPMYJIHPOBKAX).
B pasHbIx HanpaBJeHUsiX OblIH JOCTHIHYTHI COBEpILEHHO OIpe-
JIeJIeHHBbIE yCIeXH, HO B Hallly 3a7iayy He BXOAUT MX Nepeyuc-
J5iTb. MBI GyzeM JaJibllie TOBOPHTb TOJIBKO O TOM Kpyre Ipo-
6JeM, K KotopoMy npuMmbikaer kuura lllrefinmana.

LleHTpasibHYI0 POJIb B 9TOH KHHIe UrpaloT ypaBHeHus ['na-
3epa — Jlemana — l{umMmepmaHa 51 3amasjbIBalOIuX (YHK-
uuit. Cama no ceGe ugess GoOpMYyJHPOBKH TEODHH KBAHTOBaH-
HBIX TIOJlel B TepMHHaX IIOJMHOH cucreMbl GyHKUHE [puHa
BbICKa3bIBasiach He pa3. Ham kaxercsi, yTo HauGoJiee nocJeno-
BaTeJNbHBIH cnocob nepexona K TakoH GOpMYJHUPOBKE COCTOHUT
BO BBEJ€HHH NPOHU3BOAALIEr0 (YHKIHOHANA IJI51 3aNa3fiblBaio-
WKUX HJIM OpYyruX, T-ynopsijoueHHbx, dbyHkuui ['puna. 3aech
Mbl ONSITb BO3BpallaeMcsi K TEOPHH S-MaTpPHIUBI C YCJIOBHEM
NPUYHHHOCTH, NOTOMY YTO HMEHHO Takas S-MaTpula, B KOTO-
pPYIO BBeleHa 3aBHCHMOCTb OT BCIIOMOTaTeJbHOH KJIACCHYECKOH
¢byHKUMH, OKasbiBaercs OJarogapsi YCJOBHIO NPHYMHHOCTH
NIPOU3BOAALIMM PYHKIHOHAIOM A/ ¢yHKuui ['puna. ITpu atom,
€CJIM B KauecTBe BCIIOMOTaTeIbHOH (YHKUHHU BLIOHpaeTcsl BHeIll-
HUH TOK-HCTOYHHK, TO MOJYYaeTcsl akcuomatuueckas Qopmy-
JIUPOBKa, OYeHb Giu3Kas K dopMmynanpoBke Jlemana — Cuman-
3uka — lluMmepmana, KoTopasi SIBJISIETCS HCXOJHOH BO BCeX
nocrpoenusx lllrefinmana.

B. B. MenseseB u aBTOpHI HACTOSILIETO mpenucsaoBusi [38%,
39*%] paspaGarbiBalOT HHOH MOAXOJ, BOCXOASIHMH K CHCTEME
«MCTIEPCHOHHBIX» akcHoM Boroso6oBa [35*], B koTtopoil poib
(hYHKIHOHA/NBHOTO apryMeHTa HIpaeT pacliHpeHHOe aCHMIITO-
THYecKoe mnoJe. ITOT NOAXOA 00JafaeT PSAOM INPEHMYILECTB.
B yacTHOCTH, HaM Ka)eTcsl YMECTHBIM ISl SICHOCTH MORYEpK-
HYTb 3JIeCb, YTO TaK Ha3blBaeMble€ «IIONHOCTbIO aMIyTHPOBAH-
Hole» GyHkiuu ['puna, x koropbiM nepexoxur lrefinman ans
KOHKpeTHO#l paGoThl, B HallleM MNOAXONE MOJIYYaloTCsl Cpasy
TakUMH Graronapsi BHIGOPY (PYHKLHOHAJBHOTO apryMeHTa.
MHaue roBopsi, MOJHOCTbIO aMIyTHPOBaHHbE GYHKUKH ['puHa
refi3eHGeproBhIX NoJell — 3TO 06blYHbIE GYHKIHU [ pHHA TOKOB.
EcrecTBeHHOCTb TakKoro Bbi6Opa, KpOMe Ipoyero, CBsi3aHa
C TeM, YTO MMEHHO B HEM Pa3JIOXKEHHS ONepaTopoB M, B UaCTHO-
cTH, S-Marpuibl no (YHKUHOHAJbHOMY apryMeHTY OKa3sbl-
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BalOTCsI HAa 3HEPTETHYECKOH I[OBEPXHOCTH TaK Ha3bIBaeMbIMH
passioxeHusAMH Xaara 1o HOpMa/JbHbIM TPOU3BENEHHSIM aCHM-
OTOTHYECKUX NOJIeH.

3ameruM, uyto, paboras ¢ ¢ynkuusamu I'puna u c acummnro-
THYECKHMH TOJISIMH, Mbl MO2KeM H36eXaTb HeH3UYECKUX TOHSI-
THH «TOJIBIX» YacTHI[ U cocTossHMH. B 3ToM moaxome MokHO
nonbitaTbcsl (JOpMyJTHpPOBATh U YpaBHEHHs ABMKeHus. Yacr-
Hble ycrexu B GJM3KOM HampaBJIeHHH INOJNYy4YeHH B paGoTax
[lumMMepMaHa M €ro COTPYAHHKOB [4], ymoMuHaeMbiXx B KHHre
refinmana.

Xorenoch Gbl cnenuanbHO OTMETUTh POJb YCJIOBUS NPUYHH-
Hoctd DorosmoGoBa Bo BceM 3TOM HampaBJeHUH. B ymomsny-
TBIX Bhille paGotax Boromo6oBa M ero WIKOJBI Kak MO TEOPHH
BOSMYILEHHH, TaK U N0 «IHCIEPCHOHHOMY» MOAXOAY UEHTpasb-
Hasi poJib 3TOTO YCJOBHS Bceraa nondepkuBaercs. llreifinMan
SIBHO MM He MOJIb3yeTcs, 3aMeHsisl ero Ha ypoOBHE aKCHOM Tpe-
60BaHHEM JIOKaJbHOH KOMMYTATHBHOCTH (MCUE3HOBEHHE KOM-
MyTaTopa BHe KOHYCa), KOTOpPOe CJENyeT U3 YCJIOBHs MPUYHH-
HOCTH, HO ero He ucuepnbiBaer. OfHAKO Jajblie OH JIONOJHSET
3TO YCJIOBHE €CTECTBEHHBIMH TPEGOBAHUSMH Ha HOCHTEJb 3amas-
JbIBalOMUX GYHKIMHA. MOXHO CYHTaTh, YTO YCJOBHE NPHUIHH-
HOCTH €CTb INPOCTO ONepaTOpHasl 3amuch 3THX TpeGoBaHUH
Ha HOCHTENb, U €CJH OHO OTCYTCTBYET, TO JIErKO IOCTPOUTb
NpUMEpHl TAKUX «3anasAblBalolUX» GYHKUUHA, KOTOpHIE, HE Ha-
pywass Tpe60BaHHMS JIOKaJbHOH KOMMYTAaTHBHOCTH, HMEIOT
COBCEM JIpYrof HOCHUTENb.

Akcromatnueckuit Merox HccaenoBanusi ¢yHkuuii ['puna
0KasaJiCsl O4YeHb IJIONOTBOPHBLIM B psijJie HanpaBJjeHu#l. B uact-
HOCTH, B 00/aCTH CHJbHBIX B3aUMOJEHCTBHH, Ie NpPAMOJH-
HelHas Teopusi BO3MYLICHHH HeNpHMeHHMa,— 3TO TOUYTH €IUH-
CTBEHHBIH IIOCJEN0OBATENbHBIA II0JIEBOH METOJ HCCJ/eNOBaHUA.
OnHako [0 CUX MOp €My HeLOCTaeT pa3pabGOTaHHOCTH W JHHA-
MHYECKOH INOJIHOTHI, KOTOPBIMH 06/1aJlaeT CTaHJapTHas TEOpHS
BosmyuieHu#. Ilosatomy nanbHefillee npoiBHXKEHHE B 3J0TM
HanpaBJIEeHUH 3aTOPMaxKHBaETCs M OKa3bIBAeTCs, YTO JJIsl IIOHH-
MaHMA CTPYKTYpbl (yHKuME I'pHHa W 1715 CpaBHEHHS 3TOI
MeToja C APYTHMH IOJIE3HO Pa3BUTb TY K€ TEOPHIO BO3MYILIe-
HUH, HO yKe BHYTPH 3TOro NMoAxoja. Takas TeopHs BO3MYylie-
HHUH, KOHEUHO, U NPHHLUMIHAJBHO U N0 GopMe JO/KHA CHIbHO
OTJINYaTbCsl OT OObIYHOM, HauuHamwedl co cBOGOAHBIX NOJEH
W JlarpaHXHaHa B3aUMONEHCTBHUS, U JIO/KHA GBITb IOC/eN0Ba-
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TeJIbHO IIOCTPOEHA Ha CBOMX COGCTBEHHBIX OCHOBaHHAX. DTOMY
BONPOCY MNOCBSIIIEHO MHOIO KYPHa/JbHbIX CTaTed, HO KHHra
IIrefinMana — nepBhiii NpUMep NoJpoGHOH MOHOTpadHH Ha 3Ty
TEMY.

Pasymeercsi, marepuas, NpeicTaB/]eHHbi B 3TOH KHHUTE,
He CJIeflyeT pacCMaTpPUBaTh KaK OKOHUATEIbHYIO (OPMYJIUPOBKY
TEOPHH BO3MYIIEHHH M/ aKCHOMaTHYeCKH ONpeNessieMblX
¢yukuu#i [puna (aBrop Ha 310 M He mpereHayer). Octaercs
ele MHOI'O OTKPBITBIX BOIPOCOB M, B YaCTHOCTH, BOIPOCHI
06 YCTaHOBJIEHUH CBsi3eH 3TOH Teopuu ¢ GIU3KHUMHU HampabJe-
HUSIMHM, INPEJICTABJECHHBIMH YK€ YNOMUHaBIIUMHUCS paboTamMu
Ilummepmana, paGotamu I'nmasepa [16, 17] u ppyrumu. s
YCTaHOBJIEHHs] 3TOTO COOTBETCTBHSI B IEpPBYIO oOyepelb HexHo-
CTaeT TaKOro KapAHHaJbHOIO 3BeHa, KaK KaKOH-J100 aHaJoF
R-onepanuu BHe paMoK Teopuu Bo3myuennit. Ho kuura llTeiin-
MaHa COJIEPKHT MHOXKECTBO OUYEHb TI0JIe3HBIX IJIsi BCAKOH TaKo#
pabGoThl METOXOB, TE€XHWUYECKHX JI€MM, YaCTHBIX HPOMEXYTOY-
HbIX pesyJabTaroB. HanucanHas Ha Heo6XOJMMOM YpOBHe
MaTeMaTHYeCKOH KYJbTYpPHI U colepaKanias riay6oKoe HOHUMaHue
¢usndeckoit cyTH npobJieMbl, 3Ta KHHUra, Kak Mbl HajeeMmcs,
OKaXXeTCSl MOJIE3HOH YHTaTeJNsAM H CTHMYJHpYeT JajbHeHIlylo
pa6oTy B 3TOM OUYE€Hb AaKTYyaJlbHOM U IJIOJOTBOPHOM Hanpas-
JIEHUH.

M. K. Iloausaros
A. JI. Cyxaros
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BBEIJEHHE

BBuay TOro uro B KBaHTOBOH TEOPHU IMOJIS MO-NIPEKHEMY
OTCYTCTBYIOT HETPHBHAJbHbBIE TOUHLIE "MOJEIH, NMPHO/IHKEHHBIE
CXeMbl TNPHOOPETAIT HHTEPEC, BHIXOASALIMHA 3a mNpelesbl HX
BO3MOXKHOH IOJb3bl JAJ YHUCJAEHHBIX pacueroB. [loxpoGHoe
H3YyYeHHe TaKHX CXeM MOKEeT NPHBECTH K OTKPHITHIO KaKHX-TO
4epT, CIpaBelINBbLIX U B TOYHOH TEOpPHH, M IaTb HaM B PYKH
KJIOUH JJIS IOMCKOB TaKHUX TOYHBIX Mojesel.

Cpenu pasyiHuHBIX NPUGIHKEHHBIX METOJOB, Pa3BHBABILKX-
¢ IO CHUX IOp, TeOpHs BO3MYLIEHHH GeCCOpHO H3yueHa Hau-
Gosiee jperanbHO. Ee oTsnuuTeNbHAsT YepTa — BO3MOXKHOCTh
YTOUHEHHS JO CKOJIb YTONHO BLICOKOH CTEeNneHH: oHa jAaeT Gec-
KOHEUHYIO IOCJIeN0BaTebHOCTh MPHONKHXKEHNH BCe BO3pacTalo-
ek ciaoxHocTH. MoKHO HajesaTbcs, 4TO 3Ta Bo3pacTarolas
CJIOKHOCTb COOTBETCTBYET Bce GoJiee TECHOMY NpHOJIMKEHUIO
K JeficTBuTeNbHOCTH. K coxKaJjleHHIO, 3TO He 00s13aTeNbHO
CONpPOBOXKJAaeTcsl Bo3pacTaHHeM YHCJeHHOH TouHocTH. HeGosb-
1Ioe YUCJIO YKa3aHuH, KOTOPLIMH Mbl pacroJiaraeM, NO-BHIH-
MOMY, FOBOPHT O TOM, UTO LIENOYKa N0CJ/Ie0BaTeJbHBIX NPHOIU-
JKEHHH B Merojie BO3MYLUEHHH pPacXOJHTCS, TaK YTO TEOpHs
BO3MYIIEHUH BpsJ JH TO3BOJHUT JOKas3aTb TEOPEMY CYLIECTBO-
BAHHA JJ/Is HETPUBHAJbHBIX Mojeseil. TeM He MeHee H3ydyeHHE
TEOPUM BO3MYILEHHH INPEACTaBJASieT UHTEepec [0 IpUYHHAM,
VIOMSAHYTHIM BBIIE, HE3aBHCHMO Ja)K€ OT BBIYHCJHUTEJIbHBIX
yClexoB, NOCTHTHYTHIX C €e TNOMOIIbI0 B 3JIEKTPOJHHAMHKE
U B MeHblUeH Mepe B Teopuu cjabbix B3aumojeicTBuil. B vacr-
HOCTH, OHa MOXET OKa3aTbCsl MOJIe3HOH B KauecTBe NpoGHOTO
KaMHfl JJIf TPOBEPKH DPAa3JIHYHBIX NPENNOJOMKEHHH O CBOHCT-
BaX TEOPETHKO-NOJIEBbIX BeNUYUH. IIpuHATO CuMTaTh, YTO
CBOHCTBa, HE CNpaBelJIUBbIE B TEOPUH BO3MYILEHHH, HE HMEIOT
MecTa Takxke B TOUHOH TeopuH. (M3nuiuiHe roBOpUTh, YTO 3TUM
KpUTEpHEM CJIeLYeT I0Jb30BaTbCs C HEKOTOPOH OCTOPOXKHO-
cThio 1).)

1) Bosee Toro, Aas UENOrO KJacca TEOPHH 9TO 3aBeOMO He Tak.—
fpum. nepes.
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31ecb Mbl HaMepeHHI JaTb TaKoe JI0Ka3aTeabCTBO, OCHOBAH-
HOe Ha uJesiX, NpeJBapuTe/bHbI BADHAHT KOTOPHIX GbLI H3JI0-
XKeH B IBYX GoJiee paHHUX paGorax aBTopa [12]. Byner pasBut
annapat TeOpMM BO3MYILIEHHH, KOTOPHIH INO3BOJIMT BBLIYHC/IATH
3anasjpiBaoliie GYHKIUH r B JIOO0OM NOpPSAKE N0 KOHCTaHTE
CBSI3H MYTEM pelIeHHs] METOLOM INOC/e10BaTEAbHBIX NPHOIHKe-
HUH ypaBHEHHMH YCJIOBHMSl YHHTApHOCTH C ONpeJeJeHHbIMH Tpa-
HUYHBIMH ycJoBHAMH. Byner crporo pokasano, uto 3toT ¢op-
MaJIi3M NPUBOLUT K KOHEUHBIM Pe3YJIbTaTaM BO BCEX KOHEYHBIX
nopsiikax Teopuu Bo3myleHui. OfHAKO 0 BaxKHeHIIeM BoIpoce
CXOAMMOCTH PSIJIOB TEOPHUH BO3MYIIEHHHA MBI HE NMOJYYHM HHUKa-
KuXx cBemeHuil. Takum o6pas3oMm, BCiony B jAajbHeiliem Jio6Goe
yTBepKAeHHE THNa «A CHpaBelJMBO B TEOPUU BO3MYLIEHHU»
cjenyer mnoHuMmarth: «A COpaBejiuBO B JIOGOM KOHEYHOM
MOpSJIKe TEOPHUH BO3MYLIEHHMH».

Mul npepnosiaraem, 4TO 4YHTaTeJ]b 3HAKOM C OCHOBHBIMH
HIesIMH U HanboJiee BaXKHBIMH pe3yJibTaTaMH aKCHOMaTHYeCKOH
Teopuu moJsist BaliTMaHa, u3JsoxkeHHBIMH B KHHrax Crpurepa
u Bafitmana [13] u Mocra [14], a Taxxe ¢ ¢opmanusmom Jlema-
Ha — Cumansuka — [{ummepmana (JICLL) [6—8] ). Bce neoG6-
XOAHMBIE JJIs JaflbHEHIIEro H3JO0XKEHUS ONpeleJeHHs U pe-
3yJbTaThl NPHBELEHBI B IVI. 2, HO 6€3 KaKuX-Ju60 060CHOBa-
HUH MJIM J0Ka3aTeJbCTB.

Mbr Gynmem paccmaTpuBaTh TOJBKO TpocTeHIUni ciaydai
OMIHOTO CKaJIIPHOTO 3pMHUTOBa mNojsi A (X), accOLHHPYeMOro
¢ GeCCNMHOBBIMH YacTHIaMu Macchl m > 0. O6o06lieHne Ha Cay-
yall Jilo60ro 4uc/ja MoJied C MPOW3BOJBHBIM CIHHOM MOXKHO
ocyuiecTBUTh HenocpeacrBenHo. (IlpaBna, mMou apy3bs, 3aHu-
Matomuecs: eHoMeHoJIorHel, cooOLUI MHE, YTO 3TO JaJIeKo
He TpuBHManbHO.) Bosee cepbe3sHo orpaHuueHHe MacCHBHBIMH
yacrunamu. Popmanusm JICLL B ero cymectByloueil dopme
HempHMEHHM K 0e3MacCOBBIM YacTHIIaM, M He OYeBHAHO, Kak
€ro MOXHO 0600WuTh. OTcloga BHITEKAeT IeyaJibHOEe CJel-
CTBHE: KBAHTOBasl 3JIEKTPOAWHAMHKA — TEOPHS, B KOTOPOH
MeToJi BO3MYIIEHHI NPHBeJ K Hau6OJbIIUM ycrnexaM,— He Mo-
JKeT ObIThb pacCMOTpeHa B HalleM (opMmanusMme.

ITo noBoxy COOTHOIIEHHS MeXIYy pa3BHBaeMbIM 31ech op-
Ma/Ju3MOM H KAHOHHYECKOH TeopHell IoJisT MOXKHO CKasaTb

1) ITo sTumM npoGiemaM cjefyeT TaKKe DPEKOMEHAOBAaTb KHHUTY
[36*].~~ Mpum. nepes.
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caenyouiee: r-GYHKIHH, BBIYHCJIEHHbE KAHOHHYECKHM CIIO-
co6oM, YIOBJNETBOPAIOT BCEM TpPEOOBAHHAM, HCIOAb3YEMBIM
HaMu 37eCb Jis moctpoenus r-dyukuui [1]1). Ilo stoit npu-
YHHe KaHOHHYECKHe TeOopHH (C MOJIMHOMHAJNBHBIMU JarpaH-
JKHAaHAMH) ONpeJesNeHHO NPUHAMJIEKAT K UHCJY paccMarpuBae-
MBIX 3JleCb MoJeseH. YCTaHOBHB 3TO OOCTOSATENbCTBO, JIETKO
NOJIYYUTD OJJHO-OJHO3HAYHOE COOTBETCTBHE MEXKAY 3THMHU JABYMS
KaTeropusimu Mojesieii (rj1. 4): 1Ba ¢popmMajiu3Ma SKBUBAIEHT HBL.
Opnako mnoxppoGHoe conocraB/eHHe ABYX (GopMaiu3MOB He
OblJ10 OCYIIIECTBICHO. BeposiTHO, Takoe CpaBHEHHE JIerye BhINOJI-
HUTb C MOMOIIBIO elle OJHOH, B KAaKOM-TO CMbLIC/IE NPOMEXY-
TOYHOH, (QOPMYJIMPOBKH TEOPHM BO3MYILIEHUH, NpEeNJIOKEHHOH
HenaBHo dniureiiHom u 'nasepom [16, 17]. Stu aBTOpHl B3sAMH
M3 KaHOHHYECKOH TEOPHH HEKOTOpbie (pOpMaJibHbIE BhIPAXKEHHS
tuna passoxenuil I'enn-Manna — Jloy, KoTopbie NO3BOJISIOT
BbIPA3UTh HCKOMbIE 3aNas3jblBalollie U XPOHOJOrHYECKHEe TPO-
M3BEJIEHHUsI COOTBETCTBEHHO Yepe3 3anas3fblBaloliie H XPOHOJIO-
riyecKue NMpou3BeJeHHs] HEKOTOPBIX NOJMHOMOB BuKa mno cBo-
6oaHbIM nosiiM. OHH NOKa3asiu, YTO 3TH MPOHM3BEAEHUS MOXKHO
OTNpeleauTb CTPOro, TaK YTO MOJydaeMble M3 HUX 7 (HIH T)-
¢byHkuuH OYAYT YLOBJETBOPATH BCEM AKCHOMATHYECKHM Tpe-
6oBaHuAM. [Ipyrumu cjI0BaMH, OHH HMEJH JeJOo ¢ TOH Ke Ipo-
6JIeMO#, YTO M MBI, HO pellaji ee, UCIONb3ysl KaHOHHUYECKHE
BbIpaXKEHUs] M MOKa3blBas, YTO OHH 06J3NAIOT NPaBUJIbHBIMU
CBOACTBaMH, B TO BPeMSl KaK Mbl HCIOJIb3yeM IOCTYJHPOBaH-
Hble CBOKCTBa MpPSIMO JJISI NOCTPOEHHS] TpeOyeMblX pelleHUH.

[JlaBHOE NpeuMyLIeCTBO HALero MeTofa Mepej KaHOHWYe-
CKHM COCTOMT B €ro JIOTHYECKOH IPOCTOTE MU HENOCPEeNCTBEH-
Hoctu. C camoro Hayaja Mbl HMeeM JeJI0 C peasbHOH mpobie-
MOH BO BCell ee CJOXKHOCTH. He BO3HHKaeT HeOOXOIMMOCTH
HHM BPEMEHHO KaJleUWTb TEOpHIO, BBOAS «oOpe3aHue», HU 3aHH-
MaTbCsi (QOPMAJIbHBIM JKOHIVIHPOBAHHEM C DaCXOASLIUMHUCS
BeJIMYHHAMH. B uacTHocTH, MBI C caMOro Hayasna HaxoLUMCS
B aauabaTHYECKOM Ipejesie, TaK YTO BONPOC O CYLIECTBOBAHHH
3TOro mpejesa HUKOTAAa SIBHO He BO3HHKaeT. B To ke Bpems
JlaHHBI METOZ He npucnocobseH /s Beryucaenuit. C aToit Tou-
KK 3peHusi Metox rpado PelHMaHAa B TPaAULUOHHOH Gopmy-

1) OznHa M3 OCHOBHBHIX 3/leCh po6aeM — npo6ieMa CylecTBOBaHUs
afnabaTHyecKoro npejena — Gbia HefaBHO peweHa Xennom [15].
1 Ganaropapen mnpod. Xennv 3a 3T0 coo6LIEHHE.
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JIUpOBKe ropasfo Jayuuie. KoHeuyHo, MOCKOIBKY 3TH fABa ¢op-
MaJjli3Ma 3KBHMBAJIEHTHBI, MOXHO C(opMy/JHpoBaTh MpaBHJa
QeiiHMaHa B paMKax Haulero Meroza. OaHako O CHX TMOp 3TO
HHKEM He CJIeJIaHO.

Hakonell, caenyer 3aMeTHTh, YTO aHAJOTHYHBIH (OpMaIu3M
MOXKHO PasBHTb, HCIIOJb3Yysl BMECTO 3al1a3/bIBAIOIIMX XPOHOJO-
ruyeckue npousBegenus [9, 17]. Hekoropbie cTopoHbl Hallero
¢dopMasii3Ma MOMKHO YIPOCTHTb, €CJHH LIHpe I0Jb30BaThCs
060GIIeHHBIMH 3ana3jpiBaouiuMu npoussenenusmu [16]. Onna-
Ko oObluHBIe 3anasipiBarolive QyHKUHH Oojee HeNocpeNCTBEH-
HO CBSI3aHbl C (PU3HYECKHUM COLEPIKAHHEM TEOPHU, NOCKOJBKY
OHH CJ1y2KaT K03¢pHIHEHTAMH B pa3/oKeHHH Xaara s B3aH-
MoJelicTBytouiero noJus (ra. 2). Ilo sTofi npuuuHe MBI Ipeano-
YHUTaeM OCHOBBIBATb Halll (pOpMa/H3M TOBKO Ha TaKHX QYHK-
nusAxX u npuberaTb X 0OOGLIEHHBIM IPOU3BEAEHHSIM TOJbKO
B KayecTBe BCIOMOIaTeJbHbIX BEJHYHH B HEKOTOPHIX JOKasa-
TEJNbCTBAX.

3ameuanue 06 obosHavenuax. Bynyr monesHbl chaepyiolne
o6o3navyenusi. Mel GyneM 4YacTo umeTh €10 ¢ (GYHKUUAMH
HEeCKOJIbKHX II€pEMEHHBIX OJHOTO M TOrO e Xapakrepa,
BEICTYIAIOMIHX B TEOPHH CHMMETPUYHO. ¥YCJIOBUMCSH, UYTO TaKHE
nepeMeHHble OYAYT 0603HAYaTbCsS OJHHMH U TEMU K€ CTPOYHBI-
MH JIaTHHCKUMHU WJIH IpeyecKUM GYKBaMH C Pas3JIMYHBIMH HHIAEK-
camu, Hampumep, (4y, ..., Up) uad (&, ..., &n) U T. I
Bce nepemeHnHble B TAKHX COBOKYIIHOCTSIX OTHOCATCS K OJHOMY
THIY: OHH Bce JHOO cKansiphl, JHG0 4-BEKTOpHl U T. A. Mul
OyneM 0603HAYaTh TaKHE COBOKYMHOCTH IIPOCTO COOTBETCTBYIO-
IIMMH NIPONUCHEIMH OYKBaMu:

U= {u, ..., u}, E=A{E, ..., &n} (1.1)

M 3aNKCHIBaTh 3aBHCUMOCTh OOBIYHOH MJIH OGOOIIEHHOH (YHK-
uuy f OT COBOKYIHOCTH MepeMeHHBIX B BHJE

fugy « oy un) = FU), F(ugy « ooy Una &1y - o oy Bm) =
=f(U, B) (1.2)
g 1. A. Kpome Toro, Mel onpeneiuM ONepalHH YMHOXEHHs

alU = {auy, ..., ouy} (1.3)
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W~ =

(o — moGoe KOMIJIEKCHOE YHCJO),

UP= 2} lu, (1-4)
n
dU = H1 du;. (1.5)
Eciu nepemenHas u; — 4-BEKTOp, TO | u; | — €ro €BKJIHI0BA

anuHa, T. e. | u; |2 = u} + ui. B cayuae 3- u 4-BekTopoB
du; CHYXWUT COKpalleHHbIM oGo3HaueHueM st diu; w du;
COOTBETCTBEHHO.



Fra6a 2

®OPMAJIM3M JIEMAHA — CUMAH3UKA —
LIIMMEPMAHA

B 310l r1aBe Mbl npuBeneM nepeyeHb TeX MpPENoJIOKeHHH,
onpenenenuit 1 Teopem opmasnudma JICLL, koroprle Ham NoHa-
n06ATCS. DTO MO3BOJIUT HAMNOMHHUTb OCHOBHBIE uepThl (opma-
JIU3Ma U BBECTH HeoGXxoAuMble ofo3HayeHus1 U yc/aoBus. Iloka-
3aTesbcTBa M MOApOOHbIe OOBACHEHHS, BoOOLe TOBOpsl, NpH-
BOAUTbCSA He OyayT. Ilpu H3noxeHuu Mbpl OyneM B OCHOBHOM
cnenoBath pa6ote [18], UCK/IOUMB JIHIIb Psiji OIIHGOK B 3HAKAX.

PaccmoTpuM TeopHI0 CKalsipHOTO 3pMuTOBa mojs A (x),
yI0BJIETBOPSIOLIEIO akcHoMaM BafiTMaHa B creuuanbHoil dop-
Me i1 6ecCUHOBBIX YacTHL Macchl m > 0. st dopMyiupoB-
KM 3TOH TeopuH OyJeM HCXOAUTb U3 CJAEAYIOUIHX IMOCTYJaTOB.

Mocrynar 1 (kBaHTOBasi MexaHuka). UHcTble COCTOSHHS
TEODHH NPEICTaBJASAIOTCS BEKTOPAMH B THIbGEPTOBOM IIPO-
CTpaHCTBe J#; HabmofaeMble W Apyrue pU3HYECKHe BeJHYHHbI
NpEACTaB/IAIOTCS JHHEHHBIMH onepaTopaMH B J#.

Mocryaar Il (peasiTuBMcTCKash MHBapHaHTHocTh). Ha &#
onpeJesieH0 CHJIbHO HENpepbIBHOE YHHTApPHOE MNpelCcTaBJeHHe
U (A, a) cssasnoit rpymnnsl Ilyankape $R1. 3nece A — oxmo-
poiHas 4YacTb, @ — TPaHCJSLMOHHAs YyacTb NpeoOpa3oBaHUSA
ITyankape (A, a).

Mocryaar Il (cnektp). Ilycts

Py = [pudE (p) (2.1)

— uHOUHHTE3UMa/bHble TeHepaTopbl mpenctapienns T (a) =
= U (1, @) rpynnsl TpaHCJAUUH

T (a) = exp {iP,a"}. (2.2)

Torpa Hocutenb cnexkTpasibHoll Mepbl dE (p) COmepKUT H3OJMH-
poBaHHYl0O TOYKYy p == (), OIHOYACTHUHBIH  TUNEPGOJOUI

' L
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p?=m?, po>>0, H KOHTHHYYM C p® =>4m?, po > 0. Ilyctb o
M &, — NpocTpaHCTBa COOGCTBEHHBIX BEKTOPOB Oreparopa
kBajpaTa Macchl M? = P} — P?, orBeuaouue COGCTBEHHBIM
3HaueHussM O u m® coorBercTBeHHO. IlpocTpaHcTBO Sy OfHO-
mMepHo. OHO pacTSiIrMBaeTCsi OJHHM HOPMHDYEMBIM BEKTOPOM,
«BaKyyMOM», KOTOpBIi Mbl OyaeM o0003HauaTb JH60 Q, n1HGO
| 0).Cyxenue U (A, a) Ha NPOCTPaHCTBC ¢y 06pa3yeT Henpu-
BOZLMMOE TNpejcTaBieHue rpynnel [lyankape ¢ Macco#t m u cnu-
nom 0.

Moctynat 1V (Teopus moas). B JS# onpenenena onepa-
TOpHO-3HauHasi 00600LieHHAass (QYHKLUHSA YMEPEHHOro pccTa
CO CJEeLYIOUIUMH CBOHCTBAMH:

a) Kaxpmoit ccHOBHOH  ¢YHKUMH yMepeHHOro pocTa

¢ (X, ..., Xp) € [19], rie n NpoH3BOJIbHO, COOTBETCTBYET
3aMblKaeMbli onepaTop
An ((p):-_S dXA(x) ... A(xa) 9 (X), (2.3)

HasbiBaeMbiil noaesoim moromom. OTMeTuM, uto A (¢) = A (g).
Bce nosieBbie MOHOMBI OTpefiesieHbl Ha €2, B BEKTOPHO-3HAUHBIM
¢yukunoHan V (@) = A" (¢) Q HenpepblBeH 1O ¢ B CHJbHOH
TOMOJIOTHH TpOCcTpaHcTBa J#¥. JluHeliHoe mnpocTpaHcTBo I,
pectaruBaeMoe BekTopamMu A" (¢) Q, n =0, 1, 2, . . ., mIoT-
10 B . OTMETHM, YTO 3TH TNPENNOJIOXKEHHS O3HAYAIOT, YTO
onepatop A™ (¢) onpeneneH Ha Z.
6) Onepatop A (¢) 5PMHTOB NpPU BELIECTBEHHBIX (.
B) A (x) npeobpasyercsi rpynnoii B} kak ckansp:
A(Ax +a) = U (A, a) A (x) U* (A, a). (2.4)
r) A (x) nokajen:
[A (x), A ()] =0, ecain (x — y)2<< 0 (2.5)
(Mbl TIOJIB3YEMCSI METPHKOML, B KOTODOIl KBaJpaThl BPEMEHHIIO-
JIOGHBIX BEKTOPOB IOJIOKHTEJbHBL).
o) A (x) uMeeT OTJUYHblE OT HYJS MarpUYHBIE 3JEMEHTHI
Mexny Q u BeKtopaMu u3 &#y. OH MoxKeT ObITb HOPMHPOBAH
TaK, 4TOObl 3TH MAaTPUYHblE 3JE€MEeHThl OblIH PaBHBI COOTBET-

CTBYIOILIUM 3J1EMEHTaM JJis cBOGOJHOrO MoJsi. BakyyMHoe cpen-
iee oneparopa A (x) noMxkHO o6pawartbcss B HYJb:

(0]1A(x)]0)=0. (2.6)



18 Trasa 2

310 yc/aoBHEe HHUKOHM 00pa3oM He OIPaHHYHBAeT OOLIHOCTH
TEOPHH, IOCKOJbKY €My MOXKHO BCerja yJOBJeTBOPHTb, H00a-
BUB K A (X) IOCTOSIHHOE C-YHCJIO.

[Tyctb

A(p)=(2n)~"? S dxeiP*A (x) (2.7)

— ¢ypbe-ob6pa3 oneparopa A (x). 3amerum, 4to (HecoGCTBEH-
HoMy) Bektopy A (p) Q@ COOTBETCTBYET HMIYJbC —p, TOTAA
KaK BekTopy A* (p) Q cooTBercTBYeT HMIyJbC p. ITO
HECKOJIbKO HEOXHAAHHOE YCJIOBHE, a TaKXKe CTPaHHasi CTeneHb
(27) B dopmy.ie (2.7) BbI3BaHbI HALUHM XKEJAHUEM TMPUAEPIKH-
BaTbCsl T€X HODMHPOBOK, KOTOpDbie OObIMHO MPUHSATH B TEOPHH
cBoboaHoro noJsi. HopMupoBKa 1. «1» o3Havyaer, 4To AJs ABYX-
TOYeYHOH (YHKIMM CNpaBeNJIHBO CJefylollee IpeICcTaBIeHHe
Uennena — Jlemana:

O A (p) Ag)10)=8(p + q) {6+ (p) +
+ 0 (po) 0 (17}, (2.8)

61 (p) = 6 (£po) & (p* — m?), (2.9)

a 0 — Mepa YMEpeHHOro pocTa ¢ HOCHTeseM B p* = 4m?,
B 3THX mnpennosioKeHHSIX MOXKHO JOKasaTb CJenyHoLiue
aCHMIITOTHYECKHE YCJIOBHS.

[Tycte & © f — npocTpaHCTBO OCHOBHBIX (yHKUMi [ (p)
C HOCHTEJIEM, COJIePKallUMCS B

G={p: 0<p*<<4m®, po=0}. (2.10)

rae

C ocHoBHO# ¢yHKUHEH fE€F Mbl CBf3bIBaeM onepaTopHO-3HAY-
HyI0 GQYHKUHIO

Ay (t)=S dpe=itr=f* (p) A(p), (2.11)

rae
pr=peE o), o@=-+@E+m)"  (2.12)
Iycts A% (¥) — cKa/ApHOE  3PMUTOBO CBOGOJIHOE TIOJIe

maccet m. Ero ¢ypre-o6pas A% (p), onpeneneHHblii GopMy-
Jgoit (2.7), umeer BUA

A% (p)=6, (p) A (p)+6-(p) A (—p),  (2.13)
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npuyeMm R R
[A% (p), A™ (9)]1=0

(A (p), A% (q)1=20 (p) & (p—q).

Kaxnoli ¢pyHxnun f(p) € conocraBum orepaTop YHHYTOXKe-
HuUA

(2.14)

A‘?‘:S 2(,,(,, f* (p) A (p). (2.15)

AcumniToTHuecKue YcJI0BUS (OPMYJIHPYIOTCS  CJIEAYIOMIUM

oGpasoM. CymecTByioT ABa cBoGoaHbX noas A™ u A, neii-
CTBYOIUUX B S, TaKHX, qTo onepatop Ay (f) cxomurcs npu

t - o0 K omepaTopy AA HJIH AA COOTBETCTBEHHO, TJ€
f ()=F( (), p), (2.16)

B OLHOM M3 YKa3aHHBIX HUXKe JBYX CMBICJIOB.
Acumnmomuueckoe ycaosue Xaaea — Piosas. Bekrop

QE)=AP () ... AP ) Q (2.17)
CXOAHUTCA CHJIBHO K BeKTOpy
ex ex (k) ex (&)
:A?i ...A;n Q, (2.18)
st-lim @ (¢) = @, (2.19)
t—> 400

IJI€ MHIEKC «€X» 3aMEeHsieTCsl Ha «in» npu {—» — oo ¥ Ha «out»
npu ¢ — + oo. CumBos *) o3Hauaer, 4To 3Be3Jl0YKa Haj orle-
paTopoM HJIH €CTb, WJH ee HeT. Ec/u 3Be3JOUKH HMEIOTCS, TO
oHH OYyAYT Y OLHHUX H TeX e omepaTtopoB B (2.17) u (2.18).

Acumnmomuueckoe ycaosue JICL{. Cocrosinue P Buna (2.18)
Ha3LIBAETCS «HEMEPEKPHIBAIOUIUMCSI», €CJIM HOCHTENH BOJHOBHIX

byukuuit f; B3auMHO pasgesennl. Ilyctb £&* — nuneitnas
060JI0YKa BCeX HenepekphBalOWUXCs ex-coctossHuii. Torna
oneparop A{¥(f) onpeneneH Ha £* M CXORUTCS cabo K ome-
patopam A}’ npu ¢ — =+ oo:
(%)

w-1im A* (¢) CD‘”‘:A"?x o™ (2.20)

t—++4o0
AJsi BeKTOpoB @ex € LeX. 31ech ONATb CHMBOJ «€X» CJIYXKHUT
BMeCTO «in» HM «out». OrpaHuyeHue HenepekphIBAOLIMMHUCS
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COCTOSIHMSIMH YIa€TCsl CHATb B TEOPHHM Bo3MmylleHu#. Tam ome-
patopbl A§*'(f) onpeneneHbl Ha BceX COCTOSIHMAX BHAa (2.18)
HE3aBHCHMO OT TOTO, KAKOBbl HOCHTENH Y GYHKUMH f;, H yIOB-
JIETBOPSIIOT mpéenesbHOMY ycaoBuio (2.20). B panbuefiieM Mbi
OyzeMm o6CyxJaTb TOJIbKO TaKylo CHTYyalHIo.

[lycth S#e* — HOKOBO NPOCTPAHCTBO ONEPATOpPOB AeX,
T. €. FH/IbGEPTOBO NMPOCTPAHCTBO, HATAHYTOE Ha BeKTOphl Pex
Buga (2.18) npu n =0, 1, 2, .. .. Mb norpe6yem, uTOGHI
BBINOJIHAJICS

Moctyaar V (acumMnTOoTHYECKasi MOJHOTA)

H"=H " =K. (2.21)

BaxHefimium uHcTpymeHToM B dopmasnudme JICLL cayxat

3anaslvieatouque npoussedenus R (x4, . . ., Xp), KOTOpBIE ONpe-
JeJSIIOTCS CJIEAYIOUMMH  YCJIOBHSIMH:

1) 3anasgpiBatoiiee npousBegenue R (xy, . . ., X,) ABJSET-

Cs  OlepaTOpHO-3HAYHOH 0606lIeHHOH (QYHKUHEeH yMepeH-
Horo pocra. Ero 3Haueune R (@) Ha OCHOBHOH (YHKUHH
o (x4 ..., X,) EF o6ragaer CBOACTBaMM II0JIEBOTO MOHOMa,
ycTaHaBiuBaeMbiMH 1moctynatoM [V,a. Huave rosops, 310
3aMbIKaeMblii omeparop, ONpefesNeHHbIi Ha NpocTpaHcTBE P
1 oToGpaxawomuit & B cebs.

2) IlpousBeneHue R (¢) 3PMHTOBO NPH BELIECTBEHHBIX .

3) R (x) = A (xy).

4) Ilpoussenenue R (x;, X3, ..., Xn) HHBAPHAHTHO OTHO-
CHTEJIbHO TEPECTAHOBOK AapTyMEHTOB Xp, . . ., Xp.

5) TlpousBenenne R yIOBJIETBOPSIET TOXKIECTBaM

R (xy Y, Xgy « -y xn) —R (y, Xy Xgy o v oy xn) ES
= — QIR (x, X0), R (4, Xp)l, (2.2

re CYyMMHpPOBaHWe NPOU3BOAUTCH IO BCeM pa3GHEHUsIM COBO-
KynHocTd repemenHbix X = {x;, ..., x,} Ha JBe B3aMHO
JOTIOJIHUTEIbHBIE TIOJCOBOKYMHOCTH X M Xpg, NpUYeM OfHA
M3 HUX MOXET ObITb MYCTOH.

6) Hocurenb R (xy, . .., Xp) CONEPXKUTCS B MHOXKECTBE

Tn = {(x1, ..., X3) 1 (s — X)) € V, s
i=2,..., n} (2.23)
rae V, — 3aMKHYTHI# Konyc Gyaymero.



Dopmarusm Jemana — Cumansuka — Lummepmana 21

7) TlpousBeneHue R KOBapHAHTHO:
R(Ax;+ a, ..., Axpy+0a) =
= U (A, @) R (x4, ..., xn) U* (A, a). (2.24)

OG1BekTbl, YAOBIETBOPSIOLHE STHM YCJOBHAM, HA3bIBAOTCS
«pesKUMHU» 3anasfblBalOIUMH NpousBefeHUssMH. Beerna qu onu
CYLIECTBYIOT B Teopuu BaliTMaHa, ynoBierBopsitolieii mocty-
jJaram [—V, B Hacrosiuiee Bpemsi Heu3BecTHO. [Jo cux mop
B CTOJIb OGLIMX TNPEJNOJOXKEHUAX YAANOCh J0Ka3aTh CYIIECT-
BOBaHME JIMIIb «IVIAJKHUX» 3anas3fblBalolIUX INPCU3BEIEHHI.
[TocnenHue OTNHYAIOTCS OT «PE3KUX» MPOU3BENEHHH TeM, YTO
UX HOCHTeJIb JIEXHT B e-okpecTHocTH T,. Kpome Toro, ycsnosue
KOBapHaHTHOCTH (2.24) crnipaBefJIMBO TOJbKO JJISl TPAHCJSLHH,
a He AJas CcoOCTBeHHHIX mpeobGpasoBaHuil Jlopenua. OpHako
B TEOPHH BO3MYILEHHH «pe3KHe» MPOU3BeNeHUs R CYIIECTBYIOT,
TaK YTO He CJle[lyeT NpOosBJIATb 6eCOKOACTBA MO 3TOMY MOBOAY .

YcnoBus 1—7 He onpenensiioT npousBeneHHss R OfHO3HAY-
Ho. Ho 3r0 HecymecTBeHHo. 51 nasnbHeHulero NpHrojaeH
J1106011 HaGop onepaTopoB R, yI0BIETBOPSIOLIUX yCI0BHAM | —7.

BakyymHoe cpennee omneparopa R HasbiBaercs 3anasfei-
saroweli Qynkyueldl U o603HAYaeTcs uepes r:

r(X) = (0] R (X)]0). (2.25)
Onpenenum dypbe-06pa3 r GYHKLUMH r PaBEHCTBOM

F(Prs - .., pa)=(2m)~5"? S dXexp{i 3] pi;} x
X r(Xg, «..y Xn).  (2.26)

dypbe-o6pas R omepatopa R ompejensiercsi aHaJOTHYHO.
DyHKUHA r UMeeT BUJ,

T (Prs « v oo pr) =80 7 (Prs -+ oy pa). (2.27)

3mecb O-pyHKuMs BHIPaXaeT 3aKOH COXPAHEHHsI SHEPTHH-
uMnysibca. OYHKIHA 7 ONpEAeTeHa TOJIbKO Ha MHOrooGpasum
>pj =0, Tak 4TO ONHA M3 TIEPEMEHHHIX B Hell BHIpaXKaeTcs
yepes3 OCTaJbHbIE.

«Amnyrauusiy (YHKUMH r 1O TEPEMEHHOH p; O3Hayaer
yMHOXeHue ee Ha (p} — m?). B x-nmpocrpaHcTBe 3TO COOT-
BeTCTBYeT npuMeHeHuio onepartopa  Kueiina — lopnona
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— (Ox; + m?). Onpenennm GyHKUHIO
ramp (pg, ..., Pa; Giy -« oy 01):‘

l
=1l @—m)7(p . ), (2.28)

TaKyI0, 4YTO NepeMeHHEbIe, CTOSIIIIEe CIpaBa OT TOYKH C 3andToH,
«aMIyTHPOBAHBI».

Paccmorpum  dynkuuio  ramp (pi, e Py Qi - - oy Qo
g;» - - -» gp) B OKDPECTHOCTH 3HaueHHH ¢7 = 0, gi* = 0, T. €.
IVIs1 3HAYEeHHH NepeMEHHBIX ¢; BOJIM3M MOJIOXKHTEIbHOH 3Hep-
reTHYeCKOH MOBEPXHOCTH, W 3HaYeHHH NMepeMeHHBIX i BOIH3H
OTpHLATEJbHOH 3HepreTHyeckoii nmosepxHoctH. IlepeMenHbie gi
M ¢gi* MOXHO paccMaTpHBaTh B KauyecTBe HOBLIX NE€PEMeHHBIX,
3aMEHSIIOUX (0 U Gip. TaKylo OOOOLIEHHYIO (YHKIHIO Mbl
no-npexkHemy OyJeM Ha3bIBaThb ramP, HECKOJbKO 3J0YHoTped-
Jsisi aTiM o6osnauenueM. Ilyers ¢ (P), f (Q), g (Q') — ocHoOB-
Hble QYHKIMH yMepeHHoro pocta. OnpenesuM QyHKIUIO

p(Q, Q= [ dPdada’e(P)[(Q)g(@")

x ramp (P; Q-, Q, Q'+, Q).  (2.29)
[TpeanosioxuM, 4To (GYHKLHS O HEMpepbiBHA B OKPECTHOCTH
Hayasna xoopauHat. Ilocsennee cnpaBemgnBo B TEOpHH BO3-
myuenuii. B ofueM ciaydae OblIO JHIIb JOKAa3aHO, YTO OHO
cienyer us nocrynaroB I—IV, ecau npousBeneHue fg obpa-
I[aeTcsl B HYJb BMECTe CO BCEMH CBOMMH NPOM3BOAHLIMH B TOY-
Kax, rje Jubo IBe NepeMeHHbEe (;, JHOO IBe NepeMeHHbe qi,
au60 ofiHa M3 ; ¥ OfiHA M3 —q; coBnagawt [20].

ITycts

in__ ,in* in* in__ 4in* in¥
o' =A; ... A‘?nQ, ! =45 ... A;Amg (2.30)

— Ba cocTosiHuA BUAa (2.18). MaTpuuHbIll 3J€eMEHT
M= (D™, R(py, ..., p) ¥™) (2.31)

MOXKHO BBbIPa3UTb Yepe3 (YHKIMIO rdMP ¢ NOMOLLbIO pedyk-
YUOHHOU ghopmy vt
min(n, m)

M= >-“o (azﬁ [_1 (Foir @8:) (@™ (atr), R(P)¥™ (Bi)™™"°.
o (2.32)
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31ech BTOpasi cymMMa Gepercsi MO BCeM BO3MOXKHBIM CrocoGam
crnapuBaHHs Vv MHAEKCOB a;, 1 << a; << n, ¢ v ungekcamu P,
1 < B; <m. Cocrosinusa Din(a;) u ¥'» (B;) moayuaiorcs
u3 cocrogHug @din y Win cooTBETCTBEHHO, €CJIH B IOCJAELHUX
ONYCTHTb Te ONeEPATOPbl POXKIEHHS, BOJIHOBbIE Q)yHKLmn KOTO-
phIX f jH gh BXOJSAT B OJJUH U3 MHOXHTEJNEH (fal, %’31) STH MHO-
JKUTEJIH UMEIOT BHI

(i, &)= 5o ®) 2 ®). (2.33)

Haxkonen,

((Din, ﬁ (P) Tin)’rrunc:

=(2n)™" II [dg,8+ (9:) £ (a1)] X

j=
m

XTI 1dgi. (k) gn ()] @2 (P; Q, —Q').  (2.34)
h=1

CorJiacHo npennosoxenuio (2.29), 3TOT HHTErpas CYyLIECTBYeT
Kak obobuieHHass GyHKUHS NepeMeHHbIX P.

OGpa3ys BakyyMHble CpeIHHE TOXKIeCcTB (2.22), cymMMHpys
B IPaBOM YaCTH N0 NOJHOMY Habopy NPOMeXYTOYHBIX in-cocTos -
HHH U TOJAb3ysCh DEAYKUHOHHOH (OpMYJOH, MBI TOJydaeM
YpasHeHus noatomst, wau ypaBHeHus ['nasepa — Jlemana —
Lummepmana (TJILY), [8]

r(p g, P)=T(q, p, P)=—i D 2 e SHdkz

L,R =1

X {11 8+ (ki) — II 8_ (ki) } 72m2 (p, Pyi—K)7am (g, Pr; K).
1 1

(2.35)

3necb P 0603HauaeT COBOKYMHOCTb EPEMEHHBIX {fq, « . ., Pn}s
a CyMMHpOBaHHE . TPOH3BOAMTCA NO BceM pa3bueHHsM P
LR

Ha JB€ B3aUMHO JAONOJHUTEJBbHBIE IIOJCOBOKYIIHOCTH PL H PR'
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B x-npocTpaHcTBE 3TH YpaBHEHUSI NPUHUMAIOT BHJ
1

P g X)—r( 5 X)=—i3 34 | I ldus doi =
1

L, Rl=1
X K (U—=V)rame (x, Xp; U)ramp (y, Xg; V),  (2.36)
rae X={xq, ..., xn}, U={w, ...,u;} u 1. 1.,
l l
K! (U—V):[il A, (u,- —v,-)—H Ay (v;—u;),  (2.37)
A @)= — 7 5 d4ps, (p) e—i%., (2.38)

[leHTpa/bHbIM 3BEHOM Halllero NMoAXo0Aa B TEODHH BO3MYlIle-
HUH sBasieTcss Teopema [/asepa — Jlemana — llumMmepmana
(TJI) (8, 18]. B neilt yTBepxkiaercs, UTO ONMHMCAHHAfA BhbIlle
TEOPHUSl TNOJIA TOJHOCTBIO XapaKTepHU3YyeTCcs CBOMMH 3anasjibl-
BAIOWMUMH (YyHKUMAMH, ¥ (QOPMYJHPYIOTCS YCJOBHSA, TIpH
BBITNIOJIHEHHU KOTOPBIX 3aJaHHbIH Ha6op 3amas3iblBalouX QyHK-
UMH onpezressieT HEKYIO TEOpHIO NoJssi. Mbl NpuBeneM TakoH
BapHaHT 3TOH TeopeMbl, KOTOpBIH CNelHaJbHO MPHCIOCOO/eH
K NoTpeGHOCTSM TeopHuu Bo3MmylueHu#. [Tpexnonoxenus, koro-
pble GOPMYJIUPYIOTCS HHXKE, CHJbHEe, YeM HeoOXOLUMO, HO OHU
BBINOJIHAIIOTCS B TEOPHH BO3MYLIEHHH U 06/1aJaloT TeM TpeHMy-
IECTBOM, YTO MO3BOJSIIOT 3HAYUTEJNbHO YNPOCTUTb (HOPMYJIH-
poBKy Teopembl ['JILL.

. Tlpexxne uem cdopMmynnpoBaTh 3Ty TeopeMy, Mbl BBEIEM
HEKOTOpble HOBble TOHSITHS H O0GO3HAYEHHS.

a) Pyukuus [ (44, . .., Up) Ha3bIBAETCS HENPEPHLIBHOM
B cMmbicjie [énbjepa ¢ HHIEeKcoM €&, &€ > (), ecju BeJHYHHA
u a ooy U an)— Ugy +coy U
f (u+ay, 7nl—|:4'ré) [ (uy vn)’ | A= Za“

octaercsi orpaHuyeHHo#t npu | A | - 0 nnsa Bcex u;. Benmem
npocrtpaictBo H, (yHKUHUH, HenpepbiBHBIX B cMbicje [éib-
Jepa M OblcTpo yObIBalOWIMX Ha OeckoHeuHocTH. Ero ssemen-
TaMH ABJsAOTCA QyHKUMH f (U), RIS KOTOpHIX CNpaBeiJIMBO

ycJ/oBue
— N [FU+A—FU)]
I lv=, Sup {(1+U)" 1] ) == } <

<oo  (2.39
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I/l TIPOH3BOJIBHOTO KOHEUHOro Ao M BCeX MNOJIOXKHUTENbHBIX
uesbix creneneit N ).

6) B dopmyne (2.15) mbi npeanosiaraeMm, 4TO BOJIHOBas
¢yHKUUS f — ocHOBHasi GYHKIHS yMepeHHOro pocta. PakTu-

YECKH OmepaTophl A}", 06pa3oBaHHbIE U3 ONMEpaTopoB CBOGOJ-
Horo mnoJsisi AeX, cyuecTByloT Ha GoJiee LIHPOKOM KJiacce BOJ-
HOBBIX QYHKIMH, 8 HIMEHHO Ha BceX QYHKUHAX f, I/ KOTOPBIX

[ e I ®F <.

OTO NpPOCTPaHCTBO CONEPMKHUT, B YACTHOCTH, (YHKIHH 7(p)€

€H,, €¢>0. Bostee Toro, A/as GYHKUHH }‘(pi, <., Pn)EH,
CYILIECTBYET BEKTOP

ex d3py d3p, ¢
q)f —S 20 (py) " 20 (pn) f(pia ERE} Pn)X

X A (p) ... A (p) Q. (2.40)
JIMHeiliHO® TPOCTPAHCTBO, HATSIHYTOE HAa BCE BEKTOPHl TaKOTO

BHja, Mbl Gyaem 0603Hauath Lg .
B) BBenem BcrnoMoratesbHylo QyHKUuUIO Y (p) 4-BeKtopa p

CO CJENYIOUMMH CBOHCTBAMH: y NpPHHAIJENHUT K Kaaccy C,
x =1t pp = o (p) u
supp x < {p: po>0, 0< A< p®<<B<4m?}, (2.41)

rie A u B BbiGpaHbl Tak, uto (p + g) ¢ supp x, €cau p, ¢ €
€ supp . DPyHkHHIO ¥ MOXKHO BHIOpaTh B BHAE

% (p) = 0 (po) % (P9, (2.42)

rae_x (m) =1 u supp y = {4 < p* < B).
Tenepp Mbl MoxeM cgopMyJHpoOBaThb Halll BapHaHT TeO-
pembr ['JILL.

Teopema 2.1.

[Myetb r(xyq, - .., X3), =2, 3, ...— 00606L1eH-
Hble (QYHKIHH YMEPEHHOTO POCTa CO CJEeAYIOUMMH CBOH-
CTBaMH:

1) BoJHoBbIe QyHKIHH, HenpepbiBHbE B cMbicae ['€ablepa, BBeeHbl
Ineitnepom [21]. CsoiicTBa ¢yHKUMil, HenpephIBHEIX B cMbicie I'éin-
Iepa, onucaHEl B 3Tolt pabore, a Takxke B paGorax [22, 23].



26 T'rasa 2

A. ®yukuus r (X) BeliecTBeHHa, HHBapMAHTHA OTHO-
CHTEJbHO mnpeo6pasoBaHuit u3 rpynnbl B! ¥ HHBapH-
aHTHA OTHOCHTEJIbHO IePECTAHOBOK IEpPEMEeHHBbIX X3, . . .

.y Xp.

B. Hocurenp ¢ynkunu r (X) comepxutcsi B obsac-
t1 T,, onpeneneHHoél ycnoBuem (2.23).

B. Ilyere 0<<e<<'p uf(p;, Py .-+ PBr Pps
Gis - - o Gy) € Hey @ (Ry, .. ., ky) € &. Torna dyHKILYSA

v B8
F(P~, =TI (—an | 4K P TL 2 (p)) 0 (K)

x (P, P, Qramp (K; P~, P, Q)  (2.43)

CYUIECTBYeT M TNPHHANIEKUT NPOCTPAHCTBY Her s
Joboro & << e. OTMeTuM, YTO apryMeHTaMH BceX QyHK-
LUMH B NOABIHTETPAJIbHOM BhIpaxkeHuH (2.43) ciienyer BolOH-
patb P-, P, a ue Py, P. Cayuait « =0, B+ vy =2

HCKJIIOYaeTcs.
[. ®yHKUUH 7 YHOBJETBOPSIOT YpPaBHEHHSAM TOJHOTHI
(2.36).

[Ipn BHINOJHEHUM 3THUX NPEAINOJIOKEHHH pa3soXKeHue
Xaara

oo

A(x)= Z Tl'—S duy ... duram™ (x; uy, ..., W) X
=1 )
XA () L. AT () (2.44)

CXONMTCS CHJBHO Ha IPOCTPaHCTBE Lo’ W ompegensier
nose Baiitmana, ynoBserBopsiomiee nocrynaaram [—V,
npuyeM 3aJaHHble 31ech r-pyHKIUH — 3TO 3ana3jblBalo-
wpe ¢pyHkuud camoro nojss A (x). Bosee TouHo: 3amaH-
Hble (YHKIUM r MPEACTABJAAIT cO60H BO3MOXKHBIA Habop
3anasjpiBaonux Gyskuuit noas A (x). (1o yrouHeHue
Heo6XONUMO BBHJAY HEEIUHCTBEHHOCTH OINpejeseHus
GbyHKUHH r.)

¥cnosue B B 3TOH Teopeme rapaHTHpyeT CYIIeCTBOBaHHE
MHTErpaJ/oB, BXOAALIUX B ycJoBue moJHoTH (2.36). YcaoBue I
TIOMHMO BCEro COJAEPKUT MNPEINoJokKEeHHe, YTO cymMMma B ¢op-
myJae (2.36) cxomurcsi. TouHee, mpeanosaraercs, 4To CyMma
110 [ CXORHUTCS MO OTAENBHOCTH /IS Kaxkaoro pasbuenus (L, R).
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IBoeroune B ¢popmyne (2.44) o603HauaeT BUKOBO (HOpMasibHOE)
NPOH3BeJIEHHE.
Passoxenne (2.44) MOXKHO OGOGLINTD:

R (x4, ..., Xn)=r1 (X1, ...,an—Z Tl'—s duy ... du; X
=1

X PP (X0 Ly Kny Ugy eees W) AT (W) L0 AT (1) (2.45)

JlokasaTesbcTBO 3TOro BapuaHTa TeopeMbl [JILI MoxHO
6e3 Tpyaa NoJNy4uTb U3 J0OKa3aTe/]bCTBa Gosee O6LIEero BapHaH-
Ta 3TOM TeopeMbl, npuBeaeHHOro B padote [18]. CuibHas dopma
npeanosoxennsi B, KOTOpo#l Mbl BOCNOJb30BaNHCh, H30aBJseT
OT HeoOGXOAMMOCTH TpH (QOPMYJHPOBKE TEOPEMBI BBOAMTH
0600ILIeHHbIE 3aMas3fbiBatoiie (YHKIHH, XOTS OHHM BCE Ke
yIOGHBI TpH ee JoKasartenbcTBe. MOXHO J0Ka3arb, 4To npH
C/IeJIaHHBIX MPEANOJIOXKEeHUAX 3TH QYHKIUHU CYUIECTBYIOT U 06-
JIaJal0T HajIeXxalliMi CBOHCTBAMH.

IlockonbKy KOMOMHATOpPHAsi 4acTb JOKa3aTe/JbCTBAa Teope-
MBI M3JIOXKE€Ha JO0BOJbHO KpaTKo H B paGore [18], u B opuru-
HaJbHOH paGore [8], MBI H3JI0XKHM 3leChb elle pa3 TIJIaBHbIH
pasjgen JoKa3aTeJNbCTBa: JOKaXeM, UTO 3aNasfbIBalolIHE oOre-
patopbl Bujaa (2.45) ynoBaeTBOpSIOT ToXAecTBaM (2.22). Jrto
JIOKa3aTeJbCTBO MOXKET TaKXe CJIYXKHTb MOJENbI0 aHaJOTHy-
HBIX BBIKJIaJIOK, KOTOpbIe NOTPEOYIOTCS HaM HHXKe, HO He 6VAyT
NIPUBOAUTBCSH SIBHO.

Jsis NpoCTOTHl OTPAaHHYUMCS JBYXTOYEUHBIM CJyYaeM

R(x,9) —R(y, x) = —ild(n), A(y]. (2.46)

O6061enre Ha MPOU3BOJIbHBIH CJy4adl MPOBOAHTCS HENocpesn-
CTBEHHO.

Ilpeo6pasyem npaByio uacTb ¢Gopmyasl (2.46), moacraBus
B Hee pasyioxenue (2.44):

INpaBast yactb= —i [A4 (x), 4A(y)|=

oo oo l 124
= ‘[{Z 2 %%S IilduiIildviramp(x; U) rame (y; V) x

1=01'=0

AT ) AT () AR (0y) - AR () —(x o y)}. (2.47)
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CorstacHo Teopeme Buka, umMeem
min(, 1)

A () . AT ) AT () L. AT ()= DY iR

h=0
X (. 2 )A+(ui1—‘vj1) coe Ay (Ui —g): AT (@) ... Ar (vr):.
Ty 7
v (2.48)

Bropasi cymMa Gepercsi mo BceM BO3MOXKHBIM CllapUBaHHSIM R
NepeMeHHbIX u; U k mepeMeHHBIX v;. UepTa Hajg HOpPMaJbHBIM
NpOU3BENEHHEM O3HAYaeT, YTO B HEM OMNYIIEHbl Te OrepaTopbl
A, aprymMeHThl KOTODBHIX BXOISIT B OAMH M3 MHOxHTene#d A,.
3ameTHM, 4TO B CHJYy CHMMETPHH QYHKIUH r Bce ujeHbl B ¢dop-
myJe (2.48) ¢ PUKCHPOBAHHBIM YHCJIOM K JAIOT OJMH H TOT XKe
BKJan B Beipaxenue (2.47). [TosToMy mOCTaTOYHO BBIYHCIUTD
BKJIAJ[ TOJBKO OJIHOTO YJI€HA, a 3aTe€M YMHOXMUTb €ro Ha MOJIHOe

YHUCJI0 (2) (Z)k! TAKUX YJICHOB:
oo oo min(, l’) ) ) i
_ B2 - -
IlpaBas yacTb= —i {S‘ ) 2, R =Rt =R <
1=0 1'=0 k=0
1 1 R

S Hdu,n do; T A+ (uy—vy) ram® (x; U) rame (y; V) X
1 v=1
X :A'“ (tnss) - .o A™ () A (Vpgy) - .. A™(0p): —(x<—>y)} .
3aMeHHM 0GO3HaueHHe IepeMeHHbIX:
(uk-H'r ey Upy Upgty ov ey vl’)_>
—“V(wi, coey Way Waggy ooy wa+b), a:l—‘k, b:l'_k

M H3MEHUM TMOPSAOK CYMMHPOBaHHSI (MOXHO [10Ka3aTh, 4YTO
3TO HOMYCTHMO B TOM KOHTEKCTE, B KaKOM OYAEeT HCIOJIb30-
BaH 3TOT pacuer). B pesymbrare mosmyuum

00 00 00
. s 11
[TpaBast '-laCTb——l{ 2D D ?!-—a!—'b_s Hdw,
k=0 a=0 b=0
R

X tA™ (@) ... A (Wars): ] [dui dvidy (i —0:)] X
1
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Xramp(x; Wiy o ooy Wa,y Uy, ...,uh)x
Xramp(y; Watty oy Watby Upy oo vy Uk)—(x<——>y)}:
oo 1 [0 a
. o : .
__—_-—l{ E = Z (a) SHdwl ;Am(wi) . Am(wa):X
a=0 a=0 1

00 3
ik
X Z iR S II [du; dviAy (u; — ;)] X
h= 1
X PEOP (X5 Wy, o vuy Wa,y Upy ooy Up) X
X ramp (y; wa+i1 e ey wa: vh ey 'Uh)—‘(x‘—’y)} .
BenencrBue cUMMETpHHM HOPMAsbHOTO NPOH3BENEHUS CYMMY

o
(e 2
> (a) MOXHO 3aMEHWTb Ha CYMMY Zk rie CyMMHpOBaHHE

=0 L,
MPOBOJKUTCS MO BCEM BO3MOXHBIM pa3GHEHMSIM COBOKYIHOCTH
nepemeHnnx W = {w,, ..., w,} Ha IBe B3aUMHO JIONOJHHU-

TeJbHble TNOACOBOKynHocTH Wir u Wg:

IMpaBast YaCTb= —i | %S dw :A™ (wy) ... A™ (we): X
a=0
3

{2 2 S 1T 1du; dviA, (u; — ;)] AP (x; Wy, U) X
R

=0 L, 1
X 1 (45 Wy, V)— (v <) }

CpaBHuBasi 3TOT pesyJbTatr ¢ ¢opmy.oi (2.36), monyuaem

] ¢
IlpaBast wacte = — Z % S Hdwi (AT (@) ... AT (wg): X

a==0
X A{rame (x, y; W)y—rame (y, x; W)} =R (x, y)— R (y, x),

YTO M TpebGoBaJOCh H0Ka3aTh.

Teopema I'JIL B ToM Buzge, B KakoMm oHa copMyJHpOBaHa
HamH (cM. Teopemy 2.1), Bce eme He o6sanaer ToH (Gopmoi,
B KOTOpOH Mbl 6yjneM ee HcnoJib3oBaTh. HeobGxoaumo nepedop-



30 Frasa 2

MYJHPOBaTb €€ B TEePMHHAX NOJHOCTbIO aMIyTHPOBaHHBIX
r-oyHkupui. Ml onpenenuM QyHKUHH

FATP (x4 L., Xp)=(— 1)"I11(Dxi—l—m2)f(x1, evy Xn),
(2.49)

n
FATmD (py L., pa)= H (P2 —m2) 7 (D1, - -, Pr)-

Otu GyHKIUH rATP — o606lIeHHble QYHKIMH YMEPEHHOTO
pocra ¢ TEMH K€ HHBAapHAHTHBIMH CBOMCTBAMH U TEMH e HOCH-
TeJIIMH, YTO U caMu ¢yHKuuH r. Mcxonnble GyHKIMY r MOXHO
BBIDA3UThb uepe3 rAmpP B Buje

r(xy, «o., Xp)= S dyy ... dysAr (X1 —y) Ar(Yo—x3). . . .

oo AR (Yn—xn) FA™D (yy, ..., Yn),
PPy ooy Pr)=(Pi—m®-iep)t X
X iljz (P} —m®—iepi) L rAmP (py, ..., pn),  (2.50)
rae
Ae® =) (dp— i (25])

CesepTka B x-mpoctpaHcTBe Buia (2.50) CywiecTBYeT ¥ HMeeT
JOJXKHOTO HOCHTEJISI H COOTBETCTBYIOLIHE MHBApHAHTHBIE CBOM-
CTBa, €CJIM OHHM HMEIOT MeCTO sl GYHKUHMHE rAmp,
YpaBHEHHUS NOJIHOTHI AJIs1 aMIYTHPOBAHHBIX (QYyHKLUHH MOXK-
HO TMOJIY4MTb, NOAeHCTBOBaB oneparopamMu Kuefina — [oplioHa
N0 MepeMeHHbIM X, Y, X, ..., X, Ha obe uYacTH paBeH-
cTBa (2.36). Bce cBoputcst mpocTo K 3ameHe GYHKUHMH r U ramP
Ha (QYHKIHUH rA™P i Toyek ¢ 3amsaToi B aprymeHTax QyHKUHH
rémP ga sansitele. KoOHEYHO, TOT ke pe3yJbTaT HMEET MECTO
¥ Aas ¢opmyasl (2.35) B p-mpocrpancrBe. CyliecTBeHHas
ocobeHHOCTb 3THX YypaBHeHuir I'JIL masi amMnyTHpoBaHHBIX
GYHKUMH CBs3aHa ¢ TeM, TO B HX IIpaBOH 4YacTH HCYe3aer
AByXTouyeuHast GyHKUHA. YrtoObl yGequTbCst B 3TOM, PaccMOT-
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pum cayuait n = 0 B cdopmyse (2.35) B obmactu p? << 4m?:
r(p, q)—r (@ )=
= —i(2m)? [ dk (8, (&)= (R)Y o™ (p; — k) x

X ramp (gs k). (2.52)

Unensl ¢ /> 1 B 310# 06saCTH HE NAOT BKJaja BCJEJCTBHE
CBOHCTB HocuTeNsl GYHKIHM O H TOTO, YTO MJISI HOCHTEJS

DYHKIHH 727 (g; Ry, ..., k) CIpaBelHBO paBEHCTBO
q -+ Zk,- = 0. Hcnonbsyem coorHoiuenue (2.27) ¥ onpeneaum
T @ =T7(=q09. (2.53)

Torna gopmyna (2.52) npuHUMaeT BUJL
r(q)—r(—gq)=—i(2n)?x
X {8 (q) — 8, (q)} 2P (q) 2™ (—q),  (2.54)

rae ~ B
ram (q) = (q° — m?®) r (). (2.55)

3nech r (g) — dypbe-o6pas dynkuuu r (€, 0):
7 (q)=(2n) S dEe-igér (E, 0). (2.56)

B cuny csoiictB Hocutensi pynkuuu r (§, 0) ee dypbe-obpas

r (g) ecTb rpaHUYHOE 3HAYeHHe (PYHKUUH, aHATUTHIHOH B 06Jsa-
cru Imq € V_. U3 sroro daxra, a Takxke u3z dopmysl (2.54)
(ecsii BOCIOJ/Ib30BATbCs OOBIYHOM TEXHHKOH, OCHOBaHHOH Ha Teo-
peme «o6 octpue KiauHa» !), cM., Hanpumep, [13], ctp. 106)
cJefyer, uTo

r @)= ==+ @ (2.57)

rae dyukuus F (g) aHanutuyHa B obiactu ¢* < 4m?. Orciona
nosiyyaem

FAm (p, )=8*(p+9) { 5 (" —m)+(@—m)F @)} -
(2.58)

1) Teopemy «06 oCTpHe KJHHa» BhepBble AoKa3ahd boroawo6os
(cM., Hanpumep, [35*]). TloapoGHoe o6CyxIeHke BCeX MaTeMaTHYeCKHX
TOHKOCTe# 3TOH TeopeMbl MOXHO HalTH B MoHorpadHu Baapumuposa
|37*].— IIpum. nepes.
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Bosbmem Tenepp cootHoweHue (2.35) 1Jis aMnyTHPOBaHHBIX
$YHKUHMHA H pPacCMOTPUM B €ro NMPaBOH YaCTH YJE€HbI, COACpPKa-
muye ABYXTOYeyHble (PYHKUMH. D10 ujeHbl ¢ [ = 1, B KoOTO-
peix Jubo Pp = &, qubo Py = &, rae & — MyCcToe MHOXe-
CTBO.

[TompiHTErpanbHble BHIpAXEHUS B 3THX 4YJeHaX CONepKaT
MHOXuTenn O (k) 8% (p — k) (p*—m®) wunn O, (k) 6% (¢ +
+ k)X (¢* — m®) u B cuy 3TOro 06paIAOTCS B HYJIb.

OtMeryM NOMYTHO, YTO BCJAEICTBHE cooTHouleHus (2.27)
d cBoiictBa (2.57) usen pasnoxenuss Xaara (2.44) nas mnogs
A(x) ¢ I =1 paBen mnpocro Ain (x).

Tenepp Mbl MoxeM c(oOpMy/JTHPOBATH «aMIyTHPOBAHHBINY
BapuaHT Teopemb! I'JILL.

Teopema 2.2.

Ilyctb raAmp (x; ..., X,) — o6obuieHHble  (QYHKUIKH
yMepeHHOro pocra, o6najgawoune csoiictBaMu A, b u B
TeopeMbl 2.1 M yHOBJIETBOPSIOUIHE aMMYTHPOBAHHBIM
ypaBHeHusMm nosHoTel [JILL. JIByxToueuHass QYHKIIHS
rAm (p, g) umeer Buap (2.58).

B stom ciyuae dyHKUMH r (Xq, . . ., X,), ONpenesnse-

Mble dopmyaoit (2.50), YIOBIETBOPAIOT Mpenonoxe-
HUAIM Teopembl 2.1.

Hoxasameavbcmso. Mbl yxke oTMedasy, uto MHTErpaJjsl (2.50)
cyuiecTBYyIOT. Jlerko y6exutbcsi B ToM, uTo ycaoBust A, b u B
TeopeMbl 2.1 BBHIMOJHSIOTCS. ENUHCTBEHHasi HETPUBHAJbHAS
3ajada COCTOUT B TOM, YTOOBI MOKa3aTb 3KBHBAJEHTHOCTb
aMnyTHpoBaHHbIX ypaBHeHuit I'JIL[ coBMecTHO ¢ HOpMHpO-
BOYHBIM ycsaoBueM (2.58) mnepBoHaya/JbHbBIM YypaBHEHHAM
[JIL.

Uro6bl yGeauThCs B 3TOM, pas3iesuM aMIyTHPOBaHHLIE ypaB-
HeHuss Buga  (2.35) Ha (p® — m® + iepo)(q® — m* +
n

—|—isqo)’lI (p} — m* —iepjo). Torna Bce useHbl B MPaBOH YacTH

i=1
(2.35) B coorBercTBuM ¢ (2.50) nmepelinyT B moiaxoAsiliue HeaM-
NYTHPOBaHHbIE BbIpaXkeHHs1. TakuM 06pa3oM, Mbl MOJYUHM
BCE YJIeHbl B NpaBoH yacTu ypaBHeHHs (2.35), KpoMme UJIEHOB,
COepXKalUX JByXToueuHbie ¢yHKuuu. PaccmoTpum uJieH

rAmo (p, g, P) B JeBoil uacTH ypaBHeHHsi. OH LepexXOAHT B Bbi-
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paxkeHue

rAme (p, g, P){(p*—m?—iepo) (g° — m*~tiego)
X ,-I__L (P} —m?—iepjo)} =

=r(p, g, P)—2mi {8,(q) —8_(q)} ram® (p, P; q).

[TepBbifi u/ieH B 5TOM BbIPaXKE€HHH — KakK pas TO, YTO Mbl XOTeJIH
Obl UMeTb B JIeBOH yacTu. BTOpoii e 4sieH MOXKHO IepEeHECTH
B NMPaByIO yacTb, ¥ C yueToM (2.58) oH nmpuHHMaeT BUJ

—oni S dk {6, (k)—5_ (k) 72 (p, P; — k)72m (q; k).

OTOo B TOYHOCTH HENOCTAIOMIMH 4YJIeH, B KOTOPOM B KauecTBe
BTOPOTO MHOXKHTeJNsT HAXOAUTCS ABYXToyeuHasi GyHKUusA. AHa-

JIOTHYHO uJieH rAmP (g, p, P) NpUBOAMT K MOSIBJEHHIO B JIEBOH

yacTH ypaBHeHHs uJjeHa r (g, p, P), a B npaBo#i yacTu — uJjeHa,
coiepKallero B KayecTBe NEpPBOTO MHOXKHTE/S [BYXTOUEUHYIO
(yHKIHIO.

Hauunasi ¢ 3TOro MoMeHTa Mbl GyZeM HMETb A€/I0 MCKJIIOYM-
TeNbHO C GYHKUMAMH rA™P 1) TTo3TOMY MBI MOMKEM OIYCTHTb

HHAeKC «Amp», UMes B BUAY, YTO OTHBIHE QYHKUMH 7 U r GYAYT
0603Ha4aTh MOJHOCTBIO aMIYTHPOBAHHBIE —3anas3JbIBaloNIHe

¢yHkuuu. B cBoio ouepenp onepatopsl R u R Tenmepb GynyT
00603Ha4yaTh MOJHOCTbIO aMIyTHPOBAHHBIE 3aN1a3/IbIBAIOLIHE NTPO-
M3BENEHHs, B YACTHOCTH

R (x) = — (O + m») A (x). (2.59)

Kpome 0oObIYHBIX 3amasiblBalOIlUX NPOU3BENEHHH, BBEIEH-
HBIX BBbllle, Mbl OYIeM MOJb30BAThCS TaKKe BO BCIIOMOTAaTeJb-
HBIX LENSIX 0000ujeHHbIMU 3ana306I8QIOUUMU NPOU3Ee0eHUAMU
(0. 3. 1.); JaiuM Tenepb UX ONpeAeJeHHe U PACCMOTPHM HHTe-
pecytome Hac cBofictBa [18, 24—27].

1) 310 oueHb BaXXHBHIH NYHKT B pa3BHBaeMOl aBTOpOM cCXeMe.
dakTHYeCKH OH NepPeXOAHT oT reisenbGeprosbix mojeil A (x) K reiiseH-
GeproBbIM TOKaM-HCTOUHHKaM | (x) = (— K,) A (x). dro npusener
B JaJbHeiillleM K TOMY, YTO MNOJy4YeHHble MM pe3yJbTaThi 6YAyT cnpa-
BefnuBH He B popmanuame JICLL, a B Gosee mupoxkoii cxeme Boromo6osa,
MenseneBa, IlonuBanoBa [35%, 38*], B koropoit B posu ycsaosus
NPUUYHHHOCTH HCHOJb3yeTcs ychoBHe Borouao6oBa.— I[lpum. nepes.
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[Tyctb S — MHOxKecTBO MHAEKcoB {1, ..., n}.
HasoBeM n-saueiikoil B MHOXecTBe S 3HaKOBYIO (DYHKUHIO
07 = -+ WIM —, OIpeleJeHHYI0 Ha COGCTBEHHBIX MOAMHOMKeE-

crBax [ MHOxecTBa S, Tak uto (¢ C/, onpenenennbm kKak Cl =
=8 —1)
o1 ¥ ocr,

opyrr =0r, ecn I' N 1" =0 u o = op. (2.60)

JlBe n-siuefiKM HasbIBAlOTCS CMENCHbIMU, €CIH B HHX Bce
$yHKUMH O, 3a UCKJ/IOUEHHEeM JIBYX, COBNajaioT. Pasjuuato-
[yecsl 3HaK¥ NPUHALJIEXKAT K B3aUMHO JOIMOJHHUTENbHBIM M0~
MHOxectBaM [y, Cly = S — Iy, KoTOphle Ha3bIBAIOTCA «rpa-
HHIIAMM» MEXIY STHMH JBYMs siueHKaMu.

Kaxnoit n-avyefike C, Mbl CONOCTaBJsieM O. 3. 1.

G, (%4, ..., Xp), TaKHe, YTO BBINOJHAITCA CJELylOUIHe IBa
YCJIOBHS.

1. Ilyere C,, C, — cMexHBIE n-Y€HKH C I'paHuued /, =
= {iy, ..., iry. Ilyctb 0y, OTpHUATe]bHa B n-siyeiike C,

H 1noJjoxuTenbHa B n-sueiike C,. Onpenenum k-siveiiky Cy
B [, NpHIHCAB KaXXJAOMy COGCTBEHHOMY HOAMHOXKECTBY B [,
TOT K€ 3HaK, KOTOpHIH 3T0 noamHoxectBo umeer B C,. Takxe
onpenensiercss (n — k)-aueiika Cz B Clo. IloTpeGyem 3artem

Gu (X) - Gv (X) =—i [Ga (xiis o« 00y xik)’
Gﬂ (xih+i’ o v ey Xin)]. (261)

2. Yacrhasa n-suefika 3ajgaerca o; = -+ aag i = 2,
..., N, Ile 0; — 3HaK, CONOCTAaBJSEMbIH OJHO3JEMEHTHOMY
mHoxecTBY {x;}. CoorBercTByIOLIEE O. 3. I. GYAET OGBLIYHBIM
3anasjpiBaloliuM NpousBegeHueM R (X).

OTH ABa YCJOBHs onpenensior o. 3. n. G, €IMHCTBEHHbIM
o6pa3oM. ITH 0. 3. Il. CYTb KOBapHAHTHBIE, 3PMHTOBBl onepa-
TOpPHO-3Ha4yHble 060OLICHHbIe (QYHKLUUH, T. €. OHH YJAOBJIETBO-
psitor ycaoBusaMm 1, 2 m 7 onpeneneHus npousBeleHHH R.
BcrnomHuM, 4To R — NOJIHOCTBIO aMIyTHPOBaHHOE 3amasfbl-
Batouee npousseaenue. Ilostomy u G, Takxe NOJHOCTBIO aMny-
THPOBAHHOE INPOU3BEJEHHE.

Jlio6bie nBe n-sueiiku C,, C, MOXHO CBfi3aTb LENOYKOH
n-syeex C,, Cui, C e Cu, , Cy, B KOTOpO# coCelHHe sueiiKu
Bcerja cMmexHbol. Torpa ypaBHenue (2.61) MoxHO 06OOLIUTH
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B BHJIE
Gu(X)—Gy(X) = —1 2 cop [Ga (Xa), G (Xp)l.  (2.62)

CYMMH[I)OBaHHe Z NNPOU3BOAUTCA 3AECH II0 KOHEYHOMY UYHCITY

u1eHoB, Xq H Xﬁ — B3aHMHO JIONOJIHUTENIbHBIE NOACOBOKYII-
HocTH nepemeHHblX X = {x(, ..., X,}, a c“;— BEILIECTBEH-
ible yucaa. YpaBHeHHe (2.62) nosBo/sieT BbIpasuTb Pa3HOCThb
JIBYX 0. 3. Il. OJHOTO H TOTO K€ INOpSiKa 4epe3 KOMMYTaTOphi
0. 3. M. HHU3LIKX NOPSAKOB. DTO NpeiCTaB/JIEHHE HE €IHHCTBEH-
110, MOCKOJBKY, BOOOLLE TOBOPS, CYILECTBYET HECKOJbLKO LEMNO-
uwek C,, ..., C, Tpebyemoro THna.

B uvactHocts, B kauectBe (G, MOXHO BbIGpaThb OOLIYHOE
3amasjpiBamomiee npouspeneHne R (X):

G, (X)= R(X)—iaEB ctp[Ga (Xa), Gp(Xp)l.  (2.63)

VTepupys 3T0 COOTHOIUEHHE, MOXKHO IOJYYHTDb TIpEACTABJIEHHE

G, yepe3 MyJbTHKOMMYTAaTOPbl OCBIYHBIX 3aNa3/bIBaIOUKX MPO-
113BEJIEHHH:

Gy (X)=R(X)+2i" ek, ., arl+ -+ [R(Xay), R(Xan)l, - .-

o RXa)]. (2.64)
CyMMHpOBaHHe NDPOM3BOAMTCA MO Pa3OGHEHHSIM COBOKYIHOCTH
nepeMeHHbIX X Ha 2 << [ < 1 HenepeKphIBAOIIHUXCH IOLCOBO-
kynHocreit. KoadduuueHTsl 021,---,“1 BelllecTBeHHbl. Hekoro-
pble M3 HHX MOTYT, pasyMmeercsi, ObITb HYJISIMH.

[Tycrs C,, — Hekoropas n-aueiika. Onpenenum nse (n + 1)-
SIYEHKH Cﬁ{ CJeNYIOIUMY NpaBuaaMu: QYHKUUA o) LIS COBCT-
BEHHbIX MOACOBOKYMHocTeH [ coBokynHoctH {1, . . ., n} Gyxer

TaKol xe, Kak B C,, a QOYHKUUSA Opty NOJOXKHTEbHA B Ct
i orpuuaresbHa B Cy. CooTBercTByMOUIEE 0. 3. II. o ——

Gy (X1, . . ., Xn} Xn41). MHOrOKpaTHOE IpUMeHEHHE TaKoOl Mpo-
1lelypbl IPHBOJKUT K PaBEHCTBY

x .
G!.t (xh coes Xny Xntty « ey xn+m) =

:Gi ek (x“ e ey Xn; Xn+1; .« .; xn+m), (2.65)

B KOTOPOM BCE 3HAaKH JNOJIXKHBI COBIANaTh (JH6O BCE MOJIOKH-
TeJIbHbI, 1160 Bce oTpuuarenbuel). Gy (. . .; . . .) HHBAPHAHTHO



36 T'rasa 2

OTHCCHTEJIbHO MEPECTAHOBOK MNepeMEeHHbIX, CTOSIIUX ClpaBa
OT TOYKM ¢ 3ansaTod. /151 oOblYHBIX 3ana3/bIBAIOLUX IIPOH3Be-
JEeHHH

RHX, Y) =R (X, Y). (2.66)

Bakyymuoe cpennee g, (X) o.3.n. G, (X) HasbBaercs
0606wennoll 3anazoeaioweti gynkyuell (0. 3. ¢.).

Iasi o. 3. m. crnpaBepiuBa peiyKIHOHHas ¢opMmy.a, aHa-
JoruuHasi popMyJie 1J1si pousBefieHusi R. MaTpHuHbIH 3/1eMeHT

M= (@, G, (py, - - ., pr) ¥) (2.67)

[em. (2.31)] 3agaercs Gopmy.iamu (2.32) — (2 34), rie BMecTO
R B (2.32) caenyer TNOACTaBHTb G, aBMecro rame (. . ) B (2.34)
cJIeflyeT TMOJCTaBUTh gM (P; Q, —Q'). B ucnonb3oBaHHH HHIEK-
ca «<amp» GoJiee HET HYXK[bI, [I0OCKOJMbKY MBI TENEPb HMEEM JE€JI0!
C TOJIHOCTBIO AMITYTHPOBAHHBIMU BbIpaXKEHHSIMH.

Peuyxuuonﬂble ¢OpMyJIBl OCTAIOTCS CIPABEIJHBLIMU npu
OLHOBPEMEHHO! 3aMeHe COCTOSIHHIA «in» Ha cocrosiHus «out»
1 QyHKUUH g), Ha QYHKLUH g,,

O6pasysi BakyymMHoe cpenHee oT (2.64) u cymmupysi B ee
MpaBoOH YacTH IO MOJHBIM HabopaM NPOMEXKYTOYHBIX in-COCTOsI-
HUH, MBI [I0JIyYHM BbIpaX€Hue 115 QYHKIUHH g, Yepe3 HHTerpa-
Jbl OT npousBefeHut dyHkuui r. Ilpennonaras, yro ans QyHkK-
LMY r CIIpaBeLIHBO CBOHCTBO B Teopemsl 2.1, ¢ nomouipio noJy-

YEHHOTO BBIP@XEHHsS] MOMCHO YCTAHOBHTb, YTO (YHKLHS g,
tTakxe o6ianaer cBoiictBoM B.

W3 dopmysabl (2.61) MBI moJiydaeM ypaBHEHHSI MNOJIHOTHI
(o606mmennbe ypaBHenus [JILI)

o0 l
8 (0 =g (0=—i 37 | [ tdudon) x

=1 i=1

XK' (U—V)gs (Xe; U)gh (Xp; V), (2.68)

-~

rae X = {x; - - %inhr Xr = {Xip4s» - - ., Xi,}. Onpe-
nesenve dynkuun K! nauo B (2.37). ypaBHeHue (2.68) ocraercs
CMpaBeJIMBBIM M B TOM CJy4ae, €C/IM B €ro npaBoil YacTH JBa
MHOXHTE/s g* 3aMEHSIOTCS] Ha COOTBETCTBYIOUIHE MHOMHTENH
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g~. Haxkonen, oGo6uiasi pajee pasioxenue (2.45), mosyuaem

GM(X)=gu(X)—|—Z _ll|_ S duy ... du,gy(X; U):Am(ui) e
1=1

co AM ) (2.69)

B nawewm dopmanusme xpoxosoeueckoe npoussederue ue 6y-
JIET HCIIOJIb30BaThCsi. TeM He MeHee Mbl JaJiuM ero onpeleseHHe
M OCHOBHbIE CBOHCTBA, MCCKOJIbKY OHO, 6YAYyYH TECHO CBsI3aH-
HbIM ¢ S-MaTpule, CYIECTBEHHO C TOUKH 3PEHHUST TPUIOKEHHH.

X poHOJIOTHYECKOE TpOoHM3BeNeHHe, win T-npousBeneHHe 1),
T (x4, ..., xp) moseft A (xy), ..., A (x;) MOXKHO ONpENENHUTh
PEKYPPEHTHO mno (opmyJie

R(X)=T (X)4i 3 T*(X))T (x, Xg).  (2.70)

CyMMHpOBaHue 37ech TPOBOIUTCH MO BCeM pa3OHEHHSM COBO-
KynHoctd {Xs, ..., X,} Ha JBe B3aHMHO JOIOJHHTEJNbHbIE
noacoBokynHoctd Xy U Xg, rae Xp MoxeT ObITh NYCTOH,
a Xp — ner ?). IlpousBenenne T (X) Takxe sIBJAsieTcs onepa-
rOpHO-3HAYHOH 0600lIeHHOH ¢YHKLHEeH YMEepeHHOro pocTa,
obsanaromeii cBoiictBaMu 1, 2 U 7, BXOAALKUMH B ONpeeseHue
R-npousBenenusi. BakyymHoe cpennee T (xy, . .., X;) Npous-
segenuss T (x;, . .., X;) Ha3bIBAETCS XPOHON02UMECKOL (DYHK-
yueid, niu ¢ynkyues I'puna. Oynkumo v (X) MoXKHO pasio-
®HTb B CYMMY HO «ITyYKaMm»

T(Xgy v ovy Xn)= 2 TTTUC (X0 L, xg) ..

cooTTIune (rs o Xxa), (2.71)
€ CYMMHPOBaHHE MpPOBOAUTCS MO BCeM pa3GHEHHSIM COBOKYII-
Hoetd  {Xy, ..., X,} Ha J060e YHCJO MOACOBOKYIHOCTEH,

B KOTOpble BXOAAT MO KpaiHEeH Mepe JBa 3JeMeHTa. & ceueHHole
pynxyuu I pura TeCHO CBAA3aHBI C 3aMa3/bIBAIOIIUMU QYHKUUS-

1) 3pecb uMeeTcss B BHAY AalicoHoBo T-mpousBefenue. OGcyxnie-
HHEe OTJIHYHS ero OT BHKOBa T-NpOM3BeleHHS] H 0COGEHHOCTEN HCHOJb-
30BaHHA XKaXJOro M3 HHX B aKCHOMaTHYECKOH TEOpPHH NOJSA MOMKHO
naiitu B o6sope [39*].— I[Ipum. nepes.

2) dto omnpepeneHHe T-npou3BefleHHS BBIINVIAIHT HECKOJbKO KOC-
BeHHbIM. JIpyro# noAxox, B KOTOPOM CHA4AAQ €CTeCTBEHHBIM 06pa3om
onpenensiercs: T-Npou3BelleHHe, a 3amem uepe3 Hero ONpeNeNsioTCs
R- u G-npousBeleHusi, usnoxes B paGore [17].
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MH: MX MOXHO INOJYYHTb H3 (DYHKUHH r aHAJTUTHYECKHM IIPO-
JOJKeHHeM B p-mpocTpaHctBe. Ilpu chenaHHbIX BhIle Npen-
IIOJIOKEHHSX OTHOCHTEIbHO (DYHKIME r MOMKHO J0Ka3aTb, UTO

¢ynkuua Tpuna TT70 (pg, py, .. oy Pay Pas Q1 Quy - - -

.y Qs Qm), OYYYH NPOHHTEIPHPOBAHHOM C OCHOBHOH (PyHK-
el no nepemenusiM P, Q, HempephiBHa 1o mepeMeHHbIM P,
Q*, T. e. B OKPECTHOCTH 3HEPIreTHYECKOH NOBEPXHOCTH pi =
= gf = 0. Ee 3HaueHHe Ha 3HEPreTHYECKOH IOBEPXHOCTH
C TOYHOCTBIO IO YHCJIEHHOTO MHOXHTENS MpPEeACTaBJsieT COO60H
CBSI3HYIO YacCTb 3J1eMeHTa S-MaTpHIUBI A5 IIpolecca, B KOTOPOM
YYacTBYIOT M TMAJaUMUX U 7 YXOIAIHUX YacTHI.

Haxkonelr, paccCMOTpPUM KpaTKO CBOHCTBa OGBEKTOB HallleH
TEOPHH O OTHOLIEHHI0 K npeobpazosarusm CPT. TlockoJbKy
B Haulell TeOpHH omepaTop 3apsiaoBoro conpsikenust C cosna-
JIaeT C TOXKJIEeCTBeHHbIM oneparopoM, onepauuss CPT npespa-
waercs npocro B PT. Corsnacio CPT-teopeme [13, 14], B npo-
cTpaHcTBe F¥ CyLIeCTBYeT aHTHYHHTapHBIA onepartop O co cie-
IYIOIUMH CBOHCTBAMH:

0 = 1, (2.72)
00 = Q, (2.73)

0A (x) O = A (—x), (2.74)
@A (x) © = Aout (—y). (2.75)

ITycrb C‘u—n-ﬂqeﬂxa, niosiyueHHas u3 n-siveiiku C,, nepe-
MeHOH BceX 3HakoB oy, a (|, — COOTBETCTBYMOIEE O. 3. II.
Torza

0G, (x1, . - . Xn) © = Gy (—xy, . . ., — Xp). (2.76)
B uacTHocTH, moj AedcTBheM onepatopa © 3anaspebiBaroinee
npousBenenre R (X) nmpespaiaercsi B ornepexaioliee npousse-
zenue R (—X).

Hakosnern,

OT (%1, - - - Xn) O = T* (—xq, ..., — Xp). (2.77)

st BakyymHbix cpepnux G, ¥ T Mbl MMeeM Clepyiomue
cooTHolleHns1, BhiTekawomne u3 CPT-cumMmeTpuu:

Gu Xy ooy X)) =Gu(—Xy ..y —Xn),  (2.78)
T (Xgy o vor Xn) = T (—Xpy o0 0y — Xp). (2.79)
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TEOPHUSI BO3MYIEHHHM: OCHOBHBIE TIOJIOKEHUS

PaccmoTpuM TeopHio ceMelicTBa noseit A (x, g), 3aBUCALIUX
OT napamerpa g, Ha3blBaeMoro xoxcmarmoii cészu. Ilyctb pjs
¢ukcrpoBanHoro mnapamerpa g noje A (x) = A (x, g) obna-
IaeT BCEMH CBOHCTBaMH MoJel, onmucaHHbiMH B ra. 2. Ilose
A (x, 0) 6ynmer cBoGomubiM nojeM Macchl m. (Cayuait, Korna
nosne A 3aBHCHT OT HECKOJNBKHX KOHCTAHT CBSI3H, MOXHO pac-
cMaTpHBaTh aHajoruuHo.) Ilpenmosioxum, uto mwoGasi BeJsH-
ypHa @, BCTpevarolascss B Teopuu (omepaTopsl moJsi, R-ome-
paropbl, r-QyYHKUHH U T. 1.), MOKeT ObiTb pa3joxkeHa B CTe-
TNEeHHOH psj 1o g:

G(g) = cgo Gog®, (3.1)

rie Ro — 3HaueHue COOTBETCTBYIOIICH BEJHUYHHBl B TEOPHH
cBoGopHoro noss. Ml He 6yneM Kacarbcsi po6JIeMbl CXOIHMO-
cTH psjgoB (3.1), MOCKOJbKY NO 3TOMY MOBOAY MbI MOXKEM
CKa3aTb POBHO CTOJIbKO, CKOJIbKO H3BECTHO B KaHOHHYECKOM
nogxonae, T. €. Huuero. Mpbl Oynem paccMaTpHBAaTb TOJbKO
npo6JieMbl  CYLIECTBOBAHHA M BBIYHCJEHHSI KO3(PUUMEHTOB
pasjioxkeHusi (R, B NPOH3BOJIBHOM KOHEYHOM NOpsiiKe O.
B nanbuefinem pasnoxenue (3.1) 6Gymer TpakToBaThCs KakK
(dopmasbHbIH cTeneHHol psl. MoxHO HagesTbes, YTO OH NpeA-
craBJsieT co60if 0 KpalHEH Mepe aCHMITOTHYECKOE pasJsoxke-
Hue B npepesne g— 0.

Onepatop Ay (x) — 3T0 cBOGOHOE 110JIE, YIOBJETBOPSIOLLEE
ycJI0BUSIM, CHOPMYJHPOBAHHEIM B IJ. 2 1/s omepatopa Ae*.
IlosTomy umeeMm

Aln (x) = Agut (x) = Ao (x). (3.2)
3anaszppiBatonide  (GQYHKOHM B TEOPHM  CBOGOAHOIO I0JIA
HMEIOT BHJ

ro(x, y) = _1(Dy + m?) 8* (x — ), (3.3)
ro(py q) =5 (¢*—m?*) 8* (p+q), (3.3)

ro(xg, « oy x3) =0 npu n>2 (3.4)
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guO (xi» o e ey xn) =Ty (xiv e ey xn) (35)
1J1s1 BCeX M.

Uro6bl HaliTH noss A, (X), Mbl BOCHOJb3yeMCs TeopeMok
[JILI. TlonbiTaeMcsi MOJYYUTb pelIeHHS] aMNyTHPCBaHHBIX
ypaBrenu#t I'JIL, ynoBJieTBOpsiIOmIHE IONOJHHTENBHBIM YCJIO-
BUSAM, cojJepxKamumcsi B Teopemax 2.1 u 2.2

BBenem caenymoumpe cokpallieHHble 0603HAUeHHs:

1
Jor (%, y, X)= ‘. 1 {du: dvidy (ui — i)} X
Y=t
Xf(x, XL, U)f(y, XR1 V)7 (36)

rae U={uy, ...,u}, V={vy, ..., v}, X={xg, ..., xa},
a Xp, Xy onpeneneHbl Tak ke, Kak B (2.36), u

I, g X)=—i 3 3 Lol (e g X)— T (y, % X)),
L, Ri=1 3.7)

yTo TnpeAcTaB/sier coGoil mpaByl0 uacTb ypaBHeHH# (2.36).
Toraa ypaBuenuss ['JIL| 3amumytes B Buze
r(x, Y, X) —r (y’ X, X) =1 ()C, Y, X) (38)
ITH ypaBHEHHS Mbl JOJIKHBI PELIUTb C [OMOILBIO TEOPHH
BO3MYIUIEHHH, YUYHUTHIBAS YMOMSIHYTbIE BbIlLIE JOMOJHHUTENbHbBIE
YCJIOBHS, a TaKXe TPaHUYHble YCJIOBUS, KOHKPETH3HpYIOLlMe
IMHAMHKY, KoTopble OyAyT cdopmyaupoBanbl Huxe. Iloxcta-
BuM pasJjioxenue (3.1) miasi ¢yHkuuu r B ypaBHeHue (3.8)
H TpUpaBHSieM B O0E€HX €ro YacTsX YJeHbl OJHOTO U TOTO Ke
nopsiika no geo.

re (X, y, X) — ro (y, x, X) = I (x, y, X), (3.9)

0o 1
Io(x, y, X)=—i 2} 247 Vo (x, 4, X) = Jizo (9, %, X)),
L, Rl=1
(8.10)

-1 l

Jiza (5, 9, X)= 3 | TT {dus doid, (i —vi)}

=1 i=1

Xft(x, XL, U_)ro—t(yv XR, V) (311)
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B cymme (3.11) orcytcTBylOT WjeHBl ¢ T =0 H T = 0, YTO
cBsi3aHO co cBoicTBOM (3.4) U ¢ Tem, yTo pyHkuus / , He cozxep-
XKHT JBYXTOUEUHYIO (YHKLHIO (CM. 3aMeYaHHs, NPEeNIIECTBYIO-
mue TeopeMe 2.2). B 3TOM 3akiiouaercst NPEHMYIIeCTBO ammy-
THpoBaHHbIX ypaBHeHu#t ['JIL| no cpaBHeHHIO C HeaMNyTHpO-
BaHHO# uXx ¢opmoi. M 310 HeMenIeHHO NOACKA3bIBAET CJENYIO-
LYIO . TPOIeNypY HOCAEL0BATENbHBIX NPUOIMKEHUH.

ITycte ¢yHKUMHU r; ¢ T << 0 u3BecTHB. Torma /, MOXKHO
BBIYUC/IHTh TPOCTHIM MHTEIPHPOBAHHEM H (DYHKIHIO !y MOXKHO
HalTH, pelluB JHHeiiHoe ypaBHeHHe (3.9) ¢ u3BecTHOH npaBoit
yactbio. VIMeHHO 3Ty 3ajauy Mbl M Gynem pelaTb, MpHYEM
MOJIHOE ee pellleHHe MOXKHO pa3[iesIUThb Ha JBa JTamna.

Bman 1: gopmarsroe pewerue. TIcCTPOUM TGCAEI0BATEND-
HBIMH IIPHGIHKEHHAMH GopMasbHOe pellieHue ypaBHeHus (3.9),
ynoBaerBopsitomiee ycaosusiM A u b teopemsr 2.1 u HopMmuEpO-
BOYHOMY YycsoBuiOo (2.58), He 3aoTsichb mMoka O npoGJjeme ero
cyuectBoBaHusi. Ha 3ToM 3Tame Mbl He paccMaTpuBaeM YCJo-
Bue B Teopemnl 2.1.

Sman 2: cyuwecmseosarue peulerus. JLOKaxem CYLIECTBO-
BaHHe (opMasibHbIX BbIpaXKeHHH, NOJYYeHHBIX Ha 3Tamne 1.
3nech ycaoBue B CTaHOBHTCA CYLIECTBEHHBIM.

CinoBo «popmanbHoe», ynorpebJeHHoe Bblllle, He CJEAyeT
NOHHUMATb CJAHMLIKOM HauBHO. Ha mnepBHIl B3IJIsi MOXET MOKa-
3aTbesl, YTO npobseMa pelleHusi ypaBHeHHus (3.9) BooGiie TpH-
BuaJibHa. JleficTBUTENbHO, GYHKLHMS I (X, Yy, X) HMEET HOCH-

Tedb B obnactd (x — y) € Vi, a oyskuns rq (y, x, X) —

B obsactu (y — x) € V4. DTy 1Ba HOCHUTENS TepeKpPLIBAIOTCS
TOJbKO B TOYKax X = y. [lo3TOMY BbipaxeHue

ro(xv Y, X):e(X—!/)Io(x» Y, X)

Ka)KeTcsl OuyeBUAHbIM pelieHHeM ypaBHeHus (3.9). Ha camom
JleJie Bce aleKo He TaK MPOCTO. ¥YC/I0XKHEHHs BO3HHUKAIOT H3-3a
Toro, uro I, — 310 0O6COUIeHHAs, a He oOblyHast (YHKUHS,
U Mbl HIEM TaKHe peLUeHHsl 'y, KOTOpble TaKKe SBJSAITCA
0600LIeHHBIMH  QYHKLUHAMH. DTO 03HAyaeT, BO-IEPBBbIX, YTO
npoussenenue 0/, BooOIEe roBopsi, HEe ONpeeseHO H, BO-BTO-
pHIX, 4TO MHOroo6pasnWe x = y He CJeLYeT HLHOPHPOBAaTh,
HECMOTPSI Ha €ro MeHbIUYI0 Pa3MepHOCTb.

I'napbl 4—6 Gynyt nocssiwenst srany 1, a a1, 7 — srany 2,
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YPABHEHUE rq (x, y, X) - ro (g %, X) = I4 (x, y, X)

B sroit rnaBe Mbl 3aliMemcsi pelleHusiMu ypaBHeHus (3.9),
YAOBJIETBOPSIOMIUMH ycaoBusAM A u B Teopemst 2.1. Mpl HauHeM
¢ npo6JieMbl €IMHCTBEHHOCTH.

IMPOBJIEMA EOAWMHCTBEHHOCTH

Ypasuenue (3.9) suneiiHo. [ToaToMy ero pelleHusi efMHCT-
BEHHBLI C TOYHOCTBIO IO PELICHHH COOTBETCTBYIOLErO OAHOPOJ-
HOT'O YpaBHEHHU$

h(x, y, x4y ..o, x0)—h (Y, X, X4, ..., %) =0, (4.1)

rre QyHKUMA A J0OMKHA YAOBJETBOPSATDH TEM K€ YCJIOBHSM HHBa-
PHAHTHOCTH ¥ YCJOBHSIM Ha HOCHTE/b, YTO H (DYHKUHSA rg1).

HauGonee obmiee pewenne ypaBHeHus (4.1), ecau He ydu-
TBIBaTh JOTNOJIHUTEbHBIE YCJIOBHSI,— 3TO HeKotopasi 0606-
meHHas GYHKUHS YMEPEHHOTOo pocTa, CHMMeTPHYHasi 1o mep-
BbIM JBYM apryMeHTaM X U y. YcJoBue A CHUMMETPUH COBO-
KYITHOCTH NepeMeHHbX {Y, Xi, . .., Xn} O3HAyaer, 4To QyHK-
uus b HWHBapHAHTHA OTHOCHTEJILHO NEPECTAHOBOK BCEX CBOMX
aprymenToB. B cusy ycioBusi 1sist HocuTesnss D oH noskeH
npuHagiexatb o6saactd (x — y) € V4. OnHaKo ¢ y4€TOM CHM-
MeTpuH Mo (X, y) OH JOJKEH MpHHALIeXaTb TakkKe o6/acTu
(y — x) € V4, Tak 4TO B UTOTE OH CBOAUTCS K MHOTOOGpasHio
X = y. B cusry TOJIBKO UTO YCTAHOBJIEHHOH CHMMETPHH IO BCeM
apryMeHTaM Mbl HMeeM

supph {x =y = X4, ... = X, }. (4.2)

BenenctBue TpeGoBaHHS TPAHC/ASLHOHHOH HHBapHAHTHOCTH
GYHKUHS A MOXKET 3aBHCETb TOJBKO OT Pa3HOCTEH NepeMeHHbIX

1) 3ro TpeGoBaHHe, €CTECTBEHHOC Ha TMepBHI B3N, SABJAsAETCA
Ha CcaMOM JeJie JONOJIHHTENbHBIM NpPEINoJOoXKEeHHEM, He BbITEKAWILHM
3 HCXOAHBIX mocTynatoB.— I[lpum. nepes,
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E=x—y, & =x—x; ¥ HUMeeT HOCHTeJb B TOuKe § =
= §; = 0. Haubonee obmas o6oOlieHHast GYHKIHUA C TaKHM
nocureseM ectb (eM. [19], crp. 100)

Dot @) [1 8 (&0,

rae D — npousBosbHbIH AnddepeHnnasbHbIi onepatop, obaa-
naolKi 1o/mkHOH cumMerpued. HakoHen, BesenctBue ocrasb-
HbIX TpeGoBaHui ycaoBust A oneparop D nonxeH GbiTh Belie-
CTBEHHBIM H JIOPEHL-MHBAPHAHTHBIM. B pesysabrare Mbl MoJay-
yaeM CJAENYIOUIYI0 TeOpeMy.

Teopema 4.1.

HauGosee obuiee pelieHue ypaBHeHus (4.1), ynosJe-
TBopsitoliee yciaoBuaM A u B teopemnr 2.1, ectb

h(x, Yy X1y -y Xn) =
=D& (x—y) [] 8*(x—xi), (4.3)
i=1

rie D — nuddepeHnranbHblil onepaTop IO IepeMeHHbIM
%, Y, X C MOCTOSTHHBIMH BellleCTBEHHBbIMH K03(uIlueHTa-
MH, JIOPEHII-MHBAaPHAHTHBIA M MOJHOCTBIO CHMMETPHYHbIH
| mo nepemenusM x, y, X. B p-npocTpaHcTBe 3TO pelleHue
NPHHUMAET BUJ

H(p» q’ piv e ey pn) ==
=8 (p+q+ Zpi) &P, q, Pty - - - Pn), (4.4)

raie & — UHBApHAHTHBIA, BEIIECTBEHHbIH, IOJHOCTBIO
CUMMETPUYHBIA MOJIHHOM.

B xauecTBe BaXKHOrO NPHJIOKEHHSI 3TOM TEOPEMbI PacCMOT-
pum ypaBHeHue (3.9) B nepBom nopszake mo g (o = 1). Oue-
BHUJIHO,

Iy (x, y, X) =0, (4.5)

Tak 4yTto (pyHKuUMs r; Ho/mKHa uMerb Bun (4.3). B npemenax
OTpaHUYEHHH, TepeuYUCNeHHbIX B Teopeme 4.1, Mbl MOxKeM CBo-
6onHO BbIOMpaTh AuddepeHuHaNbHble onepaTtopul D. HmeHHo
gol0op onepamopog ) noggoasem KoHKpemuIupogamyp 63auMQ-
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Oeticmeue. Vnaue roeops, BriGop onepaTopoB D COOTBETCTBYET
BLIOGOPY JarpaHxkuaHa (MM TaMHJIbTOHHMAHA) B3aUMOIEHCTBHS
B KaHOHHYECKOH TEOPUH TOJS.

Ins nmpocroTel BrGepeM Bce omepaTtopbl D, KpoMe OIHOTO,
PaBHBIMH HYJIO, TaK YTO OTJHYHOH OT HYyss GYIeT TOJbKO
ofgHa ¢yHKuua ry. Ilyctb oHa 6yneT p-TouedHOH QyHKIHeH
cp>21:

ry (%, -0y %) = 0 pas n = p,
n
ri(xy, ..., x,)=D ll &% (xy— xi). (4.6)

[Tycte panee D ectb onHOpOAHBIH nH(depeHUHaNbHBIN onepa-
TOp NOpsiKa Vv, TaK YTO NnoJuHOM & B dopmyJie (4.4) npeacras-
asieT coboit dopmy creneHn v. Takylo TeopHio Mbl 6yaeM Hasbl-
Bath meopueil muna (W, v).

JlarpaH>KuaH B3aUMOJEHCTBHSI, COOTBETCTBYIOIIMH BI.60-
py (4.6), umeer Bun

Lint =ﬁ— S dxy . ..odxyrs (xq, <, x) A™ (%) ... Ai"(xu): .
(4.7)

Muaue roBopsi, QyHKUMS ry, BLIYUCIEHHAS M3 TAKOrO JarpaH-
’KHaHa Ligy ¢ NOMOIIbI0 KaHOHMYECKOH Mpouenyphl, ob/jagaer
cBolictBamu (4.6).. JlarpanxkuaH Lin¢ €CThb MOJHHOM CTENEHH [
110 MOJISIM C NPOM3BOAHBIMH Mopsiaka v. OTMETHM, YTO BHICOKHE
NPOU3BOJHLIE B (YHKLMH 1, TNPHUBOIAST K BHLICOKMM IpPOHU3BOJ-
HbIM B Lint, @ B 3TOM CJydyae KaHOHHYECKHH opMasiu3M craJj-
KMBA€TCsl C XOpOLIO M3BECTHBIMH TpyAHocTAMH. Hamnportus,
pasBuBaeMblil 31echb (GopMasiu3M He CTAJKHBAaeTCs C TPYAHO-
CTSIMHM B 3TOM NYHKTE U MOXKET BKJII0OYaTh NPOH3BOJIbHO BHICOKHE
NPOU3BOJHLIE 2).

1) Bui6op p = 2 c¢ onepatopoM D nopsiaxka 0 uau 2 Hapywua 6l
HOPMHpPOBOUYHOe ycsoBHe (2.58): oH cooTBeTCTBOBaJ Gbl TepEHOPMHUPOBKe
Macchl WM BoJHOBOM GyHKuHH. Onepatopel D 6oslee BEICOKHX NMOPSIAKOB
(Bce eme AJAs W = 2) He NpPeJCTaBJAIOT HHTepeca BCJIeACTBHE OrpaHH-
YeHHOH pOJIH, KOTOPYI0 HrpaeT JByXToueyHass (YHKUHMS B HaleMm
(opmanusme.

2) TNonsiToe 6YyXBaJibHO, 3TO yTBepKJAeHHe aBTOPa MOXKET BHI3BaTh
HeroyMeHHe. [leso B TOM, YTO C YHCTO aKCHOMATHYECKOH TOUKH 3peHHs
KBa3WJIOKaNbHBIH TNpPOH3BON B r-QyHKUHMSX HAeHCTBHTENbHO MOXKET
BKAJ0YaTh B Ce6A NOQAMHOMbI MO NPOH3BOAHBIM OT O-QyHKUHH npou3-
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Teopuu tuna (3, 0) u (4, 0) COOTBETCTBYIOT ABYM TaK Hasbi-
BaeMbIM [EePEHOPMHpPYEMbIM TEOPHSIM KaHOHHYECKOro ¢opma-
Jau3Ma, T. e. Teopusim A* u A* coorBerctBeHHO. CMBIC/T TIOHATHS
I€PEHOPMHPYEMOCTH B HallleM gopManu3me Mbl 06Cy UM B TJ1. 8.

KoneuHo, BriGOp QyHKIUH 7y HE PUKCUPYET €AHHCTBEHHBLIM
06pasoM TEOpHIO, NOCKOJIbKY HeolpeneneHHocTH BHAa (4.3)
BO3HHUKAIOT B KaXIOM mNopsiike. B ri. 5 Mbl mokaxeM, Kak
c/efyeT MNOCTYNarb C 3THMH HeONpeleseHHOCTSIMH B TOPSiA-
Kax ¢ = 2.

I[MTPOBJIEMA CYUIECTBOBAHMHS
JokaxeM caenymioiyio Teopemy.

Teopema 4.2.
Uro6el ypaBHeHHe (3.9)

fo(x» ya xh o v ey xn)—ra(ya xs xh o o vy xn)z
:Ia(x: y» xiv o ey xn)

HMeJIo pelleHHe 14 (¥, Yy, X), yIoBIeTBOpsoOLIee YCAOBHAM
A u B Teopembl 2.1, HEOGXOAMMO M HOCTATOYHO, YTOOBI
Is(x, y, X) Ob1a oOoOlIeHHOH (YHKUHEH yMEepPEeHHOro
poCTa CO CJIeLYIOMUMH CBOHCTBAMH:

a) supp Io (x, 4, X) = {(x— y)* = 0; (x — x;) € Vs

win (y —x;) € V4 ansa seex i =1, ..., n}; (4.8)
6) I, YIOBJETBOPSET TOXKIECTBaM
10 (x’ Y, X) + ]o (y’ X, X) =0, (49)

Is(x, 4, 2, X) + 15 (y, 2, x, X) +
+ I5(z x, y, X) =0; (4.10)

B) I, BElIECTBEHHA;

r) |, WHBapHaHTHA OTHOCHTENbHO TNpPeoO6pasOBiHHH
u3 cBasHoi rpynmsl Ilyankape i,

1) Ig(x, y, X) cumMerpuyHa mo aprymeHtaM X =
= {X4, ... Xn}

BOJBHO BBLICOKOH cTeneHH. B To ke BpeMs B aKCHOMaTHUeCKOH TeopHH
BO3MyIIeHHH, KaK 3TO IeMOHCTPHPYET M CaM aBTop B IJ. 8, CYUIECTBYIOT
BecbMa KeCTKHEe OrpaHHYeHHs H IO YHCAY noJjei (1), H Mo YHCJAY NpOH3-
BONHBIX (V) B JlarpaHxHaHe B3aHMOJEHCTBHS, TaK YTO B 3TOM NYyHKTe
pasBHBaeMBli B KHMIe METOA He JaeT pelwamuMuX NperMyllecTs.—
IIpum. nepes.
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B nByxToueunom ciayyae ycaoBus (4.10) u «1» OTCYTCTBYIOT.

Y6enutbcst B HEOOXOAUMOCTH CHOPMYIHPOBAHHBIX YCJIOBUH
He cocTaBJsier Tpyaa. CresnaeM TONBKO OJNHO 3aMeYaHHE OTHO-
CHUTeJIBHO YCJIOBHS «a», HaKJaJAblBaeMoro Ha Hocutesb. M3 ycio-
BUH Ha HOCHTENb Iy B KayecTBe HEOGXONUMOTO YCJIOBHS paspe-
muMocTH ypaBHenus (3.9) Mbel Haxonum, uto [/, OTJIHYHA OT
HYJIS TOJIBKO TOT /1@, KOT/1a BCE X; OKAa3bIBAIOTCS 3aMa3bIBalOUMHU
OTHCCHTEJNBHO X WJIM BCE X; — 3aNa3fblBalolIie OTHOCHTENbHO
y. Ha nepsbiil B3rsisig 310 ycjaoBHe Kaxercsi Gojiee CHJIBHBIM,
yeM Bropasl yacTb ycJioBus (4.8), rae mel TpeGyeM JHMilb, 4TO-
Obl KaxXIbll X; B 3aBHCHUMOCTH OT 3HaueHUs HHAEKCA [ Obla
3anas/blBaloIUM 1160 OTHOCUTEJNBHO X, JHOO OTHOCHTENBHO Y.
Onnako BMecTe C ycJaoBHeM (x — y)? == 0 3TO NPHMBOIMT Kak
pas K TOJBKO YTO ONHCAHHOMY 6oJee CHIbHOMY TpeGOBaHHIO.

Ecnu (x — y) € V4, To Bee x;, 3anas/piBalollie OTHOCHTENBHO
Y, OKa3bIBAIOTCS 3aMas3/IbIBAIOIIUMH W OTHOCHTENBHO X; ECJIH XK€

(y — x) € V4, To Bce x;, 3anasablBalOL{€ OTHOCHTEIbHO X HJIH
Y, OKa3bIBAIOTCSl 3ana3fblBAIOIIUMH U OTHOCHTENBHO Y.

JlocTaToyHOCTb YCJOBHH «ay—«a» OYAET YCTaHOBJIEHA HUXKe
SIBHBIM IIOCTpPOEHHeM pelleHusi. Mbl XOTHM, 4T0ObI QYHKUUS 74
6bl1a 0600LEeHHOH (QYHKIMEH YMEpPEeHHOTo pocra, T. €. Hempe-
pPHIBHOH JMHEeHHOH ¢opMO Haj NPOCTPAHCTBOM o OLICTPO
yObIBalOIUX OCHOBHHIX (yHKIMiH [19], u Tak u GyneM crpouthb
pewenne. IToctpoeHune GyleT BBHINOIHEHO B HECKOJIbKO ILAros,
NpUyYeM Ha KaxJIOM M3 HHUX OyJeT pacliHpATbCH HPOCTPaHCTBO
OCHOBHBIX (PYHKLUHMH, Ha KOTOPBHIX oOnpejeseHa 060OLEHHAs
¢yHKuusa r,. [Ipucrynas K NocTpoeHHIo, BBeIeM HOBble 0003Ha-
ueHus1. Bynem roBopuTh, YTO OCHOBHASL QYHKLHUS @ (X, . . ., Xz)
«obpaliaercst B HyJb CHJbHO» B Touke (a, . . ., Qp), ¥ 3alH-
ChIBaTh 3TO Kak ¢ (@, . . ., ay) =0, eciu ¢ B 3TOH TOUKE
obpaiaeTcss B Hy/1b BMeCT€ CO BCEMH CBOMMH NPOH3BOJHBIMH.

Ilepsoui wae. Tlyctb ocHOBHast QYHKUHUS @ (X, Y, Xy,

. Xn) € # u ¢ = 0 B Touke ¥ = y. BBegem Bcromorareib-
Hyto dyuxuuio ¢ (§) 4-Bextopa § co cienyouUMMH CBOACTBAMHU:

a) ¥ () BemecrBedHa;

f) O (§) macwtabHo WHBapuaHTHA, T. €.

B (AE) = O (§) mpu A > 0; (4.11)

y) ¥ (§) npunapnexur kaaccy C™ BClOAy, KPOMe TOUKH
—_— 0.

’
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8)
8 () ={ Lmpn E€ Vs, (4.12)
0O mpu EEV_.
Ilpu aTuUX yC/a0BUAX
IDY (§) |<ecpl§ |12, (4.13)
rae D — mo6ast npousBofHasi nopsiika | D |, | & | — eBkuu-

JioBa JJMHa 4-Bektopa &, a ¢p — Haj/exallasi NoJI0XKLTeIbHas
nnocrosinHasi. CusbHoe obpalieHie B Hynb GYHKIHH ¢ B TOYKE
X = y O3HayaeT, uYTO CYUIECTBYIOT NOCTOsHHbEe Ch, M =
=0,1,2, ..., Takue, uTo ’

|Do | < Ch|x—y M (4.14)

Tem cambiM mpoussenenue O (x — y) ¢ (x, y, X) onpenejeHo
B IIpocTpaHcTBe of, @ CHHIYJSPHCCTb GYHKUHH U B TOuKe
X = y TIOJABJIAETCA 3a CueT OOpalleHHsl B ITOH TOUKE B HYJb

(QyHKUHH @.
Onpenenum ?)

(ro @)= (I Y9). (4.15)

10 BHIPAXKEHHE CYLIECTBYET H JEHCTBHTEJbHO SIBJISETCS pelle-
ineM ypaBHeHusi (3.9):

(ro (x, y, X)—fa(y, x, X) | o (x, Y, X)> =
=Usx 4 X)I1Vx—1) o (x, y, X)) —
— sy, %, X) | O (y—x) ¢ (x, y, X)) =
= (10 (x, Y, X) |(P(x» Y, X))
3nech Mbl BOCIOJb30BaIHCh (opmydoit (4.9), a Takxke yuau
10T hakt, uro ¥ (x — y) + ¥ (y — x) = 1 B o6nacru supp /.
[leonpeneneHHocTb 3TOH CYMMBI NPH X = y HECYIIECTBEHHA,
IIOCKOJIbKY ¢ B 3TOH TOuKe obpaliaercs B HYJb.
Onpenenenue (4.15) He 3aBucut or BbiGOpa ¢GYHKUMH O,

TaK Kak cBoGoja BbIOOpAa CYIIECTBYET TOJNbKO B 06JacTH
(x —y)?*<< 0, a tam ¢ynkuusa /, paBHa HYyJIO.

1) Has sHauenns oGoGueHHOH GyHKUHH T Ha OCHOBHON (YHKLHH
(p Mbl MoJIb3yeMcst B paBHOM Mepe o6o3navennsmu (T | ¢), (T (X) | ¢ (X))

H S dXT (X) @ (X). IIpuHOCHM 3a 3TO H3BHHEHHE UHTATENSM.
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Herpyano yGemutbcsi B TOM, 4TO onpenessieMas (oOpMy-
JoH (4.15) o6obweHHass QyHKUUSA r; HMEET NPaBHJIbHBIE HOCH-
TeJb: OHa obpallaercsi B HyJb Ha TeX OCHOBHBIX QYHKUHAX @,
KOTOpbI€ PAaBHBI HYJIIO B 06J1aCTH (x—y) € Vi, (x—x;) 2 V4
IJIs1 BCEX .

Bmopoti wae. BbiGepeM nNpOU3BOJbHYIO INEPEMEHHYIO X;
1 0603HauuM ee yepes z. [Iyctb pyHKUUS @ (X, Y, . . ., 2, . . .) €
€ o obpamiaercs CHIbHO B HYJb NpU X = 2. B cuay tpebosa-
HHA CHMMETPHUH 151 rg moayuum u3 (4.15)
re(x, 4, -y 2, .- )oYy, ..y 2 ...))=

=Usx, 2y ... )0 (x—2Do(x, Yy, ..., 2 ..
(4.16)
Mbl 1O/DKHBI NOKas3aThb, YTO 3TO ONpele/eHHe CorJacyercs
¢ dopmy.ioii (4.15) Ha oCHOBHBIX (PYHKUHSAX ¢, OGpAILAIOMIHXCS
CHJIbHO B HYJ/Ib KaK NPH X = Yy, Tak U Opu x = 2. [lpu obcyx-
JEHHH 3TOTO BONpoca NepeMeHHbIe X;, OTIMYHbBIE OT Z, He UTPaIoT
Hukakoit poau. I[lostoMy nssi ympouieHusi o603HauYeHHH Mol
pPacCMOTPHM TOJIbKO TpeXToueuHbl# cayyaii. O6obuieHye Ha cay-
yall MPOH3BOJNBHOTO /i MPOM3BOAUTCS HemocpeacTBeHHo. ITycTb
¢ (%, y, 2) — Takas ocHOBHasl pyHKIHSA, uTO ¢ = 0 npu x = y
U npu x = 2. PaccMOTpuM BeJHYHHY

A= <]0 (xr Y, Z)I ﬁ(x_—y) ¢ (x, Y, Z)>
Oyukuusa O (x — y) no onpefesnendio obpaliaercs B HYJb
npu (x—y) € V_. Tlostomy B cuay ycnous (4.8) Bkaan B A
HAI0T TOJBKO TOYKH (¥ — y) € V4. Bropasi uacte ycaoBus (4.8)

NPHUBOAUT K JONOJHUTENBHOMY TpeGoBaHuO (x —2) € Vi
Ho B 3To#t 06nactu & (x — 2) = 1, Tak uro BeqMYuHy A MOXK-
HO TpeJCTaBHTh B BHUJE

A= Uz y, 2| (x—y d(x—2) o9 (x,y, 2))
YuureiBas ycioBue (4.10), nonyyaem
A=—Us(y, 2, )| ¥x—y d(x—2)9(x,y,2)—
— U@ %, P1¥x—y ¥(x—2) 9 (x, y, 2)).

[lepBbiii ujieH obpailaercs B HYJb, NOCKOJbKY HOCHTENH ABYX
MHOKHTEJIEH B HEM He nepekpriBaiotcsi; supp /4 (y, 2, X) conep-
XHUT TOYKHM TPOCTPAHCTBA, YAOBJETBOPSIOLUIKE TPeGOBAHUAM

(y — x) € V4 wmu (z — x) € V4, TaK uTo B JI06OM cayyae ofHa
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13 GyHkuui O obpamiaercss B HyJb. BTopoi uieH mociaenHer
(hOpMYJIBI MBI MOXKEM JOMOJIHHTb BhIpa:KEHHEM

- <Io (Z, X, y) l ﬁ(y—x) ﬁ(x_z)fp(x, Y, Z)),
KoTopoe ofpainaercsi B HyJb IO TeM e npuunHam [ycioBus
(x—2)€Vy u (2—y) €Vy wm (x —y) € V4 npuBoraT
K ToMy, 4to (x — y) € V,]. IToatoMy, nosp3ysich emwe ycio-
BueM (4.9), oKkoHYaTeJIbHO MOJYyYaeM

A=Us(x, 2, Pl ¥ (x—2) ¢ (x, y, 2)),

T. €. HCKOMOE YCJIOBHE CaMOCOI/IaCOBaHHOCTH.

Tpemuii wae. Ilyctb 9 f — NPOCTPAHCTBO OCHOBHBIX
¢byHKUMA @ (X, X;, ..., X,), KOTOpHe 06GpauaTcs CHJIbHO
B HyJlb B TOUKAX X = X; = ... = Xg.

[Tycts f (u) — BewmecTBeHHas GyHKUHA U3 Kaacca C™, KOTo-
past obpauiaercsi CHIbHO B HyJb npu u = 0 (4 — ckazispHas
llepeMeHHas) U CTPOro nosioxkureabHa npu u 7 0. Onpenenum
(byHKIHIO

F(uy, ..., u,,):Z,i f ().

Ona orHocHTCS K Kiaaccy C™ u CTPOro MOJIOKHTEIbHA BCIOAY,
KpOMe HayaJjla KOOpPAWHAT, B YaCTHOCTH Ha eJWHHYHOH cdepe

Dui=1. Mycrb & =x—x;, |&[=(E)+E,
n
13l2=21|‘éi|2 uou=|&|/|E|
i=
BBegeM BcrioMoraTesbHble (DYHKUIHMH

Fi(xy %o, ooy xn)zm‘f(—ui)— (4.17)

[ un) )

Oun BellecTBEHHBI, OTHOCATCS K KJaccy C™ BCioay, KpOMe Tou-
KH X = Xy = ... = X,, HHBAPHAHTHbl OTHOCHTEJbHO TPaHC-
JSAUMA M pacTsxeHHH M oO6pallaloTCsi CHJABHO B HYJb TPH
x = x;. Kpome Ttoro,

,ifi(x, coey Xn)=1. (4.18)
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s - a

BeanencrBre MaciuTaGHOB WHBapHAHTHOCTH QYHKUMEL f; MO aHa-
JIOTHH ¢ ycsioBHeM (4.13) umeem

IDf; I<Cp | B |72 (4.19)

Torga nmo anasoruu ¢ ycsaosueM (4.14) ana GyHKuui @ € o
NoJIy4aem ‘

Do |<Ci | B |¥, (4.20)

TaK YTO NpOU3BeJleHHe ¢; = f;( NPUHA/IEKUT NMPCCTPAHCTBY
. Bostee Toro, ¢pyHxius ¢; obpallaeTcsi CUIBHO B HYJb NpPH
X = X;, TaK 4TO 3HaueHHe OOOOLIEHHOH (PYHKUUHU 7; HA (YHK-
UUSX @; ONIpeJieJisieTcs: pe3yabTaTtaMu BToporouara. [lcckobKy

@ X)———i;ﬁpi (x, X), (4.21)

MbI IIOJYYHUM
n

(ra (x, X) |0 (x, XN= 2 (Lio (x, X)|Ti(x, X) @ (x, X)),

=1

(4.22)

rae
Lig (%, Xqy - ooy Xn)=1o(x, Xi, -, Xic4Xizg, -+, Xn), (4.23)
Ci(x, X)=0(x—x:) fi (x, X). (4.24)

Bripaxkenue (4.22) cyuecTByer M He 3aBHCHT OT CrieLHaJlb-
HOro BbiGOopa (GYHKUHH f, B 4eM MOXHO MpPOCTO YGeAuTbCS,
MOBTOPHUB XOJ PacCyXJA€HHH BTOPOro lara. DTO BblpakeHHe
onpenensieT QyHKLUHUIO 7, Ha NPOCTpPAHCTBE oy, 00J1aJAIOLYIO
HY>KHBIMH CBoficTBaMu. JleHCTBUTE/NbHO, YCJIOBHS CHMMETPHH
OTHOCHTE/IbHO apr'YMEHTOB X;, BEIIECTBEHHOCTH U TPAHCJ/ISILIHOH-
HOH MHBApPHAHTHOCTH BBIMOJHSAIOTCS TPUBHAJbHO. [IpHHAMIEK-

HOCTb HOCHTEJSI K obJjactd (x — x;) € Vi ciaenyer u3 cBOHCTB
HocuTtesell oynkuuit O u [, (Hawa npouenypa Tak CreruasbHO
H CTPOHJIaCh, YTOOBI YCJOBHS Ha HOCHUTEJb BBINOJNHAMKCD).
EQMHCTBEHHOE yCJ/IOBHE, KOTOpPOE elle HYXKAAeTcsi B IpoBep-
Ke,— 3T0 TpeboBaHuHe JopeHU-uHBapuaHtHocTH. Ilycth A —
npeobGpasoBaHye u3 cobetBeHHOM rpynnel Jlopenua. O4yeBHIHO,:
yto ¢yHKuun ¥ (AE) u f; (Ax, AX) ob6nanaiotr BceMH HeoGXo-
JUMBIMH CBOHCTBAMH BCMOMOraTedbHbiXx QyHKuud O u f;,
H T03TOMY 3aMe€Ha OAHHX QYHKUHH ApyruMH B dopmyde (4.22)
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1ie U3MeHHT pe3yJabtata. MHBIMH c/l0Bamy,
(ro (%, X)| @ (Ax, AX)) =2 o (%, X) | Ci (%, X) @ (Ax, AX))=

=§(1io (x, X)|t: (Ax, AX) g (Ax, AX)=
= lis (A7, A7X) | L (x, X) g (x, X)y=
=2lis (6, X) 1 (6 X) @ (3, XN=ro (x, X)] 0 (x, X)),

uTO M TpeGoBaJIoCh JOKa3aTh. 3/1eChb Mbl BOCNOJ/Ib30BaNHCh HHBaA-
PHAHTHOCTBIO GYHKUMM [; M COOTHOLIEHHEM

(T (X) | ¢ (X)) = (T (AX) | ¢ (AX)),

CrpaBelJIMBLIM 7151 JioGo# obobuieHHoH dyHkuuun T. PakTu-
eCKM OHO ompejnensier aefictBHe npeo6pasoBaHusi A Ha ¢pyHK-
o T

Yemeepmuuti wiae. Ham npencTouT elne pacIlMpUTb ONpee-
JeHne (YHKUMH rg, 3aJaHHOH Ha TNpOCTPaHCTBE ), Ha Bce
1npocTpaHcTBO . MEbI clesaeM 310, paclMpHB ero jaxe Ha Go-
Jlee ITHPOKO€ MPOCTPAHCTBO OCHOBHBIX (DYHKUHMH.

[Tycts N — mpocTpaHcTBO QYHKUME @ (X, X, . . ., Xn),
llenpepLIBHBIX BMECTE CO CBOMUMH IPOM3BOAHBIMM 10 N-ro mo-
psiiiKa, ISl KOTOPbIX HMEET MEeCTO YCJOBHE

Sup| (1415 P+ X" De s, X)| <o (4.25)

JUISI BCEX HEOTPHLATEJbHBIX IEJBIX o H BCEX MPOM3BOIHBIX D
nopsinka | | << N. Tonosmorus mpocrpaHctBa oY omnpene-
nsiercst mojyHopMaMu (4.25). IlpoctpancTBo o IJIOTHO B oM.
CorJlacHo Xopoliio usBecTHOH Tteopeme (cm. [19], crp. 239),
ISl 3a1aHHOM GYHKUMH [ ; CYIIECTBYET IOJIOKHUTEJNbHOE LIeJIoe
aiicso N, takoe, uro dyHkuus [, onpenesneHa Ha FN. DyHK-
1Hio 1, GyieM onpejessiTb Ha TOM Ke nmpocTpaHcTBe of V.
[Tycts #Y — noanpoctpaHcTBO NpocTpaHcTBa Y, cocros-
llee U3 OCHOBHBIX (GYHKIMH, o6pallaomMXCs B HYJb BMecCTe
¢0 BCeMH CBOMMH IPOM3BOJHBIMH J0 nopsiika N B Toukax
V= X = ... = X,. HerpyaHo Bujerb, uto BCS apryMeH-
Taus maroB 1—3 ocraercsl crnpaBelJiMBOH, €CJH ONPENENHTb
ciibHOe ofpalleHHe B HYJb (GYHKUHH ¢ B HEKOTODOH TOUKe
I 3TOM HOBOM OrpaHHYeHHOM cMbic/ie. Omnpenenenue (4.22)
MOXKHO HEME[JIEHHO paclpoCTPAaHHTb Ha NpPOCTPAHCTBO FY.
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HanomHuM, 4TO B CHJIy TPAHCJSLHOHHOH HHBapHaHTHOCTH
I (x, X) urs (x, X) MOTYT cUHTATBCS OGOGLIEHHBIME (DYHKIHSI-

MM pasHocTell nepemMeHHbX &; = x — x;, i =1, ..., n (cMm.
[13], ctp. 60—62). CorsmacHo mnpegbiayLIEMy OGCYXKIAEHHIO,
¢byukuusi ry (&4, .. ., §) oOImpelesreHa Ha MPOCTPAHCTBE

N (E) N-kpatHo IuPPEPEHUUPYEMBIX OCHOBHBIX (YHKUHH
¢ (E), KoTopble CHIBHO 06palaloTCsl B HYJb B Touke & = . . .
... =2=8, =0. Mbl 10/KHBl pacmpoCcTpaHHTb 3TO OIpejeJe-
Hue Ha mpocTpaHcTBO SN (E).
Ilycte D o6o3navaer AHQ)q)epeHuuaJleblﬁ onepaTop
3

D= H ) (4.26)

i1 uo (GED™Y

npuueM | D |==>) ajy—ero mnopagok. OnpefenuM BeJHUHHY
v

=D __ (El) v
B H %] (4.27)
Iycts y (84, . . ., &) — NpoU3BO/IbHAS, HO (UKCHPOBaH-

Hasl BelecTBenHast QYHKIUS U3 Kjacca C® ¢ KOMIaKTHbIM HOCH-
TeJieM, IpHYeM BbiGpaHHasi TakK, YTO Y = | B OKPECTHOCTH Haya-
Jla KoopJAuHaT ¥ y (¥ — Xy, . . ., X — X,) HHBAPHAHTHA OTHO-
CHUTEJIbHO TEepPEeCTAHOBOK apIyMEHTOB X, X, ..., Xp. TaKue
¢byukuuu cymwecrByor. Hanpumep, MoxHo o6pasoBath (yHK-
LLHIO

i
v®=Iv(—x) [] v(a—x),
rae vy (§) o6/afaeT KOMIAKTHBIM HOCHTENEM M TOMIECTBEHHO

paBHa 1 B OKDECTHOCTH TOYKH & = 0. PasHoctn B aprymeH-

Tax (QYHKUHH y CJeAyeT Bblpa3uTb yepes §;.
Onpenennm yHKIUIO

Y2 (E) = EDPy (8) (4.28)

s Bcex D, aas xoropwix |D | <K N. Ecou D u D' — pBa
augdepeHuaabHbIX oneparopa Buaa (4.26), To Mbl umeeM
D'Y? |gp-..—tn—0 = Sppr, (4.29)

rJie PaBEHCTBO ABYX IudpepeHIHaNbHbIX ONEpaTopoB onpeje-
JIEHO KaK DPaBEeHCTBO BCEX CTemneHeH o .
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IMycty pyukuus @ (E) € V. Ee MOXKHO Pa3oXKUTb B psl

eE)= 2 er” B+ () (4.30)
|DI<N
rae
Pp=D¢ () [t=. .. =tn=0 (4.31)

" tp’(E‘.)EJf,V. Torga
(re (B)| @ (B))=(ro (E) | ¢’ (E)H—%] @p (rs (B)|YP (E)).  (4.32)

[TepBblil uneH B npaBO¥ YacTH 3[€Cb ONpeEJe/eH paccyXICHHUs -
MH TpeTbero iara. Mbl JOMKHBEI ONpefesdTb KOHEYHOe YHCJIO
NOCTOSIHHBIX (ry | YP) TakuMm o6pa3oM, 4TOOBl (PYHKUHSA 74
YIOBJIETBOPSAJIa BCEM HEOOXOAUMBIM TPeGOBaHHAM.

®yukuuio ¢ (E) MOXKHO 3amucath KakK TPaHCJSLHOHHO-HH-
BapHAHTHYI0O QYHKIHMIO NepeMeHHbIX ¥, X, NpPOU3Beisi 3aMeHy
§; = x — x; B aprymenrax. Torga yc/oBHsi Ha (YHKIHIO 74
(popMyJIHPYIOTCS CJAeRYIOIHUM 06pPa3oM.

1. BelecTBeHHOCTb: 3TO YCJIOBHE YIOBJIETBOPSIETCS, KOTZAa
BelleCTBEHHbI ( rg | yP).

2. Hocutenn: yc/joBHe Ha HOCHTEJ/Ib ABTOMATHYECKH YIOBJIET~
BopsieTcs pasJjoxeHnueM (4.32), nockonbKy BesKasi GyHKUHS @,
obpamaiomasics B HyJb B obsaactu T,, uMeeT KO3(hPUIHEHTHI
pasJIoKeHUsI ¢p, Takke obpaliawloiuecss B HYJIb.

3. Cummerpusi mo aprymentam X: ecsu

(X, ooy Xy oy Xjy e ) =
= — (X, ..y Xjy o u ey Xiy oo l)
s mobo#t napw (£, f), TO
(ro 1) =0. (4.33)
4. JomkHo ynoBaeTBopsATbCsl ypaBHeHue (3.9): ecsu
Q(x, x4 . .)=—@ (X, X, ...),

To 1)
2Q(re (%, Xy - )l (X, x4, .. ) =
= {re(x, X .. )@ (x, X4y .. ))—
—re (X, %, . ) o(x, x4y .. D))=
= To(x, x4y .. ) @(x, X, ...)). (4.34)
TBHP;)KeHHe {rg %, « -+, Xp) | @ (%, ..., ¥;)) B HaHHOM cJny-

yae ciefyer nouuMarb Kak (rg (&1, ..., E) 19 (1, ..., E,)), mo-
CKOMBKY @ (X, .., i, X,) He ABJAAETCH OCHOBHOH# ¢yHKuHeH.
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Herpynno y6Genutbesi, uto Ajisi QYHKUHA ¢, aHTHCHMMET-
PHYHBIX N0 IBYM CBOMM apryMeHTtaM, omnpexeneHus (4.33)
v (4.34) cosnanalor. Ilpenmonoxkum, Hampumep, UTO
¢ (%, 4,2 =—9o(y, %, 2 = — ¢ (x, 2 y), TaK uT0 QyHKUUS
(¢ HHBapHaHTHA OTHOCHTEJNbHO LHKJ/JIHYECKOH IepecTaHOBKH
Bcex Tpex mepemeHHbiX. Torna B cuay ycnaoBus (4.10)

-;—(Io(x, % )le(x, g, z)):%(fo(x, ¥ e (x, v, 2)+

+(P(y’ 2, x)+(P (21 X, !/))=%(Io(x, Y, Z)+
—+uuka. nepecrad. |@(x, y, 2))=0.

[Tostomy onpenenenusi (4.33) u (4.34) NpUBOAAT K OIMHAKOBO-
MY pe3yJbTary.

BBenem koHeuHoMepHOE BEKTOpHOE TpocTpaHcTBo I', HaTs-
HYyTOE Ha GYHKIMH yP, WHTEpIpeTHpyeMmble Kak QyHKIUHU nepe-
MEHHBIX X, X{, ..., X,. B 3TOM NpPOCTpaHCTBE NepecTaHOBKH
[IEPEMEHHBIX X, X; OUYEBHIHBIM 06pa3oM ONpPENEAIOT JHHEHHOoe
[peJCTaBJeHHe TPYINbl Y,+4 [€pecTaHoBoK (1 + 1) oGbekra.
3ro (NpUBOAMMOE) MpENCTaBJIEHHE MOXKHO NpeoGpasoBaTh C I0-
molbio cxeMul IOura !); B pesyJibTaTe Mbl MOJYYUM

=T, T, (4.35)

rae I's coctout u3 MOJHOCTBIO CUMMETPUYHBIX QYHKUHH, a Jio-

6yio pyHKImo B I'; MOXHO IpeACcTaBUTh B BHJIE CYMMbI YJI€HOB,

KaX{Ablii M3 KOTOPbIX AHTHCHMMETpHYEH 1O KpaiiHell Mepe

no onHoit mape mnepemeHHbX. CoorromeHus (4.33) u (4 34)

onpenensitor GyHKIHUIO 1 Ha noanpoctpanctse I'y, HO He Ha I'y.
INepenuwem cymmy B (4.30) B Buge

ZD‘.chvD(E)=vs (®; B)+7a (9; B), (4.36)

rae ys € I's u y, €T Kak dyHKUMH nepemeHHBIX X, X. DPyHK-
MU Y5 H P 3aBUCAT OT GYHKUHUH @ TOJBKO 4epe3 KOHCTaHTHI
¢p, Te | D | < N. Bequunna (ry | ¥4 ) MOJHOCTBIO HKCHPO-
BaHa, a BeJMYUHA (ry | Ps) BCe elle NPOU3BOJbHA.

1) Onpenenenne cxembl IOHra cM. B /1060 M3 MHOTOYHCJIEHHBIX
KHHT 110 NPHMEHEHHIO TEOPHH TPYNN B KBAHTOBON MeXaHHKe.
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Crienyer mo3abOTHTBCA €Ill€ O BBINOJHEHHU TNATOrO Tpebo-
BaHHUS — JIOpEHL-MHBAapDHAHTHOCTH. DTO NOTpPeOyeT NOBOJBHO
JUIMHHOTO PacCMOTpeHus 1).

DyHKUHA g (X — Xyy . . ., X — Xp,) UHBADHAHTHA OTHOCH-
TeJbHO CBSI3HOH rpynnel JlopeHua, €cJH OHa WHBapUAaHTHA
OTHOCHUTEJbHO GECKOHEUHO MaJiblX 11peoOpa3oBaHUil 3TOH rpym-
nbl. [lo3TOMYy JHOCTaTOYHO YCTAHOBHTb, YTO BBINOJHAIOTCA
YCJIOBHUS

Muvrg (X — X, .oy X—x,) =0, (4.37)
rie
I\, < 9
0 0
M :(x“—-l_—xv—) (x!*———l—x?—) 4.38
w ax" oxM +§1 toxy T T ot (4-38)
s p, v=20, ..., 3, p<<v. BepxHue 3HaKku caenyer BHIOHU-
patb npu p = 0, HHXKHHE 3HaKH — BO BCeX JPYTUX Cayyasix.
eiictBue onepatopa M, Ha dyHkuun @ (&, - .., &)
omnpeessieTcs oCPeNCTBOM 3aMeHbl NepeMeHHbIX §&; = x — x;.

Onepatop M, orobpaxaer npocTpaHcTBo N*' B mpoctpaH-
ctBo M. Ha sspike 0600weHHBIX GYHKUuMHE ycaoBue (4.37)
o3Hayaer, 4to GYHKUUA 14 (E) oOpamlaercs B HyJb Ha BceX
OCHOBHBIX (yHKUHMAX BHaa M,z (E), rre P € SN

Ilyets 97y — KOHEUHOMEPHOE BEKTOPHOE MPOCTPAHCTBO
Bcex ¢opm crenend M no nepemenHbiM &;. Bexktopel EP Buna
(4.27) ¢ |D | = M obpasylor Gasuc B NpoCTpPaHCTBE %"y
IlpencraBiienrie Trpynnbl MEPeCTAHOBOK Yp+i ONpeNeNsieTcs
Ha NpocTpaHcTBe %) TaK Ke, KaK OHO ONpefeJsoch Ha mpo-
crpadcrBe I'. TlostoMy Mbl MOXxeM omsiThb NpPEACTaBHTb MPO-
CTPaHCTBO #°); B BULE

8 a
Wu=Wu® W u (4.39)
rie 7'’y CONEPIKHT TOJBKO IOJHOCTbIO CHMMETPUYHBIE (OPMBI,

a 9% — Bce ocTajbHble HOPMBL.
pllepaTop M ., Ha npocTpaHcTBe %) AEHCTBYET KaK JIHHEeH-
HblH onepatop. baaronaps ero cuMMerpHu GTHOCHTENBHO Hepe-

CTAHOBOK OH OTOGpa)aer MNOANPOCTPaHCTBO %'y B Wk,

1) BoJsiee mpocToe peweHne npoGiieMbl HHBapHaHTHOCTH, OCHOBaHHOE
Ha aHAJHTHYECKMX CBOMCTBax 0. 3. ¢. B p-mpocTpaHcTBe, GBHIIO JaHO
Onuwreiinom u Tasepom [16, 17] B cBsi3n ¢ GopMynHpoBKo# HOBOro
NOAXOAa K TEOPHH BO3MYUICHHH.
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a Wy — B Wy OnpenenuM cKajsipHOe IPOU3BENEHHE B MPO-
crpaHcTBe %°h;, norpeGoBaB, 4TOOBI 6a3uc

ep=[] V aIE" (4.40)
1,V

61 opToHOpMHpOBaHHBIM [cM. (4.27)]. B atom Gasuce onepa-
Topel Moy, kR = 1, 2, 3, NpeACTaBAAIOTCA CHMMETPHYHBIMH
marpuuamu, a oneparopel M;p, i, k = 1, 2, 3,— aHTHCHMMET-
puuHbiMu Marpuuamu. Omnepatop Kasumupa

3
C= D Mpp— X T (4.41)
k=1

1<i<kh<3

3PMUTOB, MOJIOXKHTEJIEH M MOXeT ObiTb AuaroHanusobaH. Ero
cOGCTBEHHbIE BEKTOpHl U;, OTBEYaloliHe COOCTBEHHOMY 3Hauye-
Huto O, nox neficreueM oneparopa M, obpaulaiorcs B HyJlb:

Vi, Cv)=0=> > (Muy0i, Muy0;)=0=> M,,v;=0,
pu<v

MOCKOJIbKY BCE YJIeHbl B CyMMe Z HeoTpuuaTeabHbl. Baaro-

n<v
Japs MOJIHOH CHUMMETpHH onepatopa M, cymecTtByer 6asuc

(Heo6si3aTeIbHO OPTOrOHAJbHLIH) COOCTBEHHBIX BEKTOPOB Ofe-
paropa C, Takof, yTo Bce Oa3HCHblE BEKTOPHI JexarT JH60

B MOANpOCTpaHCTBe %7y, 60 B moanpocTpanctse 7 5. Iyctb

93 — NOANPOCTPAHCTBO B MPOCTPAHCTBE %'}, HaTAHyTOE
Ha co6CTBEHHbIE BEKTOPH oriepatopa C ¢ Hy/eBbiM COBCTBEHHBIM

3HayeHueM, a 7/‘3} — €ro OpPTOrOHaJIbHOE [ONOJIHEHHE B IPO-

CTpaHcTBE /%, HaTsiHyTOe Ha COGCTBEHHblE BEKTOPHI Onepa-
Topa C ¢ HeHyJ/1eBBIMU COOCTBEHHBIMH 3HaueHUsIMH. Onpenenum

aHaJIOTHYHbIM 06pa3oM HOIalOCTpaHCTBa WL, W u BBe-

250 a0 1 1
JeM moanpoctpaHcTBa W'h = Wit + W, Wy = W't +
-+ #°%. B pesysbrate nonydnm

WVu=Wu® Vs, Wu=WnR oWy (4.42)

MW 51=0, M 5=0, (4.43)
CW =W s, CWA=W%. (4.44)
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MHuaue rosops, onepaTop C uHAyuupyeT aBTOMOPGH3MBI nozL-
1IPOCTPAHCTBA W51, W5 v TeM caMbiM NOANPOCTPaHCTBA /78
OG6parupiii  oneparop C~' cymecTByer Kak aBTOMOPGH3M
Ha 3THX TPEX NOANPOCTPaHCTBaX.

C nomolblo 3THX pe3y/bTaTOB Mbl MOXKEM NepenucaTb pas-
Joxenue (4.30) B ¢opme, GoJsee npucrnocobIeHHOH K o6CyK-
/IeHHIO HHTepecyloueil Hac npo6sembl. Ilyctb onsith ¢ (E) €
€#N. Moxno Hailtu Takue ¢opmbl Fyr (B) € W'y, M <N,
YTO B OKPECTHOCTH Haua/la KOOpAHHAT OyleT crnpaBeljiHuBO
pasyioxKeHue

¢ (E)= Z Fy (E)1-R(8), (4.45)

rae R (E) o6pamaercs cu/ibHo B Hy b npu §; = O (T. e. BMe-
CTe CO BCEMH CBOMMH TPOM3BOAHBIMH, BIJIOTh JO mopsaka N).
Koadhduuuents! Fy; 3aBUCAT OT K03G(PULHEHTOB ¢p, | D | = M
JsuHelHo. Paspenum F,, Ha ABe yacTu:

Fu (B)=Fu (E)+Fu(E), FueW,  (4.46)
1 npeoGpa3yeM pasyoxenue Anas @ (E):

N
P(E)= 2 FY%(B)y (B)+
B N
+ M2=0 Cly(B)C'Fi (B)I+¢" (B). (4.47)

Onepatop C onpenensiercs ¢opmynoit (4.41), rue Ttenepb
M v — AnddepeHUnabHEe ONepaTophl BHAA (4.38). O}IHaKO
B nocneuﬂeu q)opmyne C-! Bce ewle sBJsieTCS MaTpHULEH B MOA-

NpoCTpaHCTBE W3 B OKpecTHOCTH TOYKH, B KOTOpo# 7 == I,
BTOPOH 4JIeH mnpaBoH 4YacTd pasjoxeHus (4.47) paseH

?_,F}W(E), tak uto ¢" € FY. Buaropaps ycsioBuio (4.37)
oboblieHHass QYHKUUSA 7, oOpaliaercsi B HYJb Ha (YHKUHUAX
BTOpO#l cyMMbl B ¢opmyse (4.47). Popmy FY moxuo nanee
pas6uTh cienylomuM o6pasom:

FME)=Fu(E)+Fi (E), Fews,  (4.48)
M Mbl NOJTy4aeM OKOHYaTeJbHO

75| @)={rs| ¢")+ 2 (ra| F317)+ Z (ro| Fary).  (4.49)
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B 3ToMm Bripa)keHu# mepBbIH usieH (4ieH ¢ ¢”) GbT OnmpenesieH
Ha TpeTbeM llare, BTOPON — Ha UYETBEPTOM Liare, Tak Kak
F& y € I';. OnHako Tperuil ujeH OCTaeTcsi HeonpeleseHHbIM.
Ero moxHO ¢uKcHpOBaTh NMPOH3BOJBHBIM 06pa30oM C TeM Orpa-.
HHYEHHEeM, UYTO JJIS BEIIECTBEHHBIX () OH JOJ/IXKEH. GBIThb Belie-
CTBEeHHBIM. Hanpumep, MOXHO MO ONpe/eseHHIo NOJIOXKHUTD €ro.
paBHBIM HYJIO. Jrta CBoGoAa BhHIGOpA OTBEYaeT BO3MOMKHOCTH
Jo6aB/ieHHsT PelleHHs] OJHOPOLHOro ypaBHeHUs. [leficTBUTE/b-
HO, 3aBHCHMOCTb (rs | Fi? Y) OT ¢ HMeeT B TOUHOCTH TOT BHUJ,
KOTOpBIHl TpexnuceiBajcs Teopemol 4.1.

HerpyaHo npoBeputhb, 4T0 QyHKIUMUS 7 4, OTIpeneneHHas ¢op-
MyJioH (4.49), nefcTBUTENBHO YAOBAETBOPSieT ypaBHeHuto (3.9),
BellleCTBEHHA U CHMMETPHYHA 110 COBOKYIIHOCTH MepeMEHHBIX X.
Ilnst GosbLuel HaJEeXKHOCTH Mbl XOTeNH Gbl HENOCPEACTBEHHO
y6equThCsl B €€ MHBAPHAHTHOCTH, HECMOTPS Ha TO YTO MOCJeN-"
HAAs clenyer u3 moctpoeus. Ilyetb ¢ = Mz, P € FN*L
Iloctpoum coorBercTBylomue pyHruuu Fy. M3 dopmyn (4.43)
CJIelyeT, uTo F?w = 0. Ilyctp FR{, F}l U T. &. 6ynyT gopmamy,
BXOJSILLUMH B pasJjioxkenue (4.45) mi1sg GyHKOUH . 3aMeTuM,
yt0o M MF?, = 0. Torna nosnyyaem

N
¢ =Mup— 3 ClyC My Farl =

= My (p— ; Fary) +§ { My (Frry) — C [yC2M 1y F a1}

N
®ynxuusa (Y — ) Fpy) uMeeT npousBojHble, 06pallaroLIKecst
1

B HayaJjle KOOPJAUHAT B HYJb BIJOTb 10 I[POHU3BOAHOH MOpsiKa
N. BcnexcrBue Ttoro, uto M, %y € Wy, TEPBbIA UsieH
My (p — . . ) IpUHALJIEKUT NPOCTPAHCTBY Y M obpallaercs
B HYJb Ha r, (CM. KOHew Tperbero wara). IlcckombKy @” €
€ Y, BTOpO# 4JeH B npexbiayuieil gopmyJe

T, = %} (M (Fiy) — C [yC'M , Ful}

TaKXe NPHHALJIEXHT npoctpancTBy Y. Oneparop M, KoM-
myTupyer c oneparopamu C u C-!, Tak uTO

Ta==3} (My (Fhrt) — MyuC (yCFha] +C (M) (€ Fh)ly=
=3 My (Fiay — C YCFaal) + 23 C {(Myt) (CF)}-
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3nech o6Ge GurypHole ckoGKH npuHamiexar Y | C™, orkyna
ONSITb B CHJIy pe3yJbTaTOB TPETbero Ilara CJaefyeT, uTo
{re | T) = 0. DTuM 3aBepuIaeTcs 10Ka3aTeNbCTBO HHBapHaHT-
HOCTH.

Hcnonb3oBaB fIBHYIO 3aBHCHMOCTb (DYHKIHUH @p OT Fyp,
MOXHO IpHAaTb pasnoxeHuo (4.47) ¢opmy, aHajoruu-
Hywo (4.30):

e(E)= > 7" (E)+¢'(B), (4.50)
| DTN

rie v°€D n y°=9y" B okpecTHocTH Hayala KOOpAHMHAT.

Torpa oGo6uieHHass GyHKUMSA rg ONpejeseHa Ha ¢ € o N paBeH-
CTBOM

(ro (%, X)I(P(X, X)=
=i§1 Lig (%, X)|8i(x, X) 9" (x, X)>+ID|2<Nr?ch, (4.51)

rjie MOCTOsAHHbIE r? =(ro|yD ) ONpeAesiiloTCs TakK, KaK onuca-
HO BBbILIE.

Heyno6ereo onpenenenusi (4.51) coctout B TOM, 4TO B HEro
CTOJIb CYLIECTBEHHBIM 00pa30M BXOAMT OCHOBHAsi QYHKLHS .
Beiio 61 ropasgo npeanoyTHTeNbHEe BHIPA3HUTb OGOOIIEHHYIO
GYHKIUHIO g HENOCpPeICTBEHHO uepe3 0600leHHbEe (yHKLUHH
I;;, 6€3 SIBHOTO YyNOMHHAHHS OCHOBHBIX GyHKuMH. Takoe
BbIpaXK€HHe Mbl cefiyac NOJY4HM.

PaccmorpuMm Bcnomoratesbhblie dyukunu &; (x, X), omnpe-
nenexHbie ¢opmysol (4.24). Ouu orHocstcss K kaaccy C
BCIOAY, KPDOME TOYKH X = Xy = ... = X,. BbibepeM QYHK-

LH10 o (8) H3_D, Takylo, 4to p= 1 B okpecrHoctd § = 0
u p (—E&) = p (§). Onpenenum

n
p(r, X)=1—= [l p(x—x) [l p(ri—x). (4.52)
i=1 1<i<igsn
Qyukuus p npuHamiexut kKiaccy C®, obpaliaercs B HYJb
B OKDECTHOCTH X = ... = X, ¥ TOXJIECTBEHHO paBHa | BHe
6oJiee LIMPOKOH OKPeCTHOCTH TOrO e MHoroo6pasusi. Ompe-
1eMuM QYHKIHIO

ox (X, X) = p (nx, nX), 0<xn<<oo. (4.53)



60 T'rasa 4

O yHKuUSA Py 06/1aJaET TEMH K€ CBOHCTBAMH, UTO H (PYHKIHSA P,
NpUYeM JBe ee CYIIeCTBEHHble OKPEeCTHOCTH 3aBHCAT OT X.
PyHKUHA

g‘i% (xo X) = Px (xr X) Ci (x’ X) (454)

npuHajiexur kjaccy C=. OyHkuusi {;, U ee NpoU3BOAHBIE
IIPH % — OO CXOASATCS] paBHOMEPHO COOTBETCTBEHHO K (YHKUHH
{; 1 ee NpPOH3BOIHBIM Ha BCEX 3aMKHYTHIX MHOXECTBaxX, He
MepeceKaoMHX KPUTHUECKOTO MHOroo6pasusi x = x; = . ..

. = x,. BoJiee TmarebHbIi aHANH3 [OKa3blBaer, YyTo AJs
¢yHkuun - @ (x, X) € FY - nocienoBaTeJbHOCTb  (PYHKLHH

N
Cix® TPHHANJIEKUT MPOCTPAHCTBY o) U CXOZUTCS MPU % —00

K ¢yHKUHH ;¢ B TONOJIOTHH IIPOCTPAHCTBA &N, [ToaTomy
onpesesnenye (4.51) MOXKHO 3anmucaTh Kak

(ro] tp)—Z lim (Jio | Gix [ — 2 2 ooy 1) + 2 r69p.

1, H+00
N —D N
Ho Cixp€F " H Ly €F ', TaK 4YTO MPH KOHEUHHIX % JBa

yjeHa B KBaJPaTHOH CKOOKEe JaloT BKJaJbl, KaXAblli H3 KOTO-
pbIX CYLIECTBYET IO OTAEJbHOCTH:

(ro l Q)= llm [2 (Iig l Cin®) —
—2%o D) Uio | L™y — 131}, (4.55)
Onpenenss
Row= 3 (lickin| v — 13 (4.56)
H BCIIOMHHas, 4TO

ep=Dg () [g,=0=(—1)!?! S dE¢ (E)D H 84 (&), (4.57)

noJiyyaeM Haul OKOHYaTeJIbHbI H pesyJibTar:

ro (%, X)=1im {2 i (%, X) Lig (x, X)—

®n-+00 i=1

(4.58)
- R&D,H 8¢ (x— x)).
DI|<N i=1

IDI<
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B p—npocrpaHCTBe OH 3allMChIBAe€TCsl B BHUJE
ra(p, P)= ulim{(zn)"“’iw (p, P)Tio(p, P)—

—8(p+2 p) D ReFo (P),  (4:59)
rae

Cin (p, P)==(2m) 2" +1/2 5 dxdX X

xexp {i (px+ 3 pins) } tnlx, X) (4.60)
H
Fp(P)=(2n) V(1) PIDexp (—i Y p,ts) 50 (4:61)
3necb Pp — popma crenenu | D |. CumBoa * obGo3Hauaer
CBEPTKY:
A (P)«B (P) = § dQA (P — Q) B (Q).

He BpaBasicb B A€Tanu, NOAYEPKHEM JIHUIb, YTO IOCTOAHHBIE

RO, TecHO cBA3aHHI ¢ KOHCTAHTaMH BLIYHTAHHS (NIEPEHOPMHPO-
BOYHBIMM KOHCT@HTaMH) KaHOHHYeckKoro ¢opmanuama. Heomnpe-

AeJeHHocTh B yacti Fjy koucrant RD, [em. (4.49)] coorser-
CTBYET MPQU3BOJY B BHIOOpE 3THX KOHCTAHT BhiuuTauus. Iloj-
pobHoe HCClefoBaHHe 3TOH CBSI3M OKA HE NPOBENEHO.

Hakomel, cjenyer cienath 3aMeyaHue O CIELHAJbHOM CJYy-
yae JByxToueuHo# dyHKimH. TIpH ee paccMOTpPEHHH Mbl JOJIK-
Hbl yYecTb JOIMOJHHTe/NbHOe ycjoBue (2.58), Kotopoe 10 cux
nop He o6cyxnanoch. DyHKuUHA 7o (p, q), onpenensiemMas Gop-
myJo# (3.3), ynoBaerBopsier ycaoBuio (2.58), Tak uro B crap-
IIHX TOpsilKaX o > | OHO NIpUHHMMAeT BHJI

Tolpy q) =8 (p+q) (@@ —m)? Fo(g),  (4.62)

rae ¢yHkuus F; ananutuuna npu ¢ << 4m®. Urto6el yuecTb
3TO HOBOE YCJIOBHE, H3MEHHM TeopeMy 4.2 ans cayuas n = 0
cjenyoumuM o6pasoMm.

Teopema 4.3.
Uto6bl ypaBHeHHE

ra(X, 4) —ro(y, X) =I5 (x, ) (4.63)
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MMeJIO pelleHue, yJIoBjeTBopsiouee ycjaoBusiM A u b
TeopeMsl 2.1 U ycyoBuio (4.62), HeoGXONMMO M J0OCTATOY-
HO, YTOObl /; (x, y) Gbna 060GLIEHHON (QYHKUHMEH yme-
| perHOro pocra co caepyoUEMH CBOHCTBaMHu:

a) supp I, (x, y) = {(x — y)* < O}

6) I, aHTHCUMMeTpUYHA:

I (x» y) + 1s (yv X) = 0; ) (464)

B) I, BellecTBEHHA;

r) /, MHBapHaHTHA OTHOCHTEJbHO TmpeoGpa3oBaHUi
rpynnel Bt

1) dypoe-o6pas [q(p, q) =8 (p +q) I5(q) npu
g*> << 4m® oGpaiiaercsi B HYJb.

YcJ0BUS «a» — «I» T€ XKe, 4To U B Teopeme 4.2, OTKyaa
ciaenyer ux HeoGxoaumoctb. Vcmosbayem ycioBusi (2.27)
u (2.53):

ro(p, @ =8(p+ 9 rs(q), rolq, p) =
=6 (p+ g ro(—g). (4.65)

Te xe paccyxaeHusi, Kotopble GbIH HCIIOJMb30BaHbL A5 QYHK-
uuy r nocje ¢opmyJnl (2.56), MOryT ObITb PUMEHEHEl M K .
Us nux caenyer, uto r4(q) =rq (—q) npu g* << 4m®. 3ro
JIOKa3biBaeT HEOOXOAMMOCTb YCJIOBHS «[I».

JlokazaresqbCTBO JOCTaTOYHOCTH BHOBb CBOAMTCS K IIO-
CTPOEHHIO SIBHOTO pelleHusi. V3 nokasarenbcrBa Teopemnt 4.2
MBI 3HaeM, YTO BhIpaxkenue (4.59) B uyacTHOM cJayuae n = 1
npejacraBasier coGod peleHne ypaBHeHusi (4.63), ynoBneTBO-
psiloliee BceM TpPeGOBaHHAM, 33 HCKJIOYEHHEM, BO3MOXKHO,
veiaoBust (4.62). Ilyerb

re(p, q) = 6% (p + )15 (q)

ectb peuwenne Buia (4.59). Tlockonpky Hocutenb GyHKLHK
rg (x, y) Jaexur B obmactd (x — y) € Vi, dyHkuus rg(q)

ananutuuda B (Img) € V_, a ¢dyHkuus rg (—¢g) aHaauTHYHA
B (Imq) € Vy. YcnoBust «i» u (4.63) mator

r6 (@) = ro (—q) msa ¢® < 4m?,
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TaK YTO, COIVIaCHO TeopeMe «06 OCTpHe KJHHa», GYHKLMS rg (q)
aHaMMTHYHA JUIs1 BELIeCTBEHHBbIX ¢ npu ¢ << 4m®. B cuny cBoeit

JIOpEHI[-HHBAaDHAHTHOCTH aHANUTHYeCKast QYHKIHS rg 3aBUCHT
TOJIBKO OT §°, TaK YTO ee MOXKHO DPa3JIOXKUTb B OKDECTHOCTH
¢* = m® B psn:
rs(@) = A+ B(¢* —m®) + (¢* — m)? Fq (¢%).  (4.66)
Onnako nonuHom A + B (¢ — m?) ectb pelleHue OZHOPOX-
HOTO ypaBHEHHSI
h(g) —h(—q) =0,

obJjajaiolee BCeMH HEOOXONUMBIMH JONOJHHTENIbHBIMH CBOH-
ctBamu. [losTomy ¢yHKIHS

7o (@) = (@ — m)? F (9) (4.67)

npeicTaBJseT COG0H HCKOMOe pelleHHe rq ypaBHeHus (4.63),
yaoBJeTBOpSIoLee ycaoBHio (4.62).
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[MOBEJEHHE HA MAJIBIX PACCTOAHHAX

BepHeMmcsi X Bompocy O NpOH3BOJIE B peLIeHUH YpaBHe-
Hus (3.9) ans dyHKuKu rg. Ilpu obecykpennu Teopemsl 4.1 Mbt
TOBOpPUJ/IH, YTO BBHIOOp GYHKUHH r; GHKCUPYET B3aUMOJAEH-
cTBHE. JTO YTBEpKJAEHHE IIOKAa HE MPEICTABJSIETCS CJHIIKOM
cojepyKare/IbHbIM, TNOCKOJBKY HeompeaeneHHoctd Buaa (4.3)
BO3HHKAKWT B JI0O0M nopsiake o. Urobel H36aBUTBCS OT HHX
XoTsi Obl OTYAaCTH, CAeLYeT HAJNOXKHTb Ha (YHKLHIO r, OONOJ-
HUTEJbHOE YCJOBHE. B KauecTBe TakKoOBOrO MBI DPacCMOTPUM
€CTeCTBEHHOE MPEANOJIOXKEeHHE O NMOBENEHHH Iy Ha MaJblX pac-
CTOSTHHSAX Y).

[Ipexne yeM copMyJIUPOBATb 3TO YCJIOBHE, CAEJNaEM KOPOT-
KOe MaTeMaTH4yecKoe OTCTYyMJeHHe. PaccMOTpUM mpoCTpaHCTBO

& (uy, . .., u;) OCHOBHBIX (YHKUHA YyMepeHHOro pocra [
nepemMeHHbIX. JIuHefiHoe orobparkeHue
(U)o (V) =), 0<r<<oo,  (51)

o Ha of HempephBHO B Tomojorun . OnpenenuM ILyasbHoe
oro6paxenue T (U)— T, (U), T € &' (U), tak, uro

(Ty @) =M AT | gp). (5.2)
I10 oToGpamenue o Ha o TaKKe JUHEHHO M HENpepHIBHO.
CemeiicTBo o6o0iieHubix QynKuuit T, mopoxnennoe T € ',
HenpepuiBHO 3aBUCHT OT A B mpenenax 0 <C A < oo.

®opmyay (5.2) MOKHO NpeicTaBHTh B yIOGHOH HHTErpalb-
HOH 3amucH:

[ avr. e w)=n f avr g )=
- S dVT (VW) @ (V), (5.3)

!) BMecTo 3TOro MOXHO OblJIO GBI BBECTH OTpPAHMUEHHs] Ha MOBe-

AeHHe cpypbe-06pasa r'g TPH BBICOKHX 3SHEpPrHAX. Mbl oTnaem npeanoy-
TE€HUEe YCJOBHIO B X-NIPDOCTPAHCTBE, MOCKOJIbKY INpOBeAeHHOoe B TIJ. 4
nocTpoeHHe 6bLIO OCYIUECTBJEHO B X-TIPOCTPaHCTBE.
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rie Mbl IIPOU3BEJIM 3aMEHY IEePeMEeHHBIX Au;=v;. CuMBOJIH-
YeCKH MOXKHO 3amucaTb
Uy Uy

Ty (s, ...,u,):T(T, ek (5.4)

OueBHAHO, 4TO mpejesa A—- oo nias T Jo/KeH B KaKoi-To Mepe
Xxapakrepu3oBaTtb nosenenue T npu manbix u;. Has ¢ypbe-06-
pa3soB dopmyasa (5.4) npuHHMaeT BUA

Ty (@, ..., w) =M (hwy, . .., \w). (5.5)

dra ¢opMyJa, no-BHAUMOMY, NOKAa3bIBaeT, YTo Mpeges A —- oo
aisi Ty, onpenensiercs nosefeHueM ¢ypbe-ob6pasa T npu 6odib-
IMX 3HAYEHUSIX €ro apryMeHTOB. 3aMeTHM, YTO NOJLOGHOE «oye-
BUHOE» 3aKJIOUEHHE MOXKET 0Ka3aTbCsi OOMaHYMBHIM: IOBeEJe-
nue ¢ypbe-obpasa T =-D8'(W) npu A—>oco OueHb CHJIBLHO
3aBHCHT OT IOpsJKa NpPOH3BOAHOH D, HecMoTpss Ha TO, 4YTO
Bce ypbe-06pasnl T npu GobLIKMX W; 06pallaoTest B HYJIb.
JlokaxkeM CJIeLYIOLIYIO JIEMMY.

Jlemma 5.1.

Has awo6oit o6obmennolt dyukuuu T (uy, . . ., w))
CyIIECTBYeT BelleCTBEHHasi KOHCTaHTa d > — oo, Ta-
Kasl, 4To

lim AT, =0 (5.6)
A—+>00

s p<<d, Ho ne masi B> d. Ilpenen B dopmyie (5.6)
CJieflyeT MOHMMAaThb B CMbICJIE CXOAUMOCTH B o . 3Haye-
HHe d = + 0O JOMmyCTHMO.

Hoxasameavcmso. QueBunno, uto dopmysaa (5.6) umeer
mecTo aJis P, ecain oHa uMeer mecto Aasi B > B. Takum obpa-
30M, ycJoBHe (5.6) onpenensieT ceueHHe BElIeCTBEHHBIX YHCeI.
CorsniacHo Tteopeme IlBapua ([19], crp. 239), o6oGuieHnyo
¢yHkuuio T MOXHO paccMaTpuBaTb KaK NPOH3BOIHYIO KOHeY-
HOTO TOPSAJKA OT HeNpepbLiBHOH (YHKLHH, MeIJIEHHO YOhIBalo-
mweil Ha GeckoHeuHocTH. MIHBIMH cJlOBaMH, CYIIECTBYIOT NPGC-
u3BoaHasi D no U KoHeuHoro nopsiika | D |, HeoTpuLaTesbHoe
uesoe uucao N W nosoxurenpHasi nocrossHHas C, Takue, 4ToO

T (U) = Df (U), (5.7)
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rae [ — HenpepbiBHass (QyHKLHSA, YAOBJETBODSAIOIAs YCJOBHIO
lFyIsciu+1u|l (5.8)

Orciona st GyHKUUA @ € f HMeeM
Tloy=(—D'"" | a0 L@ 1141 U 1 Dp ),

LU
KT} <l @l w1+1- s (5.9)
rie
I= [ U U T )| < o
u

19 llo. 26 =Sup | {1+ U] Do . (5.10)

Hna dyHkuuu @, HMeeM

l®allp.ar = Sup [ [1 + | U [M Do AV) | <
< Sup | Do (AU)| + Sup | |U | M Do (M) | <
<AI21Sup | Do (U)|+ A PI=-MSup [|U [MDg(U)], (5.11)
QTKYJa CJIeLyeT, YTo
| (T | @) = Al (T | @x) | << JA{AID] %] p.o+
+ MPI-M|lg||p, i}, (5.12)

T. e. AB(Ty |@)—> 0 gna P<<— 11— |D |. Dror npegen
JLOCTHTaeTCsl PABHOMEPHO Ha OTPaHUYEHHBIX MHOXKECTBAX U3 o,
ripuyeM orpaHHYEHHOE MHOXKECTBO OlpefessieTcsi TpeGoBaHUHeEM,
uTOGH! BCe || @ |[p, »y OBLIM OrpaHHYEHbl HEKOTOPHIMH 3adaHHbl-
MH KoHeunbiMH 3HaueHusiMu ([19], crp. 235). 9ro nokaswiBaer
JIeMMy M MoKasbiBaer, 4ro d > — [ — |D | > — oo.

3nauenue d, onpexpensiemoe semMoit 5.1, HazoBeM macwumab-
Hot cmenerbro Y), UM Kopoue s-cmenenbio 0GOGLIEHHOH GYHK-
uuu T. CokpaiieHHoO Mbl OyjaeM o6GosHauatb ee SD(T).

1) Mel npepnounTaeM STO Ha3BaHHE TEPMHUHY «Pa3MepHOCTbY,
KOTOpHIH npuHO6Gpes nonyJ/aspHOCTb A5 0603HAYEHHsT NaHHON BeJHUYHHbI
B APYyroM KoHTeKcTe. MBI cyMTaeM, uYTO 3a TEPMHHOM «Pa3MEPHOCTbY
CJlefyeT COXPaHHTb €ro OCBelleHHbll BpeMeHeM CMbICJ, (HUKCHP YOI
nonoxexnue ¢yHKUMH T B CNEeLHaNbHOH CHCTeMe eNMHHIL.
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Il pumeper.
1. ®opma

TU)= Y Couli
Zai=A

creneHn A uMeer s-creneHb A. DTOT pe3ysbTaT He MeHsETCs
npu ymHOXKeHuH T Ha Jiorapudmuyeckud MHOXUTeNb (In | u; |
WK aHaJIOTHYHBLIH), T. €. NPH TaKOM ONpEeNesNeHHH S-CTENeHU
JorapudMuyecKie CHHTYJSPHOCTH OLEHUBAIOTCS TaK Ke, Kak
M OrpaHHyeHHble (YHKLUHH. DTO OKa3blBAETCS CYILECTBEHHbIM
B IIPUJIOXKEHHUSAX, UCNOJb3YIOLHUX TEOPHIO BO3MYLIEHHI.

2. IlpousBonnas

b iLli 6 (ui)

or 8-pyukuuu D nopsaka | D | umeer s-creneds —! — | D |.

3. Beskas o6o6LieHHass (QYHKIHS, HOCHUTENb KOTOPOi
He COJEpKHUT HauaJo KOOPAWHAT, UMEET S-CTeNeHb, PaBHYIO 0.

4. Tlyers Ty, To € " umetor s-crenenu d, u dy. Ecain dy <<
<< d,, 10 s-crenenb d dyHkuuu Ty + T ectb d = d,. Ecnu xe
d, = d,, T0 d 2> d,, NOCKOJbKY YJIEHbl C MAKCUMAaJbHOH s-CTe-
nedvio B Ty u Ty MOTYT COKpaTHTbCS.

Tenepp Mbl MoOxKeM copMyJaHpoBaTh obellaHHOe BhIlle
JIOTIOJIHHUTEJIbHOE YCJIoBHE Ha PYHKUMIO 7 4. Tlompebyem, 4mobe.
pewerue rg ypasHerus (3.9) O0ana o =2 ecezda 6vibuparoce
MAKCUMANLHOLL 803MOdCHOU s-cmeneru. C TOUKHM 3pEHHsT TpH-
BEJEHHbIX BBIIE TPHUMEPOB 3TO O3HAUYaET, YTO Mbl TpeGyem
CTOJIb TJIAJKOTO TMOBEJEHUS pellieHus Ha MaJjbiX PacCTOSHHSX,
CKOJIb 3TO TOJIbKO BO3MOXKHO. TakKoe yCJ/IOBHE BBITVISIHUT ecTe-
CTBEHHBIM W YaCTO HCIOJb3YeTcsi B aHaJoTrHuHOil ¢opme H BHe
TEOPUH BO3MYILEHHH Y).

[pocreiiliee npuMeHeHHe 3TOr0 NPHHUMIA B HalleM KOH-
TEKCTe TakKoBO: ecad (yHKuus g (x4, ..., x,) = 0 (u 370
CNpaBCMAJIMBO AJIs1 J1I060r0 (PHKCHPOBAHHOTO MOpSKA O JJs
BCEX 71, HCKJI0Yasi KOHEYUHOe HX YHCJIO), TO B KAUECTBE pPEIUeHHs
crenyer Boibpath r, = 0. KakoBa MakcumasabHasi BO3MOXKHast

1) CM., Hampumep, onpelesenue «uHiekca pocta» B paGore [38*]
MK TpeGOBAHUC «MHHMMAJbLHOH cHHIyJspHOcTH» PaiinGepra [40*].—
I[Ipum. nepes.
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S-CTeNneHb B TOM cJjyuae, Korga [ = 0, Mbl MOXEM BBIBECTH
U3 DAaCIIHPEHHOTO BapHaHTa TeopeMmbl 4.2.

Teopema 5.2.
Ilyers 14 (%, Yy, Xy, ..., X,) HMeET s-cTeneHb d
H YJOBJIETBOPSET YCJOBHUSIM «a» — «» TeopeMmbl 4.2.
Torpa cymectByer pelueHue r, ypaBHeHHs (3.9), uMmelo-
lee s-cteneHb d W yJoBJeTBOpsiouiee ycaoBusM A u B
Teopembl 2.1. Pewenntt r, ¢ s-cTenenbio Gosblue d He cy-
IECTBYET.

Bropass uactb Teopembl 5.2 oueBHMAHA BBUAY YETBEPTOrO
H3 NpHBEIEHHBIX Bbille npuMepoB. M3 ycioBus SD (rg) > d
cnenyer, uto SD (/) > d, a 370 HaXOIUTCS B NPOTHBOPEUUH
C HCXOAHBIM MpPEINOJIOKEHHEM TEOPEMBI.

JoKka3aTesqbCTBO CYLIECTBOBAHHSI PELUEHHS] C S-CTEIeHblo d
HECKOJIbKO Gosiee caoxHO. MBI Bocnosib3yeMcsi 3/ieCh MOHSITHS -
MH U 0003HAYEHUSAMH IJI. 4.

CrepyeT 3aMeTHTb, YTO €CJIH S-CTeNeHb 0600LIeHHOH (yHK-
uuu I, (x, X4, . . ., X,) paBHa d, TO S-CTEIEHb TOH XK€ PYHKUHH
Is (&, ..., §,), BHIpaxKeHHOH uepe3 pa3HOCTH NEpPEeMEHHBLIX
§; = x — x;, Takxke paBHa d. Ito caenyer u3 csoiictsa (5.4).

[yctb ¢ (E) € #N. Torpa ¢y, (E) € Y u (rq | ¢5) 3anaer-
cst dopmysolt (4.22):

(ro| o)y = g (30| Cipa)- (5.13)

Ho ¢yukuusi §; MaciuTabHO MHBAapHaHTHA, TaK YTO (==
=(Lip)r, M B CHJIY TNpPHHATOTO IIPEAINOJIOXKEHHS OTHOCH-
tesabHO SD (/)

AT (rg | gy = D AP " (L1 | (Ligp)a) >0 mpu A—> o0, B < d.
(5.14)

o N
PaccmorpuM Tenepp cayyalt @ €of ; 3TO O3HAyaer, YTO
" (pAEJN. OueBHaHO, UTO

((PK)D.:}\‘I P I(PD (5.15)

=AM PP (5.16)
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B OKPeCTHOCTH TOUKH &;=0, Tak uro Bemuuuupl A~'D 'y;? (B)
JNO/IXKHBI 00J1aJiaTh TaKUMH e OOUIMMH CBOHCTBaMH, 4YTO

u camu y°. CorjacHo pesysbTaTaM Ia. 4, MOMKHO HAIHCATh
<ralcpx>—2(§; zol(PA'—Z(PDY )—l—Z%(roIv;.) (5.17)

[NepBriit unen 3pech uMeer gopmy (5.13); nostomy oH obaanaer
JOJIXKHBIM aCUMIITOTHYECKUM TNOBeLeHUueM npu A — oo, Bropoii
yjleH TaKXKe MMEeeT NpaBHJbHbLIE CBOMCTBA BCIOAY, T/ OH ompe-
JieIeH efMHCTBEeHHBIM o6pa3oM: Ha C [yC~1F},] on o6pawmaercs
B HYJb, a Ha Fy QyHKuus r, coBnagaer ¢ /,. B 060ux 3THX
caydyasix s-cremeHb OoJiblle Wi paBHa d. Temepp caepyer
MoKa3aTbh, YTO HEONpeJe/eHHble YjieHbl B GYHKLUHH f; BCEra
MOXKHO BHIOpaTh TakK, YTOOHI 'y B LEJOM HMeJa S-CTereHb d.
DTO 03HAYAET, YTO JOMKHO CYIUECTBOBATb TAKOE PELIEHHE 1 5, YTO

lim A"*" (r5 | yP)=0 mpn B<d. (5.18)

A~00
[Tyctb rg — pellieHHe, NOCTPOEHHOE TaK, KaK 3TO A€/1aJI0Ch
B I'l. 4, HO He 006513aTeIbHO MMEIOLIEE JKENAaEMYIO S-CTEIEHb.
Ha npoctpancrBe Y umeeM r, = rg.
BriGepem nBe xoHcTaHTH T', T”, y]lOBJIeTBOpﬂ}OU.lHe ycJ1o-

B0 0 < 7 < 7" << oo, ®ynkuwun v ' 212 — 3P, rue nops-
Jok D ¢dukcupoBaH, a T u3MeHsiercsi Ha orpeske [1', t”], obpa-
3YIOT OrPaHHYEHHOE MHOMXECTBO B NPOCTPAHCTBE J’N st
p << d MoxHO HaHTH TaKylo KOHCTaHTy cg > 0, 4TO

MR ol T PR — T [ <o mpr 1 <A<oo. (5.19)
Onpenenum
R.=27"" s | 9Dy (5.20)
TaK, 4T0 ¢opmysa (5.19) npuHumaer Bux
|Ra—Ri| <ch~P, B'=B-+4n|D|.  (5.21)

BriGepem KOHCTHTHI T, 1: TaK, YTOObl OHH YIOBJIETBOPSIJIH
yeaoBuio 1 < v’ < t’2< " << oo, u TOJIONHTEIIbHYIO KOH-
CTaHTy W > 1 Tako#, 4TOGHI Gbuto 1 — /pw = 7' -#. [oxka-
2KEeM, YTO CYLIECTBYET BelleCTBEHHAsi KOHCTAHTa @, 1JIsi KOTOPOH

[Ra—a | << cpph® (5.22)
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npu Bcex A > 1.
Jlss IOCTATOYHO MaJsioH BeJHYUHbI O MOXKHO HaAWTH KOH-
cranty A > 1, ass Kotopoii

Ry > b4 cpph P, (5.23)

a JIst OCTATOYHO OOJIbIIOH b MOXKHO HAUTH KOHCTAHTY Ay > 1,
JJ1 KOTOPOI

Ry, < b—caphsP". (5.24)

Ecau xoucrautbl a, yaoBJaeTBopsiouwel ycaoBuio (5.22),
He CYILECTBYET, TO 3TO 3KBHUBAJEHTHO TOMY, UTO CYLIECTBYET
TPH KOHCTaHTH b, Ay, Ay, /ISl KOTOPHIX ONHOBPEMEHHO BBITIOJ-
Hsttotest yenoBust (5.23) u (5.24). Ycnosue (5.23) MoXKeT BbINOJ-
HSITbCS MU b, 3alaHHOH Ha OTKPLITOH CJ€Ba MOJYOCH, a yCJo-
Bue (5.24) — nast b, 3anaHHONH Ha OTKPBITOH CHpaBa MOJYOCH.
Ecau 3TH 1Be moJiyocH He nepekpbiBalOTCs, TO JJs1 KOHCTAHTHI
a B 06/1aCTH MeXJy HUMH BbINOJHseTcs ycaoBue (5.22). Tenepb
Mbl MOKaXx«KeM, YTO 3TH TMOJYOCH JEeHCTBUTEIbHO He MepeKphbl-
BaioTcs. I1peanosioxkuM NpOTHBHOE, a UMEHHO UTO CYLIECTBYET
nogxoasiasi Tpo#ka uucen b, Ay, Ay. s obnactn v < T <<

<< 1" ¢ nomowpbto dopmya (5.21) u (5.23) MOXKHO NOJYYHTH
OLIEHKY

Rupy=Rup — Rag+ Ry = — cph B b+ cpph B >
>bcop ()7,
rae Rﬂi onsATb YJAOBJAETBOpsieT YyciaoBuio (5.23). Hrepauus
5TOH TPOUEAYPHl MO3BOJISET YCTAHOBHTb, UYTO
Ry =0+ cgpr¥ (5.25)

BO BCEX CJyuyasx, Korja oTHolueHue A/A; MOXKeT GbiTh NpeacTaB-
JIEHO B BHJI€ TPOU3BEICHUST MHOXKHTEJIEH T;, JIeXKALIUX Ha OTpe3-
ke [t', 1”]. C yuerom cpeslaHHOrO BbIlle MPEANOJIOKEHHUS
t" > 1'% Takas ¢akKropusalus CYLIECTBYeT .IJisi BCeX A >
> 1A

AnanornynbiM o6pasoMm u3 (5.24) noayuaem

Ruo=Ruy,— Ris+Rap < cphy B b —cpp (17"2)—‘3,
g v << 1<<t” W, UTepUpys, NPHUXOAUM K HEpPaBEHCTBY
Ry < b — coph® (5.26)
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nast A > 1'A;. KomO6unupysi HepaBenctBa (5.25) u (5.26),
HeTpYyAHO Y6EeIUTbCS B TOM, YTO AJ1Sl JOCTATOYHO GOJBLIHX A

b+ CB}L}\«_W < Rh < b — CB}L}»_S’,

T. €. Mbl NPHULUIK K NPOTHBOPEYHI0. TeM caMbIM JOKa3aHO
CYLIECTBOBAHHE KOHCTAHTHl @, YIOBJIETBOPSIOUIEH  YCJIO-
Buio (5.22). OueBHAHO, YTO 3Ta KOHCTaHTa @ (PUKCUpOBaHa
eIMHCTBEHHBIM 00pa3oM u He 3aBHCHUT oT P npu B> 0. Ilccaen-
Hee BO3MOXHO B ciaydae, korna d 4+ 4n + | D | > 0. Toraa
rMeeM

AR (g [y — e PV << cpp
Onpenenum 0000IEHHYIO (DYHKIHIO
he=(—1)"laD[] & ) (5.27)
¥ MOJTYYUM l
MR (re— b | 4D) | cope. (5.28)

(OT™MeTHM, Y4TO KOHCTaHTA @ 3aBUCHUT oT D W 0, XOTs 3Ta 3aBH-
CHMOCTb M He BbIpa)keHa $IBHO.) Brillie MbI moJquepKHBasu, YTO
acHMITOTHYECKOE MOBefeHHe QYHKLUMHU rg GTHOCHTCS K 2KeJiae-
MOMY THNY, NPH KOTOPOM 7, ONpEeNeNsieTCsl eIUHCTBEHHBIM
o6pazom. Orcrofa cienyer, 4To GyHKLHA

D D
Wl= % K (5.29)
D=const
npejicTaB/sier co6of pelleHHe ONHOPOIHOro ypaBHeHus (4.1),
YIOBJIETBOPSIOLIEE BCEM JOMOJHHUTENbHBIM YCJIOBHAM. Takum
o6pasoM, 3ameHa (rg | VD) Ha
- D ’ D ;=D
(re| v )=(ro—hs |7") (5.30)
NPUBOAMT K pelleHHlo, obnafamomemMy TpedyeMblM CBOKCT-
BoM (5.18). Ecau ke d 4 4n + | D | < 0, T0 8csikoe pelueHue
r4, B YaCTHOCTH NEPBOHAYAIbHO BolOpaHHash QYHKUMSA rg, OyleT
yaoB/eTBOpATh ycaoBuio (5.18). JlefictBHTENbHO, M3 HeEpa-
BEHCTBA
| Ry, —a | <<cpuhB
floj1yyaeM

[ro| W) |<<aM Pl e =P=i"
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OTKYAa aBTOMAaTHYECKH CJIELYeT CHpPaBeNJIHBOCTb YCJIOBHS
(5.18), nockonbky u3 ycaoBus B’ << 0 ciepyer P + 4n <
<—1D|.

C yyeroM 3THX pe3yJIbTaTOB Mbl MOXEM TeNepb BHIIIHCAThb
pelleHue r,, OTBevaiollee s-CTelneHH d, CYLIeCTBOBAHHE KOTO-
poro npoBo3rJaiajoch B Teopeme 5.2. Onpenenum s ¢ € FV
OCHOBHYIO (PYHKULHIO

si=e— X oA PHY— X ey’ (5.31)
—d—4n<|D|SN |IDIS-d—4n

K 0000mIEHHYIO0 (YHKIHIO
(rclq)):(ralq)}'»)—"
+ 2 ooh " P re | W)+ > Lop. (5.32)

D
—d—4in<|D|<N | DS —d—4n

IlepBblil u/eH B 3TOM passIOXKEHHH ONpeieseH B CHAY TOTO, 4TO
¢y € FV. Dynkunu r? COBNIQJalOT C TE€MH, KOTOpPbI€ BXOAAT
B pasenctBo (4.51). Unennt ¢ | D | > — d — 4n, onpenenen-
Hele dopmydoit (5.30), B mpenesie A —- oo o6pallaloTcs B HYJb.
B pesysbrare Bcs IpaBasi 4acTb PaBEHCTBA HE 3aBHCHT OT A,
TaK 4TO

. ’ D

(rol@)=lim (re|@3)+ 2 rogp  (5.33)

A>co |DIS<d—4n
H 3TOT Ipejes CYIIECTBYeT. SIBHYIO 3aBHCHMOCTb OT (¢ MOXKHO
HCKJ/IIOUUTb H3 3TOrO BhIpaXKEHHs, TaK Ke KaK W TpH BBIBOJIE
topmynnt (4.51). Hcnonb3ysi onpenesnenue

Rgmy:hﬁl DIZ (IiUCiu | {?f)a (5'34)

foJTyyaéM OKOHYATeJbHBIH pe3yJ/bTaT, aHaJoruuHblii (4.58),

re (%, X):lim fim {2 8o (%, X) Lo (x, X)—

—>00 K—>00
— 3 RBaD ] 6 (x—x)—
—d-4n<| D |<N =

— % RoxD[] 8* (x—x5)).

|D|<d—4n

(5.35)
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Mgl nonyynnu peluenue, oTBeyaroulee TpeGOBAHUIO MaKCH-
manbHoctH SD (ry). Ecau d << 4n, To 310 peluenue Bce ele
He eJIHHCTBEHHOE, HO COJEPKHT HEONpeleJeHHOCTh, CBA3aHHYIO
¢ BbIGOpOM (YHKIMH rd npu | D | << — 4n — d. Ir0 3KBUBa-
JIEHTHO BO3MOXKHOCTH J00GaBUTb K OTBETY IPOU3BOJIBHOE OJHO-
poaHoe pemenne Buga (4.3) ¢ |D | << — d— 4n. Taxkue
OZIHOPOJHBLIE UJIeHBl HMeIoT s-cteneHb — |D | — 4n >=d,
MO3TOMY HX JoOaBJIeHHe He YMEHbIIAeT S-CTeNeHH QYHKUHUH 1.
Ilonyyaemass HeompeieseHHOCTb He cnenudHyHa IS pas3BH-
BaeMoro 3juech ¢opmasnusma. OHa NposABJSETCS U B KAHOHHYE-
CKOM (jopMasiu3Me B BHIE HEONPENEJEHHOCTH B KOa((UIHeHTax
KOHTPUJIEHOB, HEOGXOIMMBIX JJISl YHHUTOMXKEHHSI GeCKOHEYHOo-
creii. B ri. 8 MBI mokakeM, UTo Ha caMOM JieJie ISl TaK Ha3bl-
BaeMbIX IIepeHOPMUPYEMBIX TEOPHH HHKaKHUX MHBIX HeoIpeje-
JIEHHOCTEH, KPOME M3BECTHBIX H3 KaHOHHMYECKoro gopMasusma,
B aKCHOMAaTHYECKOH TEOPHH BO3MYIEHHIH HE BO3HUKAET.

Jns nByxToueuHo#t ¢yHKUUH onTUManbHoe peluenue (5.35)
He YIOBJIETBOpSsieT, Boofuie roBopst, ycjoBuio (4.62), mo kpaii-
Heit Mepe npu d > — 6. [Ipu d << — 6 ycaoBuio (4.62) MoxkHO
BCer/la yAOBJIETBOPUTD, N0OABUB, Kak B TeopeMe 4.3, K QYHKUHH
r+ (g) mosMHOM BTOPOI CTENEeHH, YTO HE NPHUBOAMT K YBEJH-
ueHHto s-crenenu SD (r,). B cayuae d > — 6 Takoi noJMHOM,
BOOOIle TOBOpPS, TaKxKe MOXKHO JOOaBUTb, HO 3Ta oOnepanus
YyMeHbIIMT s-ctenedb SD (rg) no —6 (uaM, Moxer GblTh, A0
—4). Taxkum obpasoM, npu d > —6 s-crerneHb (GYHKUHH
ro (%, Y), YIOBJIETBOPSIOUIEH YCJOBHIO IVIaAKOCTH Ha MaJibiX
paccTrosiHHsiX, paBHa, BooGlue ropopsi, —6, a He d. Tem He Mme-
Hee 3TO pelleHHe efuHCTBeHHO. HeomnpeneseHHOCTH BO3HHKAIOT

Tonbko npu d << —6. Onu jator BKJIaA B GYHKIMIO 7' (g) BuAa
> cn(g— mA)E. (5.36)
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CBOVMCTBA ®YHKUUU I,

IIporpamMa mocsenoBaTeNbHbIX NPHGIHKEHHH, ONMHCAHHAS
B I'/l. 3, MOXKET CYMTATbCS peanu30BaHHOM B . 4 u 5, eciu
¢ynkuus /4, BoiuncaeHHas no gopmysam (3.10) u (3.11), ynos-
JeTBopsieT npennosoxeHusam TteopeM 4.2 u 4.3. Tenepp mul
3afMeMCsl TeM, 4YTO JOoKaxKeM 3to. [lomycTHM noka, 4yTo HHTe-
rpasbl B opmyse (3.11) cyuecTByoT, H pacCMOTPHM HX CBOJ-
ctBo. CylecTBoBaHHe 3THX HHTErpasioB OyIeT N0Ka3aHo B cJle-
LyIOLIEH rJiase.

[lycte pyHkuuu ro (x, X4, ..., X), T << G, H3BECTHHI H
YIOBJIETBOPSAIOT YCJOBHSIM TeopeMbl 4.3 B TEOPUH BO3MYLIEHHH.
Bpuucnum ¢yskuun Jipe U [, mo ¢opmyaam (3.11) u (3.10).
Mbl [OMKHBI 10Ka3aTh, YTO TMOJIyYEHHBIE BBIPAXKEHHUS JJIsT
¢yHKUMH [, YIOBJIETBOPSAIOT YCJOBHSIM «a» — «f» TeopeM 4.2
H 4.3 COOTBETCTBEHHO.

OueBHIHO, YTO YCJOBHS «I», «I» U (4.9) yIOBIETBOPSIOTCS.
YcnoBue BelECTBEHHOCTH «B» HETPYAHO MOJNYUHTb H3 Tpelo-
Bauusa [Ay (B)]* = —Ay (—E), uto naer

J?La ()C, Y, X) = (_I)IJIRG (!/: X, X)' (61)

B uncne MeHee TpUBMAaJBHBIX YCJOBHH 06CynUM CHadaJga
Bonpoc o ToxzaectBax (4.10), HanoOMHHAOLIUX TOXAECTBA
SIko6u. st ynpoueHuss 0603HaYeHH OrpaHHuYUMCSl PacCMoT-
peHHEM TOJIbKO cayyasi TpextoueyHod ¢yHKuuH. Jlokasatesb-
CTBO AJIs1 OOWEro cJydyass MOXHO INOJNYYHTb H3 TNOCJELHEro
NpPOCTOH TOACTAHOBKOH B HajJjexamiue MeCcTa apryMeH-
TOB X;.

Onpenennum

> i1
[xz, !/]-’—"—‘ —i 2 ';_] JZZ(T (x7 Y, Z),
o (6.2)
o
[, y2l=—i 3 4 100 (%, ¥, 2):
=1
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’

Muaue rosopsi, komOGuHalust [x2, yl conepKut TobKO T€ PyHK-
uud J..., B KOTOpPBIX NepeMeHHasi Z BXOAUT B NEPBbIH MHOXH-
Tesb r (BMecTe C mepeMeHHOR x), a Kom6GuHauus [x, yz] comep-
XKHUT TONBKO T€ U3 HUX, B KOTOPHIX Ne€peMeHHasl Z BXOAUT B TOT
)K€ MHOXKHUTeJb r, YTO W NepeMeHHas y. Torza MMeeT MeCTO
pasJoxeHue

I (x, y, 2) =[xz, yl + [x, y2l — [yz, x] —y, xzl.  (6.3)
MBI XOTHM [OKa3aTb, 4TO KOMOGHHALUSA

L:IU()C’ !/, Z)+10(y1 2, x)_l_[O(Z’ X, !/):
= (lxz, yl — lzx, yl) + (Ix, yz] — [x, 2y]) +
+ (lzy, x]1 — lyz, x1) + (ly, 2x] — ly, x2]) +

+ (lyx, 21 — [xy, 21) + (2, xyl — [z, yx]) (6.4)

ofpaiiaercsi B HyJb. 3€Cch BBENEHBI KPYIJble CKOOKH, UTOOB!

110Ka3artb, 4TO BCe YJeHBHl B L MOXHO pa3OuTb Ha napbl OfH-

HAaKOBOH CTPYKTYPpHI. Bb16epeM otu TaKylo napy, Hanpumep
l

[xz, y]—[2x, yl= — "2 - 2 § TI tauidons, @ — 09}
i=1

x{rt(x, 2, )—fr(z7 X, U)}rc—'c(y’ V)

[Ipennosnaraercs, uro ypaBuenue (3.9) ¢ HHIEKCOM O, 3ame-
HEeHHBbIM Ha T, cripaBeiuBo npu T << ¢. [loatomy Bropas ¢uryp-
Hasi cko6Ka B MpeiblAylleM BbipaxkeHWH paBHa [, (x, z, U).
TNoncraBnsisi siBHOE BbIpaxkeHue aas [, mosydaem

lxz, yl — lzx, yl = llx, 2], yl — llz, x1, yl, (6.5
rue

X, 2, yl=— D 2‘,— Y
T4+p=0 a, B

1==1 THT"="1
13

% S dU dV dU’ dV'ror (x, U, U") T A (4§ — 05) ree (2, Up, V')
1

(R

i

k! X
1

N 8

k

l

X T A+ (ui—vi)ro (9, V). (6.6)
1
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3nech coBokynmHoctd U u V comepxkar mo [/, a COBOKYNHOCTH

U u V' — no k nepemennbix. CyMMHpoBaHHE NPOH3BOLHUTCS

N0 BCEM BO3MOXKHBIM pas3GueHHsIM coBoKymHocTH U Ha e

B3aMMHO JIONOJIHUTE/IbHBIE NMofcoBOKyNnHOocTH Uy v Ug. Cymmel

no / 1 k coyiepKaT TOJbKO KOHEUHOE YHUCJIO HEHYJIEBLIX YJIEHOB,

TaK YTO NepeMeHa MOpsiika CyMMHDPOBaHHUs NOMYCTHMA.
AHaJIOTHYHO MOXKHO TOJYYHTb

[x, yz2l — [x, zyl = [x, ly, 21l — [x, [z, yll, (6.7)
rae

% [ Al=— D) Z‘T D

T+p=01l p'+p"=p a,B k
l

X 5 dU dV dU’ dV'r (x, U) ];[ Ay (i — 03) X

II[}/S

k
X 1o (9, Var U') [T As (45— 03) e (2, Vi, V'); (6.8)
1

3JeCh MCIIOJb30BaHBl TakKHe K€ 0603HauyeHHs], KaK B ¢opMmy-
Je (6.6).

Bnarogaps cummerpuu ¢yHKUMH r, (Y, V) OTHoCHTENBHO
COBOKYIIHOCTH IepeMeHHBIX V HeTpyaHo yGeIuTbCs B TOM, YTO
B cymme 110 (o, B) B dopmyse (6.6) Bce ujieHBI C OJMHAKOBBIM
YHCJIOM 3JIEMEHTOB B MOACOBOKYMHOCTH U, AAIOT ONMH U TOT Xe

l

l
BKJIan. HOSTOMy CyMMY 2 MOXKHO 3aMeHUTb Ha Z (l')
a, B 1'=0

c Uyg=(uy, ..., u)y nu Upg= (ur4y, ..., u). Ilepe-
HMeHYyeM IepeMeHHbE CJefylomuM 06pasoM:
Ugy ooy Up = Uy, ooy U,
Uty ooy Upr = Upy ooy Upr,
Upggy ooy Up == Ugy o o0y U, l”:‘-l—-l',
Uprddy woey U == Vg, «usy Uln,
Ugy vovy Up = Wy, ooy W,

U oo ey vg»w;, cey Wy
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M nepecTpouM cyMMbl B (6.6):

(x, 2, yl=

o

—_ ¥ Z 3 S LilssS [ avav'av av: aw aw’
T+p+0=01l'=1 1"=1 h=1
.

Xre (X%, U, W)ro (2, V, W)re (y, U', V') T] As (ui —ui) ¥
1

v R
X T A+ (v — i) I A+ (wi — wi).
1 1

Ananoruunasi npoueaypa, npuMeHeHHasi K Benuuune [x, [z, yll,
MPUBOJUT K TOMY XK€ pe3yJ/bTaty, T. €.

[x, 2], yl = Ix, [z, yl],

OTKYyJla HeMelJIeHHo caenyer, uto L = 0.
Hs6aBuMcst Tenepb OT YCJIOBHSI «e» TeopeMmbl 4.3. B p-nipo-
crpaHcTBe aas n = 0 ¢opmyna (3.11) npunumaer Bux

c—1

Ino(p )= | n{dk 8. (k) 72 (P, —K) 7z (@, K). (6.9)

T=1

Benencreue mamuuns MHoxurens 0% (g + Zk;) B pyHKUMH
[ NOJbIHTETpa/IbHAsA 4acTb B opmyJie (6.9) oTiMyHa OT HyJIs1
TOJIBKO Npu g = — Zk;. Ho BexTopH! k; Gnarogaps MHOXKUTe-
aaM 84 (k;) NOMIKHEL JIe)KaTb Ha TOJIOXKUTENbHOH 3HepreTuye-
ckoil moBepxHoctH ki = m?, k;o > 0. Orciona caexyer, 4to
J,Ia = 0 Bcrony, rae ¢* < (Im)®. Ho B cuiy (3.3) u (4.62)
J11¢ = O v HAaHHUBILIKI YIeH B J,LU, He o6pamaromnncn B HyJ'Ib
otBeuaer [ = 2. Orciona caenyer, uto 14 (p, ) = 0 npu ¢* <
< 4m?®, uto M TpeGoBa/IOCh JOKa3aTb.

Ocraercst 10Ka3arb, 4to A1 GyHKuuu [ 4 (X, Y, Xy, . . ., Xp)
BHINOJTHEHO YCJIOBHE Ha HOCUTENb «a» TeopeMbl 4.3. To oberosi-
TeNbCTBO, UTO (X — Xx;) € Vi unu (y — x;) € Vi a1s Beex i,
caenyer HenocpeactBenHo u3 (3.11) u u3 Buaa Hocurens GyHK-

uu r,. OcTanoch Juub y6eautbess B ToM, uto /4 = 0 aas
(x—y?<oO.
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M3 coorHowenuit (4.9) u (4.10) nonyuyaem

Is(x,y, 2, ..)=1s(2 4y, x, ...)+
+I,(x, 2, y, ...). (6.10)

IIpeanonoxum, yro (x — y)><< 0. JleBass uacTb paBeHCTBa
(6.10), corstacHo TO¥ yacTH YC/IOBHSI Ha HOCHTEJb, KOTOpasl yxKe
JOKa3aHa, OTJIHYHA OT HYJS TOJNBKO B TOM CJyyae, €CJIu

(x—2) € V4 mmm (y — 2) € V4. is onpeneseHHCCTH Gynem
cunrath, uto (y — 2) € V4 (1pyro#i cayuaii- JoKasbiBaeTcs
coBepileHHO TakK 2xke). Torga Mbl umeeM (z — x) &_17+, no-
CKOJIbKY W3 YCJOBHH (2 — Xx) € V4 u (y — 2) € V4 caenyer,
uto (y — x) € V+, a 3TOT cJyyall He0OXOJUMO HCKJIOUHTh

no npexanosoxenuto. [Tosatomy /4 (2, y, x, . . .) = 0, TaK KakK
yeioBusi (z — x) € V4 nau (y — x) € V4 He HMEIOT MecCTa.
AHanoruuneiM obpasom 14 (x, 2, y, ...) = 0, NOCKOJNbKY

HU (x — y) € V4, HU (2 — y) € V4 He uMelOT Mecta BClOAy,
3a UCKArOHeHuem CosokynHocmu Yy = z [B cayuae (x — 2) € V4
COOTBETCTBEHHO COBOKYIHOCTH X = 2.

M3 storo  paccmMoTpeHHss  cjefyeT  BBLIBOA,  4TO
Is(x, 4y, 2, ..) =0 npu (x — y)?<<0, 3a BO3MOXKHBIM
HCKJIIOUEHHEM TOYEK X = Z WJH y = z. IIpu 3TOM B KayecTBe
nepeMeHHOH z Mbl MOTJIM Obl BbIOpaTh JIOOYIO MEPEMEHHYIO X;
B dyukuuu [, (X, Y, X4, . . ., X,). Takum o6pa3oM, Mbl MpH-
xoauM K BeiBoay: /g4 (x, y, X) = 0 qsa (x — y)*> < 0, 3a603-
MOJCHBIM UCKAIOMEHUeM MeX MOoYeK, 8 KOMOpbLx Kakaf-aubo u3
nenexenHuLx x; coenadaem aubo ¢ x, aubo ¢ y. Hano ewe uck.Jo-
YUTb 3Ty BO3MOXHOCTb, HO 3Ta MaJleHbKasi 3ajaya OKa3bl-
BaeTcsl HCKJIOUHUTENBHO TPYAHOH.

ITycte X1 u Xy — Be B3aUMHO JOIMOJIHUTENbHbIE NOACO-
BOKYITHOCTH II€PEMEHHBIX M3 COBOKYNMHOCTH X = {Xy, . . ., X, }.
PaccMoTpuM TOYKM, B KOTOPBIX Bce X; € X COBMajamoT C X,
a Bce x; € Xg coBnajawT ¢ y, npuuem (x — y)2 << 0. Bnosne
BO3MOXHO, uT0 QYHKUHA /4 (X, y, X) B 3THX TOUKAaX He paBHa
Hyao. OnHako CBONCTBa HOCHUTENs 7., T < O, TAKOBBI, UTO
HEHYJIeBbI€ BKJajbl B (YHKLHIO [ ; MOT'YT JaBaTh TOJbKO YJIEHbL

0o ~l
Iio (%, 4, X)y=—i D) 47 1o (%, 4, X)— Jina (4, X, X)1- (6.11)

=1
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[Mycts g (x, Yy, X) — JMHEHOE NMOANMPOCTPAHCTBO IpO-
crpanctBa o (¥, y, X), COCTOsllle€ M3 OCHOBHBIX (YHKLMH
¢ (x, y, X) c Hocurenem B obsactu (x — y)? << 0. Mbl xoruMm
JI0Ka3ath, 4To QyHKIHA [ 1 ; o6paliaercs B HyJb Ha fg. O6o3Ha-
yum uepe3 S (x, y, X) cyxenue ¢pyukuuu [, (x, y, X) Ha nox-
npocTpaHcTBO fs. OHO mpexncTaB/isieT o060l HempephIBHYIO
JIMHEHHYIO GOPMY Ha g, T. €. SABJSETCS 3JIEMEHTOM AYaJbHOro
0 OTHOLUEHHIO K of s IPOCTPaHCTBa 5. DosblinHCeTBO X0poiuo
M3BECTHBIX TEOPEM OTHOCHTENBHO NPOCTPAHCTBA o CnpaBef-
JIMBO TaKXe W ]/ NMPOCTPaHCTBa ofg, ObITb MOXKET, C HEKOTO-
pPbIMH OUYeBHAHbBIMH H3MeHeHUsiMH. CoOTBETCTBYIOIIME JOKa-
3aTeNIbCTBA MOXHO 3aMMCTBOBAaTh H3 OOCYXKAEHHs CJydas
npoctpaHcTBa o . B wacTHocTH, ocTaercsi cripaBemJIMBOH Teo-
peMa o CTpYKType 06001ieHHbIX QYHKLIHH ¢ HOCHTEIEM HA HEKO-
topom nognpocrpaterse (191, erp. 101, treopema 36). Bynyun
NnpUMEHEHHOH K Halled 3ajave, 5Ta Teopema M03BOJSET ycl1a-
HOBHUTb, 4TO S HMeeT BHJ

S (%, ¥, X)=§Tn(x—y)DXH 8 (x —x:) )U 6t (y—x:). (6.12)
L R

3mecb D — KoMOMHaLHs NPOU3BOAHBLIX 10 X; mopsijka |D |,
T (x —y) € F5(x,Yy), a CyMMHPOBaHHE CONEPIKUT JIHIIb KOHEY-
Hoe yncso useHoB. OGosHauuB 0;, = 9/0x}, dopmyay (6.12)
MOXKHO Iepenucatb B 6oJiee SIBHOM BHJE:

S(x, y’ X):ET;,%...]L(lxll.li...u&z...u&n(x_y)x
X Oty -+ - anuan)[i 8% (x — x1) Qzﬁ“(y—xi), (6.13)

rae o — KoMOuHauus HHAekcoB {o, ..., a,}. Beanuuna
ul,..

Tal"*" cUMMETPHYHA MO HHAEKCAM NPH (UKCHPOBAHHOM 3Ha-

YEeHHUH i:

i . ) )
PP V A A R A N
Ta 1 1 _—_’l‘a Bg Bo T,

®yHkuMAs S HHBapHaHTHA OTHOCMTEJbHO OrPAHHYEHHOI
rpynnbl Jlopenua. 310 3HauyMT, YTO NpPH (PUKCHPOBAHHOM O,
BenuunHa Ty (§) obpasyer KOHTpaBapHaHTHBIH TEH30p.
IloxaxeM, yTo Takas TeH30pHasi 060GLIEeHHAs GYHKIUS MOXKET
ObITb NpeincTaBjeHa B (opMe IPOM3BEAEHHS] KOBapDHAHTHOTO
NOJIMHOMA NO § Ha HHBAPHAHTHYIO OGOGLIEHHYIO (YHKLUHIO.
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Jlemma 6.
[Tycts T™'' "M~ (E)€ F5 npeoGpasyercss mnpu rmpe-
o6pasoBanusx Jlopenua A €L] no 3akony
N
rret Ay =] AUT N @®). (6.14)
i= i
Torna

THM: BN (B)=EM ... EMNT (), (6.15)
rne T (B)ESLs u

T (AE)=T (E). (6.16)

Ioxaxem 3Ty JeMMy cHavaja giast N=1. B stoM ciyuae
GeckoHeUHO MaJjibie npeobpasoBaHus (6.14) uMeloT Bup

MYTY (8)=T"(¢) (CyMMHpOBaHHS 1O v HET, W==v), (6.17)
rae

My =t"9, — "¢, (6.18)
Ea=gwt’, d=g",, (6.19)

a guv, g —Tensop MunkoBckoro. 3ameTuM, uTo TeH3op My
onpefieseH ¥ A/ PaBHBIX HHJIEKCOB, IpHYEM

My= —1 (cymMmupOBaHHsl HET), (6.20)
TaK 4TO

MET, ()= —T" (&) (cymmupoBauus Het). (6.21)
M3 ¢opmya (6.17) u (6.21) nonyyaem
T* () =5 MET® (), (6.22)

TI€ BHOBb HCNOJb3YyeTCs OOGLIYHOE YCJIOBHE CYMMMPOBaHHUf.
IToncraBasia Beipaxenue (6.18), nosydaem

T* () =4 BT (&) 44 0T (B), (6.23)
rune
Ty (B) = 8,T% (&)

T2 (8) = — &TV (B) (6.24)
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— HHBapHaHTHble O060OIIEeHHbIE (YHKLHH.

Ilo cux mop HOKa3aTeNbCTBO OTHOCHJIOCH B TOH e Mepe
K NpOCTpPaHCTBY o', KaK U K npoctpaHcTBy ofs. Hauunas
C 3TOro MOMEHTa, Mbl GyleM I0Jb30BaTbCsl TEM, YTO HMEEM
JieJ10 ¢ 06001IeHHBIMH GYHKIMSIMH M3 TPOCTPAHCTBA of 5. JIi06ast
HHBapHaHTHasi o6o6wenHas GyHkuus T (§) € s MoxkeT GbITh
npeicTaBieHa Kak o0oOlieHHasi (YHKUHS HWHBapHaHTa &2
¢ nomoubio caenyroouei npouenypsl [28, 29]. Ilycts ocHoBHas
dyukuus ¢ (§) € #Fs. Onpenenum

o= ¢ &+ 0 ) (6.25)

Oyukuus ¢ (T) IPHHALIEKHT NPOCTPAHCTBY o M MMEET HCCH-
Tenb B obsactd T << 0. OGo3HAUYUM MNpPOCTPAHCTBO TaKHX
OCHOBHBIX (yHKuMH uepe3d ofs (t1). Ilycts vy () — dyukuus
u3 kaacca C%, mpuuem v (t) = 1. Takue ¢yHKUMH CyIIECT-

Bytor. OGoGuieHHylo ¢yHKIuo 7 (T) Ha NpocTpaHcTBe of s (T)
MOXHO ONpEIeNHTb CJAEAYIOIHUM 06pa3oM:

(T 1e@®)=A(T® v o E). (6.26)

Gyukuus y (E) ¢ (§?) npunammexur s (£). C yuerom ompe-
nenenus (6.26) umeeM

(TE 1e®)= T |¢@). (6.27)

UYepty Haj dyHkuue# T MOXKHO TeNepb ONMYCTHTb U NEpPENHu-
caThb 3TO PaBEHCTBO XOTSl U B HEKOPPEKTHOM, HO B IOHSITHOM

BHJE.
T (8 =T (&Y. (6.28)
U3 ¢topmyasr (6.25) nmonyuaem
m@):g d*E8 (T-£2) 0,0 (8) =
= — [ it €) 0,8 (r-H-29)
=2 [ a8 (v4-8) Eao B).

Ora ¢yHKuus npuHapnexxur Fs(t), ecan ¢ € Fs (£). Orciona
cJelyeT B HallMX HEKOPPEKTHLIX O0G03HAYEHHSX

0,T (8) = 28,T" (89, (6.29)
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rie ¢yukuus T'(t) € Fs sABIsercs NPOH3BOAHOM (YHKUHH

T(7) € 5.
[Tpumensis stor pesyabrat K Tz, noaydaem u3 (6.23)
Tw (€) = E-T (§), (6.30)
rae
T (&)= T1(§)+T; (E) =T (&%) (6.31)

— HHBapHaHTHas 00oOweHHast QYHKIKS B' POCTPAHCTBE ofs.
Tem campiM Jemma 6.1 mas caydyass N = | nokasaHa.

s oblero cayvas jeMMa JOKa3blBaeTcsi HHAYKIueH no N,
IlpepnonoxuM, YTO 35Ta JeMMa CIpaBeljuBa JJIsi paHroB
I, ..., N—1. Iycre a®, ..., a¥ 1) — npousBojibHbEIE
4-BeKTOPH C KOBapHAHTHBLIMH KoMmmouentamu a’. Toraa

TN (g):aig . afLIL__:)T‘Li by (B

— KOHTPaBapHaHTHBIH BEKTOP, H II03TOMY €ro MOXKHO Npej-
craBuTh B ¢opme (6.30). Otciona cienyer, uto

Bi...p
-y TN ®E)

CYMMHUDPOBaHHUA IIO HeT
byt g (cymmnp Ry Her)

a) |
23
— MHBapHaHTHasi 0600MeHHas GYHKLHS, HE 3aBUCSAIILAS OT My .
(denenue 06o6ueHHbIX QYHKIMI U3 TpocTpaHCcTBa of 5 () Ha cTe-
neHd & He mnpeacraBiasier TPYAHOCTH, MOCKOJbKY OCHOBHbIE
GYHKUHH U3 ofs 06pallaloTcs CHIBHO B HYJb B Touke § = 0.)
Ho B sToM cityuae

T BN )
gy

=TH1 - PNt () (6.32)

-— KOHTpaBapHaHTHbIH TeH3op padra (N —1) [30], koTopsii,
YYHTBIBasl THIOTe3y HHAYKLHH, MOXeT GbITb 3alHCaH B BHIE

TH - N-t (B)=EM .. EMN-IT (B2). (6.33)

M3 (6.32) u (6.33) HemenenHo caenyer npencrasienue (6.15).
-H3 paBenctBa T (§) = T (&%) Jierko BbLIBECTH

T(® =T (-9, (6.34)

T. €. Besikas o6o6uennas pyukuus T () € F5 (), uaBapuant-
Hasg OTHOCHTEJNIbHO npeobOpasoBaHuil rpynnsl L], aBrOoMaTH-
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yeCKM HMHBapHaHTHA M OTHocHTeqbHo PT-onepaunu §— — §
[28, 29]. Mmest sT0 B BHAy, moayyaeM u3 (6.15)

TH BN (—E)=(—1)"TH "N ().  (6.35)
Ilpumensis sror pesjmbTaT K BbipaxeHnuto (6.13), Buaum
S (—x, —y, —X) = S (x,. 4, X). (6.36)

OcTaBIUyiocsi 4acTh 3TOH IVIaBbl Mbl IIOCBATHM IOKa3aTellb-
ctBy coorHolleHust CPT-uHBapHaHTHOCTH

S (—x, —y, —X) = =S (x, y, X). (6.37)

CpaBnenue (6.36) u (6.37) mpuBemer TOraa K JKejlaeMOMY
pe3yJbTraty
S(x y, X)=0. (6.38)

JokasarenbcTBo cooTHolleHHsi (6.37) Hesnb3si  HpOBECTH
OObIYHEIM 00pa3oM, HCXOASl TOMbKO M3 CBOHCTB C-UHCJIOBBIX
06001eHHBIX QyHKIHH g U [ 4. Heo6xoaumo npozpenarb mopsi-
JIOYHBIA OOGXOAHBIA MyThb Yepe3 ruJIbOEPTOBO MPOCTPAHCTBO .
B Harpany 3a S5TOT TPyA MBI IIOJYYHMM, NOMHMO COOTHOLIE-
Hus (6.37), obuiee nokazaresnbctBo CPT-HHBapHAHTHOCTH pas-
BHBaeMoro sjziecb Gopmanusma.

Hawm norpeGylorcsi obobuweHHble 3anasapiBatomye GyHKIHHE
gy, TO3TOMY CJIelyeT KpPaTKO paccMOTpeTb, KakHM 06pasoM
KO3(pGhUIHEHTEl HX pPa3JjioXkeHHsA g,, ; MOXKHO BBIYHCJIHTD
MCXOAs U3 GYHKUHME 1. YpaBHeHHe NOJHOTH (2.68) B Teopuu
BO3MYLIEHUH HMEeT BHJ

0o o-1 l

o (X)—gv.o(X)=—i 1+ S TI (dus do} K (U—V)x
1

1=1 1=1
X ga,v(Xr; U) gf, o-v(Xr, V). (6.39)

[TpeanosnoxuMm, 4To Bo Bcex NopslKax T << ¢ Bce QYHKLUHH
gy, « usBectHol. Torza ¢ nomouipio (6.39) MOXKHO BBIYHCJIHTB
BEJIHYHHY g, ¢, €CJIH HaM H3BECTHA BEJHYHHA gy, ¢. Haunnas
C M3BECTHOH (YHKUHH Iy, TaKHUM IyTEM MOXKHO IIOCJIEJ0Ba-
TeNbHO BBIYMCJAHMTH BCE BeJNMYHMHBI g, 5 lcM. cooGpaxenus,
npuBoasmue X ¢opmyae (2.63)], koTroprie paBHbI cymMMe (BYHK-
LIMH 7y ¥ HECKOJbKHX YJIEHOB npaBo#l yactu dopmyasl (6.39).
CymectBoBaHue yHTErpasos B (6.39) Gyzer fokasaHo B Il 7.
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BennuuHbl g,,, ; OKa3bIBAIOTCH BeleCTBEHHBIMU. Toria ¢ nomo-
mpio pasnoxenus (2.69) Mbl MoxkeM omnpegesutb 0. 3. ¢.:

Guo () =gu oK)+ 7 | dus...
=1

ceoduggh o (X; U) s A™ () oo A™ (uy) ;.
(6.40)

3aMeTHM, 4YTO B JIIOOOM KOHEUHOM NnopAnKe ¢ OTJIHYHO OT HYJIA
TOJIbBKO KOHEYHOE€ 4YHCJIO BEJIHYHUH gﬁ, ¢y TaK 4YTO CyMMa IO l
anKTI/I‘-IeCKH COIEPKHUT TOJIbKO KOHEYHOE YHCJIO YJIEHOB.

in

B ra. 2 [dopmyna (2.40)] Mbl BBenH npocTpaHCTBO L
in-cocTosiHMH KOHEYHOTO YMCJ/A YaCTHL, BOJHOBbE (PYyHKUUH
KOTOPBIX — 3TO (PYHKLMH M3 NpocTpaHcTBa Hg, HempepbiBHbIE
B cMmbicjie T'énppepa. B caenyiomeil rsiaBe Mbl NOKa)KeM, YTO

BeJIMYHHBL gf, ; YHOBJIETBOPSIOT cBOHcTBY B Teopemsr 2.1.
Orciona canenyer, yto dynkuus G, , onpejgeseHa Ha MpoCTpPaH-

ctBe L' M ee MHTErpas ¢ OCHOBHOM dyHKuMel ¢ (X) oToGpa-

XKaeT mpocTpaHcTBo L' B Ly ¢ & < e.

U3 ¢dopmyan (2.44) u (2.50) MBI noaydyHM cienyioliee npea-
cTaBJ/ieHHe A/l Ko3(pUIHEeHTOB pasJioxeHus: noisi A B Teopun
BO3MYILEHHH

[

As (x)= ) S Tll-du1 v.oduydy x

=1

X Ap(x—y) 1o (4 U) :A® (u) . .. A™ (uy): . (6.41)

JokaxeM cjelyOILyl0 TeopeMmy.

Teopema 6.2.
CrpaBe[JIUBBl CJICAYIOLWIME YTBEPKIACHHUS:

1. tgo [A: (%), Ao—< (y)]=0 npn (x—y)* <0, (6.42)

o
20 (G« (X)s Gy,0-¢(y)]1=0, ecu (x;—y;)? <0 nas
=

Beex x;€X, y;€Y. (6.43)
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2. CyuiecTBYIOT aHTH/IHHElHbIE onepaTopsl O, onpe-
JeNeHHBE Ha IpPOCTpaHCTBe 5, oTpaxaomue Ly
B ce6sl H YJOBJIETBOPSIOIHE YCJIOBUAM

g 1 npu 0=0,
é]o @1:60-1::{ 0 npn 0> 0, (6.44)
g (D, ¥)* npu =0, in
30 0 m={"" " O o vl
(6.45)
2 @1;'0",, T (xi, ey Xn) @1;»1:
T4 v =0
=Gy o(—X1 --vy —Xn),  (6.46)
o.0—(2 mpno=0, 6.47
g —{0 npu ¢ > 0. (6.47)

Onpeznenenne G, MOXHO HaHTH B TVI. 2.

[lepBoe yTBepkIeHHE TeOpeMbl YCTAHABJIHBAET JIOKaJb-
HocTb nosist A (X) U aMIyTHPOBaHHBIX 0. 3. 1. Bropoe yrBepx-
nenne ycraHaBnuBaer CPT-unBapuaHTHOCTh Teopud. Omepa-
Tophl ®, — 310 KO3dduuHeHTH pasioxkenus CPT-oneparopa
©, BBeneHHoro B ri. 2. @opmynasl (6.44), (6.46) u (6.47)
SBJSIIOTCA aHAJOraMH B TEOPHHM BO3MYILEHHH 0OmuX (opMyJ
(2.72), (2.76) u (2.73) cooTBercTBeHHO, a ¢opmyna (6.45)
YCTaHaBJMBAET AHTHYHHUTApHOCTb omeparopa ©.

Iokaxem 3Ty TeopeMy MO HHIYKUHH OTHOCHTENbHO HOMepa
0. OyeBHIHO, YTO OHA BBLINOJIHAETCS B HYJIEBOM IIOpPSiIKE, KOTJa

Ao (x) = An (x), (6.48)

a O, — CPT-onepatop cBoGoxHoro moasi Aln(x), npuuem
B0l (x) Oy = Ay (—x), (6.49)

0% =1, (6.50)

0,Q = Q. (6.51)

[TpenmonoxkuM Temepb, uYTO Teopema 6.2 crnpaBejHBa
BO Bcex nopsiakax t << ¢. M3 ycsoswuit (6.46) u (6.47) nonyunm

é}h T (X) = g_p, T (_X) (6.52)
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I[pyroe CJIEICTBHE npeﬂnonaraeMoﬁ CIpaBeAJIMBOCTH TE€OpPEMBI
B HU3LIUX MNoOpAAKax COCTOUT B TOM, 4UTO

": .
At (x):tzo 0, A™ (—x) Oy (6.53)

NpeACTaB/sieT COO0H KO3(phULUEHTH pPa3/oxKeHHs1 CBOGOLHOrO
noss, T. e.

iA(x—y) mpu =0

d out out
g [Av (y)]—{ 0 npu 0<t<o. (6.54)

®@yukuuio Gy, ¢, T<< 0, MOXKHO pas/JOXHTb B psl MO IO-
asm A", ByneM MCXOAHTh W3 Pas/IOKeHHS (6.40) nns dyHK-
uun Gy, <

M 8

T S AU «(— X, U): A™ (uy) ... A™(w): .

Gu-r(_x):
1

Il
(=]

OTciona, MoMb3YsCh BEleCTBEHHOCTBIO GYHKIHUH gy ¢, TMOJYYHM

S 0Gu e (—X)0w=3 1 3 Sde

T Tr=t l Tt =1

Xgh o (—X,U)Op: .. A () ... : O

[ngs

[Tpumensisi nocsefoBaTebHO K NMpeoOpa3oBaHHIO IpejbiAyLIeH
¢opMyabl cootHowenus (6.46), (6.44), (6.53) u (6.52), noay-
yaeM M3 Hee pasJioXKeHHe

Gy, (X) = 2,, > [ avg e (—x;0)x

TT="1

(¢ TLA™ (=)o
1

]
=S+ 3 S dUgs,+ (X; U) (: TT A™ (@) e (6.55)
! 1

/_l_.‘//:.l:
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PaccMoTtpum BhIpaxkeHue
o—1

Hyyv o (X, V):é1 Gy« (X), Gy,0c(Y)l,  (6.56)

rie X = {xy, ..., x}, Y =Ay,, ..., Yym}, B TOUKEX, riIe
COBOKYIHOCTb TepeMeHHbIX X MOJHOCTBIO NPOCTPAHCTBEHHO-
noJ06Ha COBOKYNHOCTH Y, T. €. BCe NepeMeHHble X; MPOCTpaH-
CTBEHHONOAOOHB! BceM mnepeMeHHBIM yj. Ilpu T = 0 uJseHsl
C UHJIEKCOM O B 3TO (opMyJie He TOSIBJSIOTCS, MOCKOJBKY
¢yukuus Gy, o (Y) obpaiaercsi B HyJb pu m 7= 2 U SIBJSIETCH
c-udcsioM npH m = 2 B cuay dopmyast (3.5). Ilyers dyHKuMH
Gy (X), Gy (X) npuHapiexar [BYM CMEXHBIM n-siuefikam
Cy, Cy», TaK uTO
GM' (X) - Gll” (X): —i [Ga (XL)1 Gﬁ (XR)]9

rre Xp U Xp— JBe B3aMMHO JONOJHUTE/bHbIE IOJICOBOKYII-
HOCTH W3 COBOKYNHOCTH INepeMeHHBIX X. C NOMOMIbIO TOX-
JectB SIKOGH MOXKHO MOJIYYHTH

o-11-1

Hu’v, o Hu”v. 6:i121 121 {[[GB. L (XR)’ Gv. 0-T (Y)] X

X Ga, T’ (XL)]+[[Gv, o-7T (Y), Ga, -1’ (XL)L Gﬁ, T (XR)]}-

Ho 0 — v << 0, Tak 4to BHYTpeHHHe KOMMYTAaToOpbl obpa-
IAIOTC B HyJab IO TUnoTese MHAYKOUH. [losTomy

Hu’v, o (X» Y) = Hu”vv o (Xv Y) (657)

JJ/Is1 COBOKYNMHOCTH X, KOTOpPasi MOJHOCTBIO NPOCTPAHCTBEHHO-
nono6Ha coBokynHoctd Y. TlockosbKy Jrobbie JBE n-sueHKH
Cyu 1 Cy» MOXHO CBf3aTh APYT C JPYrOM LEMNOYKOH CMEXHBIX
n- ﬂqeeK, TO MOXHO MOKa3aTb, 4To (yHKuus H,,, ¢ (X, Y)
B 3THX TOYKaX HE 3aBHCHT OT YacTHOro BbiGopa o. 3. m. G.
AHaslorHuHOE yTBEpXKIEHHE CIPABEIJMBO U 1JIs BTOPOIoO MHO-
xureqas G,, Tak 4TO

o—-1 o—-1 _ _
Huv.o (X, Y)= 3} [Re (X), Roe ()= 2 [Re(X), Ro-xz(V)):

(6.58)

Ho dyukuusa R (xy, . . ., %), T << G, MIM€ET HOCUTE/b B 00/1aCTH
(g — %) €V ..o, (xy— xn) € V4, a OyHKUHST Ry HMeeT
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HocuTesnb B obnactH (x; — X)) EV_, ..., (xy —x,) EV_,
TaK 4TO HOcHTeNb GyHKuuM H,,,, cocperoroyeH B o06nacTH
Xy = ... = X, W aHaJOrHYHO B 00JaCTH Y3 = . = Um.

1o o6o6me1-me NOJYYEHHOTO paHee pe3yJsbTara o HocuTene
dysxunn 1.
BBeznem BesnunHy

huv» o (X’ Y) = (0 I Huva [ (Xv Y) IO) (659)

Ha Bpemss GyneM cuutarb, 4to rpynnbl nepeMeHHelXx X H Y
He SIBJISIIOTCS B3aHMHO NPOCTPAHCTBEHHONOAOOHBIMH, H BBIYHC-
JIUM BeJMYUHY Ay, o (X, Y), noncrasnsis B Hee passioxKeHHE
(6.40) no in-nonsim ans dyukuuit G, ¢ U Gy, 5_,. Coraacso
Teopeme Buka, oGbluHBIE NPOM3BENEHHS HOPMAJBHBIX IPOH3-
BEIEHUH : . . . ! MOXHO NPeICTAaBUTh B BUAE CYMMbl HOpMalb-
HBIX NpousBeneHHH. B pe3ysbrare BO3HHKAIOT OOBIYHBIE COOT-
HOILIEHHUS MOJHOTHI, MOAOGHBIE TEM, YTO BXOJSAT B NPaBYIO 4acTh
¢dopmybt (6.39). (Ormerum, yto camut GyHKUMH g, ; TOCTPOE-
HBI TaK, 4TO MOCJefHee Bceraa JOKHO MMeTb Mecto.) OKoHya-
TEJILHO TOJyuaeMm

8

o—1

s (X, V)= —1 3 1= ) [ dUVK U —V) i «(X: U) %

-}
et

1=1 =1
X gv,o—2(Y; V). (6.60)

Ecnu 6ul MBI ucxomunu U3 passoxenus (6.55) no out-nossam,
TO TOJYYUIH Obl aHAJOrHYHYI0 GopMyJTy

Ay, o (X :Y)=
o—-1
=—i S 3 [ dU VK U—V) i, «(X; U) gusoe (V3 V).
l =1

[Tonb3ysich yesobueM (6.52) u antucumMerpueil Benuunnbl K

K'(U—V)=—K (=U+V),

nosiyyaeMm
' o-1
. 1
b, (X, V=i N1 3 [ dUav x
1 o=t

PaS KZ(U"‘V)EEJ(—X; U)§$, o-r(—y§ V>,
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4TO, COrJacHo cooTHoweHuto (6.60), ecTh He YTO WHOe, Kak
by, o (X5 Y)=

o—1
=— 2 0[[Gp<(—X), Guox(=1)N0). (6.61)

Eciu ke Tenepb BHOBb NOTpe6OBaTh, YTOGH! I'PYIINbI [IepeMEH-
HoiX X ¥ Y ObulH npocTpaHCTBEHHOMOAOGHBI, TO, MOJB3YSICh
BolpaxkeHueM (6.58), mosyuum cooTHolIEHHEe

2 © | (R (X)’ Rs_: (Y)] I 0y=
= —2 0| [Re(—X), Roc(=Y)1]0). (6.62)

Bynyuu npencrasneno B dopme (6.60), OHO SIBJISIETCSI HCKOMBIM
cootHoueHueM (6.37).

TakuM o6pa3oM, MBI HallIH HeZOCTAlOllee 3BEHO AJs Mo-
CcTpoeHHsi (GYHKUMH r, — JOKa3aTeNbCTBO CHpPaBEJHBOCTH
YCJIOBHSI Ha HOcHTeNb «a» TeopeMbl 4.2. [TosTomy dyHKuMIO 74
MOXXHO Telepb BBIYHC/IUTB, KaK Ipeasarajocb, ¥ oHa GYAeT
06/1a1aTh BCEMH HEOOXONMMBIMH CBOMCTBAMH H, B YaCTHOCTH,
NpaBHIbHBIM HocuTeseM. B stom cayuae G, ; 1 A, MOXHO
COCYUMTATh MCXoAsl H3 pasnoxkenuit (6.40) u (6.41). dyunkuus

Rs (x4, . ..., x;), onpenenenHas B (6.40), uMmeer HoCHTENb
(X —x;)€Vy, i=2,..., n ¥ YIOBJIETBOPSET COOTHO-
LIEHHIO

Ro(x1 y7 X)_RO’(.’/’ X, X):
o—-1
=—i LE}} g] [R:(x, X1), Ro-c(y, Xgr)l. (6.63)

IlocnenHee yTBEpXKIEHHE MOMKHO JOKa3aTb TEM K€ IYTEM,
KakuM Obl1a JokasaHa ¢opmyna (2.46). 3nech, KakK OGBIYHO,
X1 u Xy — JBe B3aHMHO JIOTOJIHUTEJbHBIE NMOJICOBOKYITHOCTH
M3 COBOKYMHOCTH nepeMeHHBIX X = {xy, ..., X,}.
PacemorpuM cootHolenue (6.63) B Tex TOUKax, B KOTOPBIX
s yactHoro pasbueHnsi X = Xy |J Xp ZB€ COBOKYIHOCTH
nepemeHHbIX {x, X} n {y, Xg} NOMHOCTBIO MPOCTPAHCTBEHHO-
nono6Hel. B aToMm ciyyae Bce ysieHbl B mpaBoit 4acTH ¢Gopmy-
Jbl (6.63) obpaiialoTcsi B HY/b, 3a HCKJIOYEHHEM, ObITb MOXKET,
yJleHa, OTBEYAIOLIEro 3TOMY HYaCTHOMY pa3GHEeHHIO [Bblpa)l(e-
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Hue (6.58)]. Ho neBasi yactb (6.63) o6paiiaercsi B HyJb B CHIY
CBOHCTB HOCHTEJSI GYHKUUHU R ;, TaK UYTO U 3TOT KPUTHUECKHH
usieH Takxke obpaiaercsi B Hyab. Otciofa cienyer, 4To COOTHO-
wenue (6.43) nokasaHo AJs yactHoro cayvas G,= R, G, = R,
a B cuay (6.58) oHO cripaBeNIMBO W JJ1s O6LIEro caydasi.

Kak yxe otrmeuasoch npu obcyxnaeHun copmya (2.50),
«neamnyTauusy GYHKUUH r (a Takke QyHKIHM R) He MeHser
Hocutesst. IlostoMy u3 cBOHCTB Hocutenss R, (X, y) U TOXK-
JIeCTBa

[A(x), A(9)le=RE*™ (x, y)—RF*™ (y, x)  (6.64)

caenyer cootHotenue (6.42).
O6patumcsi Teniepb Kk CPT-yactu Teopembl 6.2. Ilpexncras-
JeHue BuJa (2.64) MOXKHO, B YaCTHOCTH, NMOJYYHTb U A5 (PyHK-

uiu R (x, Yy, X4, ..., X;). Ilocse HEKOTOpHIX MPOCTHIX TNpe-
06pa3oBaHUil OHO NMPHHHUMAaeT BUJ

E(x9 y1 X)——‘—R(!/, x'l X)"l‘zé_icai---a X

1

X [ . [R (y’ X, XOH)’ R(Xa2)]’ AR R (Xal)]° (6‘65)

Tak xe Kak H BCe aHaJOTHUHbIE aare6pavueckue COOTHOLLe-
Hus, (6.65) cnpaBemJMBO B NMOpSIAKE O TEOPUH BO3MYLIEHHH.

U3 u3BecTHBIX CBOMCTB HOCHTeNs QYHKUHH R . cienyer, uto R4
obpaiiaercss B HyJb BHe obsactH (x — y) € V_. Beaencrue

cummerpud R, (¥, Xy, ..., X;) OTHOCHTEJbHO IE€peMeHHbIX
Xiy « .., Xp (KOTOpPAsi ONAATb-TAKH CJEIYeT U3 CHpPaBeLJIHBO-
CTH TeX Ke aJjreGpauyecKUX COOTHOLIEHUH) HOCHTENb (PYyHKIMH

R, (v, X) u TeM caMbM HOCHTENb QYHKIMH 4 (X, X) npHHAL-

JeXuT o6aactu (x — x;) € V_ nas Beex i.
Yacrhblit cnyuait dopmyast (2.62) paer

_ o—1
R (X)=Rs (X)+i a?ﬂ Cap Ei [Ga. « (Xa), Gs, o—: (Xp)1=

o-1
=R; (X) +i ot,zﬁ Caf 121 [Ga. T (Xa): Gﬁ. 0-1 (XB)] (6~66)

C BeleCTBEHHbIMU K03((HIMEHTaMH Co 5. OOpa3ys BakyyMHblE
CpeAHHEe H NOJb3YSCh H3BECTHHIMH CBOMCTBAMH ONeEpPaTopoB
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0., T<<o [bopmyan (6.44) — (6.47)], monyuaem
;0(_X):ra(_X)+i 2}300432(0“6@1(—)(&),

’

Gr.o-c (= Xo) [0 =ro (—X)—i 3 cap
X 2; <0 I [6:11 (Xa)7 G_B 0-1 (XB)] | 0):

=r6(“X)+f0(X)_70(X)1
GTKYy/a
M(X) =re(X) =16 (—X) = —ro (—X) + 15 (X) =
=—M(— X). (6.67)
d)yHKLmﬂ M (X) umeer Hocutenp B obiacté (x; — x;) € Vi,
[ =2,..., n, 1ak uto ycnoBue (6.67) orpaHu4MBaer HOCH-
Teb M TOYKaMH Xx; = Xy = ... = X,. Kpome Toro, ¢yHk-

uus M MHBapHaHTHA OTHOCHTEJBbHO Npeo6pa3oBaHMi U3 TP Ykl
Ilyankape, Tak 4to

M(Xy=D igz 8% (X1 — X3),

rie D — uHBapuaHTHBIA auddeperLanbhbiii onepartop. Ho
ato o3nauaer, 4to M (X) = M (—X). Ilocnennee paBeHCTBO
npotuBopedut ycjaoBuio (6.67), 3a HCKJOUEHHEM CJydasi,
korna M (X) paBHo HyJ0. [Tostomy

ro (X) = rg (—X). (6.68)

M3 paBencrBa (6.68), BbipaxkeHus (2.63) B Teopuu BO3-
MYLICHUH

Guo (X) =R (X)—i azé ¢t [Go (Xa), G (Xp)ls (6.69)
U TOro K€ BhblpaxeHus nocse faefictBuss CPT-onepartopa

QMhEmwg%@m»QMh@m

nosiyyaeM ¢ nomouibio (6.61) Gostee obuiee cooTHoLIEHHE
gu. o (X) = fgu. o (_X),
T. €. yc/oBHE (6.52) B nopske ¢,
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Haxkonen, nokaxem cyiiectBoBaHue onepatopa ©,. Omnpe-
IenuM JHeficTBHe oneparopa © ; Ha Bekrop Q corsacHo (6.47):
0,2 =0. (6.71)

B Gosee o6mem ciayyae Mbl onpenesnum

B54 (x1) ... Ay (xn) Q=
= 2 Aq(—x) .. Ag (—x2)Q—

i=0

— 2 D Ooidy(xy) ... A ()R (6.72)

=1 Jr;=1
310 onpesesieHHe MOCTPOEHO TaK, YTO

[EA(x) ... A(x,) Bl,Q =
=[A(—x) ... A(—x)]Q. (6.73)
Bsenem o6o3Hauenue

A, (X)= D A (xy)... A, (x2) (6.74)

2 =1

M BbUMCAHM C noMowpio (6.50) M runoressl HMHAYKLHH
T

Z ©.0,_ =0 Bupaxenue i 0 <1< o
=0

o [0}
12(.) B5-:0:4, (X) Q= 21 QoA (—X)Q—
= T=

o T

- 2 1@)0—1@1:—1'141:’ (X)Q:Aa (X)Q_‘

=1 1=
— 3D Q8uAr (X) Q=4 (X) Q— 44 (X) Q==0;

|
>0 11+Te=0—7

TeM caMbiM foKasaHo (6.44) B nopsike o.
[Tycte B:(Y) nmeer Bugp (6.74)

B, (Y):Z D A (1) - - Ay (Ym)- (6.75)
: Ti=t
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Kak Ham y»e M3BECTHO, YCJOBHE JIOKaJbHOH KOMMYTAaTHB-
HOCTH B Nopsike o BhNogHsercs. Ilostomy ¢ynkunu Bair-
MaHa

Wo(xs, - oy Xny Yty -0y Yn)= Tgo (0]A<(X) Bo—:(Y) ] 0) (6.76)

JokaJbHEl. KpoMe TOro, OHHM JIOpeHH-HHBAapHAHTHEI H o06ja-
JIal0T JOKHBIMU CIIEKTpasbHBIMU cBoiicTBaMu. [Tostomy cnpa-
BegnuBa CPT-teopema Mocra [13, 14]

W, (X, Y) = W, (—Y, —X). (6.77)

(CoBokynHocTH X, Y cojepKaT NepeMeHHble COBOKYMHOCTER
X, Y B o6parHom nopsake.) M3 ¢opmya (6.77) u (6.73) cienyer

(A(X)Q, B(Y)Qe=(B(—Y)Q, A(—X)Q)e=

—(6B(V)2,04(X)Qo=_3 (6:,B4(Y)Q, 8,4, (X)Q).

i T=0

Has t,+71350 c nomompio npexmosoxenusi (6.45) 3nech
MOXHO NPOCYMMHpPOBaTh IO Ty U Tz H MOJYYUTh

g (0.8, (V) R, By_do (X)Q) +t2 (A (X)Q, Boe (V) Q)=

=2(4:(X)Q, Bos (¥) Q),
HJIH

S (0:Bo (V) R, Og_Ay (X)Q) = 0;

Tem cambiM n0ka3ano (6.45) B nopsizke a.

[Tony4yeHHBIX Pe3yJbTaToOB JAOCTATOYHO JJIS NOKAa3aTeJbCTBa
cooTHoluenu#t (6.54) u (6.55) B nopsizke ¢. [lostoMy, mosnb3y-
sicb ¢opMyaioit (6.52) (crmpaBenIMBOCTL €€ B MOPSAKE G YiKe
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JOKa3aHa, HMeeM

66, (X)Olo=N o S dUgt v (X; U) O X

1 T =0

l
<[ A"y 0= - 3 | dUgl,«(X; —U)x
i=1 l T +1"=0
l

X [:HA"“t(u,-):]t”:

1
l
S [z, (=X O[T A @], =
'+17=0 1

:GTL.G(—X);

1
=27
l T

TeM caMbiM JoKasaHo (6.46) B nopsiake o. Takum oGpasoM,
IIOKa3aTeJbCTBO TeopeMbl 6.2 3aBeplueHoO.
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CYIIIECTBOBAHUE PEWIEHUN

Hawm npencrour paccmorperb emie ogHy npo6iemy, pelue-
HUE€ KOTOPOH MBI JOJITO OTKJIAABIBA/IH,— NPOOJIEMY CYLIECTBO-
BaHusag ¢yHKuMuH [, ns storo Heo6XoQuMO JHOKa3aTb, YTO
pelleHHs r;, NOCTPOCHHBIE B NPEAbIAYIIUX IJaBax, YAOBJETBO-
psitor yciaosuio B teopemnr 2.1. Ho Mbl nokaxem paxe Gosee
CHJIbHOE yTBEpIKIEHHUE.

BepHemcst k ompepeneHHI0 npocTpaHcTBa g, NAHHOMY
B M. 2, MU ciuerka ero o6o6uuM. Ilyetb ¢yHKUHH
f (g, ..., Un, Uy, ..., Um) HENIPEPHLIBHBI B cMbIC/IE [ €npiepa
C HHIEKCOM € MO BCeM IiepeMeHHbIM. DyneM roBoputb, uTO
GYHKUMH f CHIIBHO YGBIBAIOT N0 NMEPEMEHHBIM U3 COBOKYITHOCTH
U v MeasieHHO BO3pacTaloT MO NMepeMEeHHbIM W3 COBOKYMHOCTH
V, ecau 17151 BceX HEOTPHULATEIbHBIX LEJbIX Yuces N cylmecTByer
BeJIHYHHA

. ‘ N
S (F1V)=Sup {(AHIUP" [IF (-0 om) |+
1Al<4,
lf(ui+aiv LR EY un+an, vi+an+b e ooy Um+an+m)—‘

+ _f(ull’jiiz-v Um) | ]} (71)

1 OHa TOJIHHOMHAJbHO OrpaHHYeHa MO NEepPeMEHHLIM H3 COBO-
KynHoctH V. 3nech Ao — npou3BosibHasi, HO GUKCHPOBaHHasI
noJloxkHUTeNbHAasl mnocrosHHasi. Hanomuum, uyro |4 |2 =
= 2| a; 2. TIpoctpancTBO QYHKIHI, YAOBAETBOPSIOLIUX 5TO-
My ycJoBHIo, 6ynem o6osnauate He (U; V). Tlpu V = £ 310
NpOCTO HCXOAHOE mnpocTpaHcTBO He (U).

InaBHbIA pesyJbTaT 3TOH IJIaBBl MOXKHO COPMYJTHPOBATH
CJeNYIoIHM 06pa3oM.

Teopema 7.1 .

DyHKUMM gy, s NOCTPOEHHBIE B M. 3——6, CyllecTBYIOT
Kak 0000lleHHble ‘DYHKIUH yMepeHHOro pocra. Kpome
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TOTO, €eCJ/H

F(Rey «ovos By Pty vy PBy Gy v vy GQyy Uty « oy Usy Ugy oo
e Q) EH(K, P U P, Q V), e<,

TO (YHKLHSA

v B
TP, Q U, =TI x(—g)) | dKaP T x(p:) x
i=1 i=1
X gu. oK, P, QF(K, P, Q U, V) (7.2)
CYILIECTBYET H IPUHAMEXKUT TpocTpaHcTBY He(P~,Q,U; V)

ans mobbix g’ << e Caywaitk a =0, B+y=2u3
pPacCMOTPEHHUs] HCKJIOUaeTcs.

Onpenenenne ¢yHkuuu % AaHo B 1. 2 [dopmynsr (2.41)
i (2.42)]. 3aBHCHUMOCTD OT MepeMEHHBIX p; BO BCEX MHOMKHTeE-
JAX TMOABIHTErpasbHON uYacTH ¢opMmydbl (7.2) ciaenyer noHH-
Marb B CMBICJIE 3aBHCHMOCTH OT P; H pi = p;o — ® (p;), a. He
KaK 3aBHCHMOCTb OT P; U Pjo. IpyruMHU cloBaMHu, HHTETPUPO-
BaHHE MO p; cjenyeT GaKTHUECKH BBIMOJNHATh [0 pPi, OCTABJSS
aprymMeHThl p;o nocrosHHbIMH. Beanunna P~ B (7.2) o6o3Ha-
yaeT COBOKYIHOCTb INepeMeHHbX (p7, ..., pg). [lopsnok
MepeurcsieHusi pPasJHYHbBIX apryMeHTOB B (YHKIUHH gu, o
He CYIIeCTBEH, B YAaCTHOCTH NepeMeHHble k; Heo0si3aTeNbHO
nucath Bnepeiu u T. n. Teopema cnpaBesuBa U B TOM CJy-
yae, KOIJIa COBOKYIHOCTH IepeMeHHBIX P U @ mnoMeHsIOTCA
poJIsIMH, TaK YTO HHTETPHPOBAHHE NPOHU3BOLHUTCS 110 MEpEMEH-
HBIM, JI€XKAaIUM BOJIM3H OTPHLATEJbHON MacCOBOH IIOBEPXHOCTH.

Mhm1 okaxkeMm TeopeMy METOIOM HHAYKLHH Mo ¢. B kauecTBe
MepBOro 1lara TaKoro JOKa3aTeJbCTBa YCTAHOBUM OCHOBaHHe
HHAYKLIHH: JOKaXXeM TEOpeMY 8 nepsom nopsoke.

Bee pyHkuuu gy, (%4, . . ., X) C ONHUM H TEM 2Ke UHCJIOM
apryMeHTOB n OIMHAKOBBl M omnpenessiorcs dopmyJoit (4.6).
B rteopun THna (u, v) OTVIMYHBI OT HYJS TOJBKO W-TOYEUHbIE
(YHKUHH, KOTOPBIE B p-POCTPAHCTBE HMEIOT BHJ

Gui (1, - - p) =6 (pr+ ... +p) &F(pr, ..y Py,
(7.3)

rie & — NMOJHOCTBIO CHMMeTpHYHasi WHBapuHaHTHast ¢opma
creneny v. HyxHo nokasatb, uTo 3Ta oGoOIEeHHas (YHKLHS
oGnafaer CBOHCTBOM, COPMYJHPOBaHHBIM B TeopeMe 7.1
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Bynem pasnuuarth 1Ba cayyasi.

Hepseui cayuaii: o > 0. HerbipexmepHas 8-¢pyHKuus B dop-
myJsie (7.2) nosBoJisieT NPOBECTH HHTETPHPOBaHUE IO NepeMeH-
HoH k,. B pesysabraTe nosyuaem

TP, Q U, V)= S dR dPfo(R, P, Q,U, V),  (7.4)
rie K={k2, voy ko) M
fo(K, P, Q, U, V)=llx(—qf)Hx(pf)3‘(K, P, Q) x

x f(K, P, Q, U, V)l v - (7.5)
hi——Zh—Zp] ;qh
W3 cBoiictB  Hocutenst QyHKUMM ), cjaeayer, uto fo €

€ He (K, P-, P, Q, U; V). ITostoMy dyHKLHs f cymecrByer,
BCIOAY HeﬂpepblBHa ¥ NIpH GUKCHPOBAHHBIX NMEpeMEHHbIX U3 CO-
BOKYITHOCTH V ObICTpO yObIBaeT 1o BCEM CCTa/JbHLIM IepeMeH-
HbIM. OnpenesinM BeTHYUHY

=2 Ap; l2+; | Ag; |2+§3 | Au; P42 | Av; 2
J J
¥ TIPOM3BEJeM OlLleHKY

|F(P~4AP~, Q4-AQ, U4-AU, V--AV)—F(P~, Q, U, V) |<

<S dR dP | fo(R, P, P~-AP~, Q+AQ, U+AU, V4+AV)—

—fo (K, - s VYISH Syiae (fo|V) (14 PP+ Q P+ U ™Y
x [ dR ap (14| K P PP

[TocnexHuii HHTErpaJ CYIIECTBYET AJIst JOCTATOUHO GoJbLINX M.
Orciona caepyer, uto f € He (P~, Q, U; V), uro u TpeGoBasoch
Jl0Ka3arhb.

Bmopoii cayuaii: o = 0. B stom cnyuae Teopema 7.1 He co-
JIEPKUT HHUKAKHX YTBEPXKAEHUH OTHOCHTEJIbHO JBYXTOYEYHOH
¢dyHkuuu. TpexroueuHasi dyHKUHS oGpaliaeTcss B HYJb B CHIY
cBoficTB (2.41) Hocutenss GYHKUHHU ). DTO OTHOCHTCS TaKXkKe
KO BCEM MHOTOTOYEYHBIM (GYHKUHUSM, 33 HCKJIOYEHHEM (YHK-
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i, 1yis KotophlXx B = 2 u y = 2. Toraa dgopmyay (7.2) mMoxk-
HO TepenucaTh B BHJE

F(P-y Qa U1 V)—': S dpidpzdlsfo(l), P", Q’ U’ V)X
B Y B ] v

><63(Z pi+ D) Qi) 6(2 pi+ D o (pi)+ D) q,-o) —
1 1 1 1 1

= S dpy dPfs (P, P, Q, U, V) §(Q+-0 (p) 4o (ps)), (7.6)
rae P={ps, ..., ps},

4 8
fO(Pv SRR V):LIX('—qi)LIX(pi)J’(P’ P, Q)X
xf@®, P,Q, U, V), (7.7)

B v
pi= —P—p, p=§pi+§ qi, (7.8)
B B v
9:2 Pf—l—;@(l’i)—}-; Gio- (7.9)

HnTerpupoBaHue Mo pp JIETKO BHIIOJHSIETCS] B YaCTHOM CJ1yyae
p =20, Koria o (p;) = ® (ps). HnTerpuposanne QpyHKUHH fo 11O
yrJjiaM BeKTOpa pp npuBoaut K ¢yHkuuu F(w,, P, P~,Q, U, V),
npuHamjexamei npocrpaHctBy H,. Murerpan mo | pg |

MOXKHO npeo6pasoBaTh B S wy Vol —m*dow, u B3aTH
wa=m

MOC/eNHHH € TMOMOLIbIO ocTaBluelicss 8-¢pyHkuuu. B pesyib-

TaTe MOJY4YHM

— 2 0@ —4m) VT4 F (— 2.0, F,QU, V).
(7.10)
B NPE/TIONIOKEHHH & <Y, 3Ta QYHKUHMS NPUHALIEXKHUT MPO-
crpanctey H, (P, P-, Q, U; V), nockolbKy mpousBeieHue
JIBYX GYHKUMH, HeﬂpeprBHle B cMbicsie [énpaepa ¢ HHIEKCOM
€, €CTb onAATb (PyHKLMs, HenpepoulBHas no ['€nbaepy, ¢ TeM xe
HHIIEKCOM.

Takoe mnoBejeHHe COXpaHseTcss INPH IPOU3BOJBHBIX .
B stom cayuae npu p, = — p/2 cymma o (py) + o (ps) cra-
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uuoHapHa. s nepemeHHOH €2, HE COOTBETCTBYIOIMIEH 3TOMY
KPUTHYECKOMY SHAYEHHI0, HHTETPHPOBAHHE 1O Py HE IPHBOXHUT
K KaKHM-JT160 HOBBIM CHHTYJISIDHOCTSIM, KpOME T€X, KOTOphie
yxke uMetorcsi B oyHkuuu f. Ecan xe Q Haxonutcst B okpect-
HOCTH KPHTHUYECKOH TouKu Q (p) = —2w (p/2), TO 3Ty Ccymmy
MOXKHO TNPENCTaBHUTb B BHJE

o (p)+o (p) = —2(0)+4 (p, P45 )+

~-uneHBl BBICHINX MOPSAKOB IO (Pz—{—%) , (7.11)

rae

Ay (p, @)= 2(p*--4m?) 2 {(PP+-4m?) @ —(p, 9)%}.  (7.12)

3nech A, npu QUKCHPOBAaHHOM P NpeAcTaBiaser coGoil MoJo-
JKUTEJIbHO ONpeJesIeHHYI0 KBapaTHYHYI0 GOPMY OTHOCHTENBbHO
q = ps + p/2. Uto6pl NpOU3BECTH HHTEDHPOBAHHE IO Po,
GHMKCHDYEM CHCTEMY KOOpAHHAT TakK, YTOObl BEKTOp P Obi
HanpaBjleH mo ocH 2. Ilocne 3aMeHBl nepeMeHHBIX

g1 =t (p® + 4m®)Ys,

gz = ty (p* + 4m*)*, (7.13)
2 1 4m2)%/a
Gs=1ts (p +2mm )

nojiyyaeM 1Jisi MHTerpasia no p, B (7.06) Belpaxenue

5/ _
QPamy S 435 (Q— Q-2 1

~}-usieHbl BBHICIIHX NOPAAKOB 1o £) f' (£, P, P, Q,U, V), (7.14)

rae f* € He (...; V). Crapiuue ujeHbl pa3JIoXKeHHsI B apryMeHTe
§-pyHKIMH He OKa3biBalOT BJHSHHUS HA IPHPOAY CHHIYJISIPHO-
CTH B TOUKe Q = Q M HX MOXKHO onycTutb ). MlHTerpupoBanue
3leCh TaKXKe BBINOJIHAETCS CHayaja Io YIrJaM BekTopa t,
a sareM no | t|. B pesyabrare mosyuaem

— = 5/ ~
(-, Vo—o &L " F@, b, P, Q U, V), (1.15)

1) Bosee noapoGHOe OGCYXJEHHE STOrO BONPOCA MOXHO HaliTH
B pat6ore [31].
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rie F — uHTErpaJs mo yriam ot GpyHKUHMH f', KOTOpHIH, caeno-
BaTeJbHO, TaKXe NDHHAIJIEXKHUT npocTpancTBY He(...; V)1).
[Tpu p = 0 met nonyuum dopmyay (7.10). [Kouneuno, GpyHKuuu
F B ¢opmynax (7.10) u (7.15) pasuwe.] Cnyyait p = 0 Mbl
paccMoTpeJii OTAENBHO HE MOTOMY, 4TO 3TO OBIIO HEOGXOLHMO,
a MpoCcTO B KayecTBe NpHMepa, Ha KOTOPOM MOXeT GbiIThb SIBHO
[IPOJEMOHCTPUPOBAHA CYLIECTBEHHAS pOJb CHHTYJSPHOCTH
B Touke Q = Q.

Ocrasuiuecs B ¢popmy.ie (7.6) unrerpaJnl no P He Hapyaior
NPHHAIJIEXKHOCTH TIOABLIHTETPANIbHOTO BBIpaXK€HHsI IPOCTPaH-
ctBY H,, Kak 3TO HETPYINHO II0OKa3aTb, HCIMOJb3ys OLEHKH
TOTO € THMa, YTO W B NEPBOM CJydae.

[Nepefinem tenepn K 6bictuum nopadkam o > 1. Ilpeanoso-
JKHM, 4TO TEeOopeMa CIpaBelJIiBa BO BceX MNopsigkax T << o,
H JIOKaXkeM ee CIpaBelJIuBOCTb B MOpSAKE ©.

[Tpexke Bcero JoKa)keM CyIeCTBOBaHHE WHTErpaJioB

l
J(K, P, Q= | dW T[ 8, @) &ix (K, Pr, Qu; —W) X
1

X E$ o-1(Krs Pr, Qr; W) (7.16)

npu | << v << 0 — | unokaxewm, uTo Bce OHH 06/1aJaI0T CBOH-
cTBaMH, COpMYJHpPOBaHHBIMH B Teopeme 7.1 past pyHKuME

gy, oo Kak obbuno, K UKg = K, K N Kg =0 u 1. L
OnpemenuM ¢yukumio f (K, ..., V) Tak ke, Kak B Teope-
me 7.1. PaccmoTpum

!

Ji(KRy Pg, P, Q, u,v, W)':HX(_ql)HX(wl)x

Qr 1

< S dKy dPL T % (ps) &, «(Kz, Pr, Qus —W) x

Py,
X f(K, P, P, Q, U, V). (7.17)
ITo runorese MHAYKUMH GYHKUHUS J, CYLIECTBYET ¥ NpPHHaAJe-

1) Cayuait p 55 0 MOXHO TaKXKe CBeCTH K GoJiee NpPOCTOMY C/ydaio
p = 0, ucnonbays cooGpaxkeHHsi WHBapuanTHocTH [21].
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xkur npocrpauctBy Her (Kr, Pr, P7, Qu, U, W; Qgp, V),
e” << &. Jlasee ob6pa3yeM (YHKIHIO

LW P, QU V) =TT 1(—q) | dKndPa T] % (p))dW x

QR PR

><II L) B ome (Kny Pry Qus W)X
X Ji (KRv pB! W/a P-v Q1 U, V) (7.18)

Muoxurenb H[Qm (w;)1"1 MoxHO orHecTH K GYHKUHMH J4,
He M3MEHHUB ee cBoicTB. Torga 1o runorese MHAYKLHH TOJY-
yaeM, uto QYHKUHSA J, TIPHHALIEKHT IIPOCTPAHCTBY
Hy (W=, P, Q, U; V), ¢’ << &”. 310, B 4aCTHOCTH, O3HaYaer,
YTO CYLIECTBYET CYxKeHue (GYHKUHH J, Ha 3SHEpreTHYecKylo
noBepxHocth w7 = 0 U oHo npuHamiexur He (P, Q, U; V).
Huaue roBopst, cymecTByeT GpyHKUUs

l
Js(P~, Q, U, V)= S dW- T 6(wi) Jo (W=, P~, Q, U, V)=
1

- S dK dPJ (K, P, Q) f (K, P, Q, U, V), (7.19)

npuHagnexamas He (P, Q, U; V). OtMeruM, uTo yKaszaHHOe
CBOHCTBO GYHKUMHU J O3Ha4aeT, 4TO oHAa — 00606LIeHHas1 PYHK-
[Msi YMEPEHHOro pocTa.

Hrak, Mbl IO0Ka3anu, 4YTO NpaBble YacTH YpaBHEHHH IMOJHO-
Th! (3.9) 1 (6.39) cymecTBYIOT Kak o6oOueHHble GYHKIIHH yMe-
PEHHOro pocTa, TaK YTO IIOCTPOEHHE GYHKUHH rg H gy, o
NIPOU3BEJIEHHOE B V1. 3—6, HMEET CMBICI: 7 ¢ M g, ¢ CYLIECTBYIOT
Kak o6obiieHHble QYHKIHE yMepeHHoro pocta. Ham npeacrour
elle JoKas3aTb, YTO OHU YAOBJeTBopsioT Teopeme 7.1. ITockoib-
Ky OGYyHKUHA g,, ; (P) paBHa obyHkumH r, (P) mmoc cymma
uneHoB Buja (7.16), 115 3TOro JOCTaTOYHO 10Ka3aTh, YTO TEO-
peme 7.1 ynoBaerBopsieT GYHKUHS 7g.

HauHem Noka3aTesbCTBO C pacCMOTpeHHsi BhipaxeHus (4.58)
17151 GYHKIHH 7 5, HECKOJBKO IPUCIICCOGUB €ro K HAlIMM HbIHell-
Hum neasM. OnpenesiuM GyHKIHIO

;ium (xiv L) xn) = gi% (X?, WX, . ey x’?’n (Dxn)t . (720)
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rae 0 << o << 1. TloBrOpsism paccyxieHusi ri. 4, HeTpyAHO
y6enuTbCs B TOM, YTO MOXKHO IPOHU3BECTH 3aMEHY Ne€peMEHHbIX
X; = ®X; BO BCEX BCIOMoOraTeJbHHX GyHKuuAx O, f;, pyx 6e3
HapyLIeHHs] KaKUX-1H00 MX CYLIECTBEHHBIX CBOHCTB. 3TO O3Ha-
uaeT, YyTO BhipaxkeHue (4.58) ocraercst cnpaBeiJIMBBHIM H TOTIA,
Korga GyHKuMs G;, 3aMeHeHa Ha GYHKUHIO {;ye,. B 3TOM Cay-
yae Ko:-qupmxmeH'rbI-Rg,c 6y1yT 3aBHCETb TaKKe, KOHEYHO, OT ®,
1. . RS, —~ RO B nperene o — 0 QYHKUHSA €5, NpeBpa-
maercs B (PYHKLHIO

Nin (X3, « ooy X2)=Can (3, 0, ..., x3, 0), (7.21)

KOTOpasi 3aBHCHT TOJIbKO OT BPEMEHHEIX KOMIIOHEHT X;. DYyHK-
LA M;, TNpUHAIIEXHT npocrpaHctBY O, (T. e. oTHocutcs
K KJaaccy C*™ ¥ NOJHHOMHAJbHO OrpaHHYEHa), TaK YTO NPOH3-
BefieHHe 1);x/;, cywectByer. Ilockosbky npemen o — 0 nep-
BOTO 4JieHa B npaBok yacTd dopmyJnl (4.58) cyuiectByer, a Je-
Basi 4acTh 3TOH (opMyJsbl BoOOLIEe HE 3aBUCHT OT ), TO Npefe

i i
Rgx = lim Rf,’,m TaKxe cymectByer. B uTtore nosyuaem
o-+0
n
ro (X1, «o -~y Xp)= lim 2 Niw (X3, <oy X0) Lig (X4, « o0y Xn) —
K—+>00 1=2

Y ﬁgnD[;[&(xi—x,-)J, (7.22)

| DTSN
HJIH B p-HpOCTpaHCTBe

n

rcr(ph ey Pn)——llm{z Fum P)_64(2 l)gﬁgM@D(P)}1

H=+00 1=2
(7.23)
rae #p—dopma crenenu |D| u

Fiox(ph ooy pn)= S din e danX

X7io(p10—q107 Pty - +y Prno— Gnos pn) :Fliu (qtoy ey Qno)y (724)

Nix (Qo) = S dX°exp [_i i x?qjo] Nix (X°).
1
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DYHKIHIO 1);;, MOXHO 3alHcaTh KaK (YHKIHIO TOJBKO pa3HO-

CTeHl NMEepPEeMEHHBIX §;=x1—X; i=2, ..., n:

Ni (X3, « oy X0) =Nix (B, ..., ER). (7.25)
B cuay coitctB Hocutenst ¢yHkuwau [1 — p,l [em. (4.53)]
CYLIeCTBYET KOMHAKTHAast OKPECTHCCTb TOUKH § = . . . = &, =

= 0, BHe KOTOPOH Tmjx HE 3aBHCUT OT %. YUYHUTHIBaf
HOCHTEJNb (PYHKUHMH [;;, MBI MOXKEM OTCIOJA 3aKJ/IUYHTb, YTO

AJISl TIPOM3BOJIbHOIO (PHKCHPOBAHHOTO KOHEUHOrO 3HAYEHHS %
Pa3HOCTb

A oo En)=A(xy ..., xn)=rc,(X)—2ifiau(X) (7.26)

HMMeEeT KOMIIAKTHBbIH HOCHTENb B [IEPEMEHHBIX Ei- B stom cJayyae

¢yuxkuuio A (E) moxuo npencraButh B Buge (cm. [19], Teo-
pema 26)

A (E) =§DFD (B), (7.27)

rie D — COBOKYIHOCTb KOHEYHOro yucaa AuddepeHnnaNbHbIX
oneparopoB, a Fp — HenpepbiBHblE (GYHKUHH C KOMITAKTHBIM
HocureseM. [Tostomy dypbe-o6pas A (X) umeer BUI

B(py -y pu) =8 (R pi) G(pas -y pa)y (7:28)

rae G — nenas (GyHKUHA, NOJMHOMHAJNBHO OTpaHHYEHHAs LJIf
BELIECTBEHHBKIX 3HayeHWH apryMeHToB p;. TakuMm o6Gpasom,
pyHKUHA A B CYLIHOCTH COBNajaer C BbipaxeHueMm (7.3).
Iloxka3aresbCTBO, aHaJOrMYHOEe JOKa3aTelbCTBY, IPUBEIEH-
HOMY B CBs3H ¢ (7.3), noKa3sbiBaeT, YyTo GyHKUUA A yJOBJIETBO-
psier teopeme 7.1. CienoBaresnbHo, Teopema 7.1 crnpaBeniuBa
07151 GYHKIUH 7y, €CJH OHA CNpaBeljuBa 1/8 (QYHKUMH I;gy.
3aMeryM, YTO MO TOH K€ CaMOH NpUYMHEe A-npejes1, BBeEeHHbIH
B ¢opmyse (5.35), He paspyluaer Halle I0Ka3aTeJbCTBO, IO-
CKOJIbKY OH BJIUSIET TOJIbKO Ha YJIeHbl ¢ KOMIAKTHBIM HOCHTe-
JIEM TIO TIepeMEHHBIM 2.

st o6cyxaeHNs1 CBOHCTB PYHKIUH [ o HEOOXOAUMO HMETb

HEKOTOPYIO HH(OPMALMI0O O CHHIYJIAPHOCTAX QYHKIHH 7]3,‘.
Onpepenum GYHKLUHIO

n‘: (gg, vy g%)-:nz (X‘:; oy x%) =;i (xg’ 0’ ooy xgls 0)' (7'29)
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Pasnocts mi (%) — 1ix (E%) oOsanaeT KOMMAKTHBIM HOCH-
teneM. Mcxoms u3 3Toro ¥ u3 macwuTabHOH HHBapHaHTHOCTH
GYHKIMHE 1i, NOJTyYaeM

Dy (B9 =0 (| 2]71PY, (7.30)

rae (B2 = 2 (89)2-> oo, D — nudxbepeniuanbheii onepaTop

nopsigxa |D| Cnenoaarenbﬂo, ¢yHkuysa Dry, sBIseTCH MHTE-
rpupyemort, ecau |D|>(n—1). Dto 3HAUHT, YTO (YHKUHA

v (Qo) i (Qo)s
rae Qo = {920, - - -, Gno}, PaBHOMepHO orpaHuyeHa u (N — n)-
KPaTHO HeNpephiBHO Iuddepenunpyema aag J1l060PI q)oprI
tN creneiy N = n. B vactHocTH, QyHKUHS |Q0 | Nix (Qo)
6yner (2N — n)-kpatHo AuddepeHUUPYeMOH, Tak UYTO caMma
YHKIHS 1}, OTHOCHTCS K KJaccy C* BCIOLY, 33 HCKJIOUEHHEM

HayaJla KOOPAHHAT, a BCE NPOM3BOJHBIE 1)ix Ha GECKOHEYHOCTH
6bIcTpO y6bma}o1'

PasHocTb 1); — M}x €CTh uenas QYHKUHS, TAK YTO Xapak-
TEp CHHTYJSAPHOCTE! BYHKIHH 1)iy B Hauaje KOOPAMHAT Gyjer
TAaKHM Ke, YTO0 M y GYHKUHH m;. Tpe6oBaHue MaciuTaGHOM
WHBAaPHAHTHOCTH (QYHKUWH 7); O3HAUaeT, YTO B P-MPOCTPAHCTBE

i (AQo) = A"+ (Qo) (7.31)
npu 0 <A << oo. Takum o6pasoM, QyHKUHs Mi, a 3HaumT,
M QYHKIHSA 1}y PaCcXOAMTCS B Haua/e KOOPAMHAT KaK A~ -1,

[Noatomy dyHKUMS T Mix B Hayaje KOOpPAMHAT BCE €llie PaB-
HOMEPHO OrDaHHYeHa, HO YyXe He 00si3aTeJlbHO HenpephiBHA.

OrmeruM TaKKe, uTo (YHKUHSA Miy, Gyayuu ¢ypbe-c6pasoM
000011eHHOH (YHKUMH yMEpPEHHOTO POCTa )iy, CaMa SIBJASETCS
060011 eHHOH (GYHKUHEeHd yMepeHHOro pocra. DTO 3HAYHT, 4TO
CYILECTBYIOT XOpPOLIO ONpejieseHHble NpaBujla WHTErPUPOBAHUS
€e CHHI'yJspHOCcTell B Hayaje KoopiuHaT. B siBHOM Buzae Ham
3TH npaBuJa He notpebytoTcs. PakTHuecKn QYHKIHS 1j, ONpe-
Jie/IeHa He TOJIbKO Ha NPOCTPAHCTBE of, HO Jaxe Ha NpOoCTpaH-

crBe He. Ilycr @ (Qo) € He 1 BBEIeM NPOU3BOJIBHYIO PYHKIHIO
P (Qo) € #, npuuem P = 1 B OKPECTHOCTH Hauana KOODIHHAT.
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Torpa
Qe (Q0) & (@) = (0) | dQuie (Q0) % (Q0)+
+ | dQute (@) 17 Q)= (0) % (Qo)-

31ecb NepBbli WieH B NMPaBOH YaCTH CYLIECTBYET, NOCKOJBKY

Nix € . BcuencTBue HenmpephiBHOCTH (YHKUHH ¢ B CMBICJE
Ténbnepa mosyyaeM, 4TO B OKPECTHOCTH Hayaja KOODAHHAT

19 (Qo) — 9 (0) ¥ (Qo) I<c| Qo

310 O3HaydaeT, 4YTO NOAbIHTErpaJibHasg 4aCTb BO BTODPOM UJI€HE
pacxoautcs Kak x~™—1-€) a rakas OCOOGEHHOCTb HHTErpH-
pyema.

OYHKUUA 7);5 HMEET BHI
ﬁiu (q10) +++» Gno) =0 (2 (]jo) TAI (G105« s Gno).  (7.32)

Bxozasiumas B 3To Bblpa)K€HHE (hYHKLHS 1) ONpefesieHa Ha MHO-
roo6pasuu Zqﬂ,:O U MOxeT OblTb IpeACTaB/J€Ha B BHJE

A

n (fhm .y Gno) =Qﬂﬁ%n(~—qzo» vy —qno). (7.33)

[TosTomy HHTErpas OT PYHKLUHUH 1);, ONATH ONpeneseH Ha QYHK-
UUAX U3 npocTpaHcTBa H,.

BepHeMcst Tenepb K OGCYXIEHHIO (DYHKUMH Fion. I1yCTB
f(K, ..., V)— dyukuusi, BBemeHHas npH (OPMYJHPOBKE
Teopembl 7.1. PaccMOTpUM BeTHYHRY

(P~ QU V)=TT (—gy) | dK dP T] x(ps) dK; dP; dQ; x
Q P

X i (Ko— Ky Po— Py, Qo— Q) Tio (K, K, Py, P, Q3 Q) X
X f(K,P,Q,U, V), (7.34)

€ BCIOAY C/e[lyeT MPOU3BECTH IMOJACTAHOBKY Pjo= pj -+ (p;).
Eciu BMecTO pj, BBECTH B KauecTBe HOBBIX NEPEMEHHBbIX HHTE-
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TPUPOBAaHHS] MEPEMEHHBIE p;i~ = pijp— ® (P;), TO BHIPaKEHHUE
(7.34) npumer BHJ

V=TI x(—q) S dK dP I x(p:) dK;, dP"~dQ; x
X ix (Ko — Ky P~—P'~, Qo— Qo) Tio (K, K, P'~, P, Q;, Q) X
xf(K,P, P, QU,V). (7.35)

ITyctb %° (p) — dynkuus, obnanamwouiasi cBoHCTBaMH QYHK-
wuu ¥ (p) (ra. 2), Ho uMeroinasi 6osiee OGLIMPHBIE HOCHTEJb.
OH no-npexHeMy yjoBJeTBopsier yciaoBHio (2.41), Ho, Kpome
toro, %° (p) = | B oTKpeITOl OKpectHocTH supp ¥ (p). Ompe-

jgenuM HoByio dyukumio fy (P, Q, U, V) BblpaxeHnuem TH-
na (7.35), BBelsl B TOJABIHTErPAJIbHYIO 4acTh JOTOJJHUTENbHBIH
MHOXHUTEb

v B
@(p/—’ Pv Qé, Q)ZI;[XO(—'(];M —qf)l:[XO (p;_—1—(0 (pi)v p])
(7.36)

Eme oxHa dynkuus f, (P-, Q, U, V) onpenensercsi papeH-
CTBOM

T=F+" (7.37)

[TokaxeM, uro o6e GYHKUMH f; U f, 00JafalOT HEOOGXOIAUMBIM
CBOHCTBOM HemnpepbiBHOCTH Mo ['énbnepy. Haunem c Gosee

npocroro caydass ¢yHkuuu f,. IlpousBenenue

[Mx(—ap a1 =D (P~ P,Q, Q1  (7.38)

B OKpecTHOCTH P’'~= P-, Q; = Qo obpaiaercsi B HyJb. IT10
CIpaBeNJIHBO, B YAaCTHOCTH, B CHHTYJSIPHOH TouKe QYHKUHH 1,
KoTopasi, TakuM o0pa3oM, OKa3hiBa€TCs HeCYIeCTBeHHOMH:

He H3MEHsIsl 3HAUeHHs QYHKIUHH Fa, MOMXHO 3aMeHHTB (yHKLHIO
n dyHkuumei n° u3 Kiacca C™, coBnajaomeil ¢ GyHKuHeH n
B- Hocurese Gynkuun (7.38). ®yHKuus n° GhicTpo yGbIBaer
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no nepemeHusiM K, P'", Q;, korna nepemenssie Ko, Qo, P
(hHKCHPOBAHHL. CJIE,Z[OB&TEJII)HO,

| dK; P Qb (Ko— Koy P~— P, Qo— Q)
x Tis (Ky K, P~ P, Q;, Q)1 =@ (P, P, Q;, Q)] =
=8 (S b+ D pt D a) e (K, P, Q),

TAe g — NOJHMHOMHA/IbHO orpanuyenHas C®-QyHkuus. DyHK-

us Tlm onpejessiercs yepe3 GyHKUHUIO 1) MO aHAJOTHH C dop-
myJdioit (7.32). OcraBiuiicst HHTErpaJ

Fo=TIx(—q) [ dKdP T[x(pn) 8 ( 3 s+ Sps + 3 ;) %
xg(K, P, P, Qf(K,P, P, QU,YV)
CyLUIeCTBYeT M o0O6JajaeT OXHIAaeMbIMH CBOHCTBaMH, B YeM
MOXHO Y6EeIUTbCS C IOMOUIbIO TeX e apryMeHTOB, KOTOphIe
ObIIM MCIIOb30BaHK! BhHILLE B c/ydae ¢ = 1, TaK Kak IIpOH3Be-
neHue gf obnagaer TeMH e CBOHCTBAaMM, 4TO M caMa (yHK-
us f.
[lepexomum K ¢yHkuuu fy. Ilocse 3ameHbl nepeMeHHBIX
Ko— K, — Ko ®yHKuHs f; npuHHMaeT BHJ

F=TI%(—a) S dK, dK dK,dP dP"~ dQ, T x (p:) X

X TT %0 (pi~ 4o (pi), Pi) TT %° (—qhor —qi) X
X Nix( — Koy P~—P"~, Qo— Q) [i6 (K}, K, P, P, Q;, Q) X
X [(K;—Ko, K, P, P7,Q, U, V). (7.39)
HmMeem

HX l)fK_KO,Kyp Q U V)E
€ He (K, K, P, U; Q, Ko, P'7, Qp, V).

Orciona, corjiacHO NMOJNYYEHHOMY paHee pe3yJsbTaTy, JAOKa3bl-
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-~

BaIOLIIEMY CYIIECTBOBaHHE GYHKUHUM [;,, YaCTHUHBIE HHTErpas
Ji(K07 P’—7 Q(;y PF? Q1 U7 V) ’—_HXO(—(}’%o: _—ql) X
x | dK;dK aP TT 7 (p) TT 20 (b0 (91), 1) X

X Tio (K(;7 K, P,-a P1 Qsa Q)f(K;—KO’ K, Pa Q1 U1 V)

npunagnexur He (P'~, Q,, P, Q, U; Ko, Qo, V). ¥YMHOXKE-
Hue ¢yHkuuu J4 Ha Ily (—g¢;) npuBoauT K QyHKUMU

J2 (K09 v e ey V) EHB(P‘_t Q;’ P—v Q’ U: KOv V)'

Takum 06p330M, OCTaeTCA HCCJICI0BATh BbIpaxKE€HHE

f; == S dKOdP,_dQ‘;'r]iu(“—Km P-_P'-‘r QO_Q(;) X
X Jz (K01 Pl—v Q(’)v P_, Q’ U’ v)' (7’40)

3ameTuM, 4TO NpH (PUKCHPOBAHHBIX NEpeMeHHbIX V' noabiHTe-
rpajsbHoe BolpaxeHue B (7.40) Geictpo yGbiBaeT 1o BCEM Ha-

npasjeHuam. [lostomy nosepeHue QyHKuUMH f, npu GeCKOHeY-
HBIX 3HAUEeHHSX apryMEHTOB He NpEeACTaBJsieT HUKAKHX Npo6-
JIeM, H Mbl MOXEM COCPEIOTOUMTbCS Ha J0Ka3aresJbCTBE €€
HenpepuiBHOCTH B cMbicie ['énbaepa ?).

Mpr yxke ormeuanu, 4to 0GOOLIEHHAS GYHKUHUS 1);, ONpE-
JleJleHa Ha OCHOBHBIX (DYHKLHSIX, HENpPepLIBHBIX B CMBIC/IE

['énpnepa, Tak uTo OYHKLHUSA fy onpefesnena s BceX 3HaYeHUH
CBOMX apryMeHTOB.

Bxopnsimielt B QyHKUHIO 1);5 B BHIE MHOXHTENS 8-pyHRuKed
MOXKHO BOCIOJIb30BaThCSi [/IS1 TOTO, YTOOBI BHIMIOJHHUTH OJHO
U3 HHTETPUPOBAHHMH: HHTETPHUPOBaHHE MO Ryo Npu o > 0 uIu

1) Mbl Bnpefb He GyleM paccMaTpuBaTh NoBefieHHe GYHKIMil Ha
6eCKOHEYHOCTH, TaK KakK nojo6HOe pacCMOTpPeHHe JIerKO NpPOBECTH
BO BCeX HeOOXOAHMBIX CJAyYasiX M OHO BCerja NPHBOAHT K KeJaeMOMY
pesyJbTarty.
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MHTErpHpoBaHue 1o gy, npu o = 0, B, y = 2. B mobom cay-
yae Mbl M0J1y4aeM BbIpa)KeHHe CJIefyiollell CTPYKTYypHI:

FiXy oo, Xny Yty + vy Ym) =
= S dz, ...dz,dw; ... dws H(xy — 2z, ..., Xy — 2y,
Wy, ..., Wy X
X F(xy, ooy Xny 21y« o vy Zny Wiy « o o\ Wsy Yty - - oy Ym)e
(7.41)
3pmech x;, . . . — NepBOHaYyaJbHble NEpEMEHHbIE P7, §;y U T. 1.,

nepeo6o3HaueHHbIE COOTBETCTBYIONIUM 06pa3oM; H — dyHKUHUSA
1ix, BbIPAXKEHHAsl yYepe3 COOTBETCTBYIOLIUE NEPEMEHHblE, MpH-

yeM 3Ta QPYHKUHUST 1iy 00sIafaeT CBOACTBAMH, PaCCMOTPEHHBIMH
Boiile. PyHkuusa F HenpepbiBHa no ['énbaepy ¢ HHAEKCOM €
M0 BCEM IEpeMEHHbIM M ObICTPO YObiBAET B COOTBETCTBYIOMIMX
HampaBJIeHUs1X, TaK 4YTo HHTerpaJs (7.41) Ha GeCKOHEUHOCTH
cyirectByeT. Mbl XOTHM Jl0Ka3ath, 4To GOYHKLUHUsI F Hempepbis-
Ha no ['énbaepy ¢ nnnekcom &’ << €. J1oKa3aTenbCTBO SIBJSETCS
o6obuieHHeM JokasaresnbcTBa TeopeMbl Ilnemenbu — IlpuBa-
JIoBa, MpHBEIEeHHOro B MoHorpaduu [22] (paspenst 9 u 10).

Ilycrs ¢pyuruus P (X, W) €D (1. e. C*® U ¢ KOMIAKTHBIM
HOcHTeJieM), npuueM P = | B OKPECTHOCTH Hayaja KOOPAHU-

nat. TlpencraBum ¢yukumio F B Bue cyMMbI

F = '\ + Fo, (7.42)

~

rune
F (X, Y) = S dZ dWH (X — Z, W) x

_ XY (X —2Z, W)F(X,Y), (745
(X, Y) =
— SdZ dWH (X — Z, W) G (X, Z, W, Y), (7.44)
npuyeM
F(X,Y)=F(X, Z, W, Y) |z—x, w=0, (7.45)
G(X,Z, W, Y) =
= F(X,Z, W,Y)— (X —Z, W) F(X,Y). (7.46)
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B ¢yHKuuu F; BMECTO z; BBeeM NepeMeHHble HHTErPHPOBaHHUS
x; — 2;. Torma

Fi(X,Y)=F(X,Y) S dZ dWH (Z, W) (Z, W).

Hurerpan cymectByer W He 3aBHCHT OT nepeMmeHHbix X u Y.
®yuxuus F (X, Y), oueuano, HenpepmiBHa 1o [émbaepy
C HHIEKCOM €, a 3HAYHT, TO 2KE CaMOe CIPABEIVIHBO WISt PYHK-
uuu Fy. _
O6paTuMcs Tenepb K GyHKUHH Fa U paccCMOTpHUM
DX, Y, AX, AY) =
=F (X +AX, Y +AY)—F, (X, Y) =
= S dZdW {H (X —Z + AX, W) G (X + AX,Z, W,Y +
+AY)—H(X—Z, W)G(X, Z, W, Y)}. (7.47)
Beenem Bennunny A% = | AX |2 4 | AY |2 Paso6beM ¢yHK-
muio D nHa pgBe wactu: D = D, + D,, rne Dy — unrerpan
Buga (7.47), B3steii noobnacti R? = | X —Z P+ | W P <

<< 4A4%, a D, — TOT XKe WHTErpas, B3sTH no objactH R? =
= 4A? PaccMoTpuM cHayasa (QYHKIHIO

Dy=—Dy + Dy,
rae
DX, V)= S dZdWH(X—Z2, W)G(X, Z, W, Y),
R<24

a ¢ynkuus Dy, UMeeT aHAJOTHUHBIA BUI C 3aMeHOH nepeMeH-
Heix X, Y va X + AX, Y + AY B noawiHTerpajibHOM BbIpa-
JKeHHH, HO He B Ipeienax wuHTerpupoBaHus. IlocKoabky
G (X, X,0,Y) = 0u ¢pynkunsi G HenpepbiBHa B cMbIcae ['€ib-
Iepa, umeeM;
1G(X, Z, W, V) ISM(X, Z, W, V) X

X(| X —2% |+ | W >z, (7.48)
rae QyHkuus M NOJIOKHTENbHO ONpejeseHHasi, HenpepbiBHAsN

u xopouio ce6st Beer Ha OeckoHeuHoctH. PyHkuus H npu
X =7, W =0 wumeer cuuryispHoctb mnopsiaka (n - s):

H=(|X—ZP+|Wp) "2 (X—2, W), (7.49)
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B i e e o e

rae ¢yHkuus H Bclofy orpaHHyeHa H HeNpepbiBHA Be3le,
KpoMe Hauasna KoopauHaT. C yueroM 3THX CBOHCTB Hosyyaem
HepaBeHCTBO

1Dul< | dzdw|HIM(X—ZP+|WpHeHog
R<24
<G(X, V)A®
npu A — 0, rge C — NOJOXKUTEILHO OlIpe/ieJieHHasl HellpephiB-
Hasi (QYHKUHS. AHAJOTHYHYIO OLEHKY MOXKHO IPOBECTH MJIsi
¢yukuuu Dy, Tak yto yHKUMA D; OKa3biBaeTcs YJOBJIETBO-
psitollefl 0XXHJaeMOMy HEpaBEHCTBY C HHJIEKCOM E.
®yukuuio D, Mbl pa3obbeM Ha ABe (GYHKLUHH NO-APYromy:

Dz = D21 -+ 022,
rue
Dy = S dZ dWH (X —Z, W) x
R>24
x{G(X+AX, Z, W, Y +AY)—G (X, Z, W, Y)},
D,y — S dZ dW {H (X —Z+AX, W)—H (X —Z, W)} x
R>2A

XG0 (X+AX, Z, W, Y LAY).

s D,y Ml BocniosibayeMcst popmysioit (7.49) u HepaBeHCTBOM
|G(X + AX, Z, W, Y + AY) —
—G (X1 Zr W’ y) |< AeMI (X) Z» W, y)1 (750)

rie M’ — HenpepbiBHasi ¢yHKuusi. B pesysbrare mosayuum
HepaBeHCTBO

| pE |H M
[Da|<A R;SM dzdw (1 X—Z [24| W [2)mtor2 <
<C' (X, Y)A4e|log 4|,
B KOTOpOM HHTerpas npu A — 0 pacxoautcs JorapupMUUECKH,
a ¢pynkuus C’ HenpepbiBHa. OnHako npoussegenne A° | log A |

npH Maibix A MOXKHO Ma)opHpoBaTb ¢ momolipio A° mpu
no6om &’ << e. [lostomy dynkuus D,y naer B F, BKJIal, Hempe-
pbiBHBI 110 ['énbaepy ¢ uHAEKCOM €.
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Hcenenys dyuxuuio Dyp, 3aMeTHM, UYTO €CJIH NE€pPEMEHHble
Z, W usMmensitotcsi B o61acTH HHTErpUpoBaHus, To GyHkuus H
Ha unrepBane [(X — Z 4+ AX, W), (X — Z, W)] orHocurest
K kJaccy C®. IlpuMeHHM Tenepb TeopeMy O CpELHeM

HX—Z4+AX, W)—H(X -2, W)=
= AX-grady H(X — 2, W),
e X nexur Mexkny X u X + AX. ®ynkuns 0,4 (X —Z, W)
npnﬂamemm KJ1accy C* Bciony, Kpome Touku X = Z, W =
= 0, B KoTOpo#l oOHa 006/1aJAET CHHTYJASPHOCTBIO MOPSAKA

(n+s—+1):
o H(X—Z, W)y=R™" " 'H(X—Z, W). (7.51)
3neck GyHKUHUS f{i BCIOAY OrpaHuHueHa W HemnpepbiBHA Be3le,

kpome Touku X = Z, W = 0. B c6nactu uHTErpHpOBaHUS
1MeeM

1X—Z)>| X —Z|—| X —X|>]|X—Z|-A>
1 1
>|X—Z|—5|X—Z|=5|X~Z|,
M C NOMOLIBIO 3TOr0 HepaBeHCTBa NosyyaeM U3 ¢dopMyJbl (7.51)
|0.,H(X—Z, W)|<2""R" " H(X—Z, W)|.
3T0 HepaBeHCTBO BMECTE C OLEHKOH (7.48) NMpHBOAMT K YCJ/IOBHIO
Dys |< A 27 S dZdWR™" 1 SV H (X —Z, W)| x
R>2A i
xM(X, Z, W, Y)SC" (X, YV)A®

ngu A— 0, rne C” — HenpepbiBHAsE (BYHKLHS.
[Tesyuennbiii pe3ysbTaT 3aBeplUaeT HOKa3aTeNbCTBO TEO-
pembl 7.1. Kak yaKke oTMeuascCh B XOJ€ 3TOTO IOKA3aTeJECTEA,
CJIeACTBHEM JAaHHOH TECPEMBI SIBJISETCS CYLIECTBOB: HHE WHTE-
rpanioB (3.11) u (6.39). Kpcme Toro, ycnoBue B teopemnr 2.1
TaKxe, OuYeBHIHO, caenyer u3 TtecpeMbl 7.1. Ocraercsi yGe-

IUTBCA B TOM, YTO BbIpaxkeHue S dXG,,  (X) ¢ (X), ¢ € F,

onpenenenHoe B (6.40), onpeneneno Ha Ly ¥ OTOOPANKAET ITY
06/1actb B Ly
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Ilyctb

o= SII depp‘) FPYA™ (py) ... A™ (p)Q, (7.52)

npHYeM f€H..
B p-npoctpancTBe ypaBHeHue (6.40) mpuHMMaeT BHJ

2n)

S dKG,, o (K) @ (K) = 2 S dK dPp (K) X

1=0

X gho(K; —P): A™(py) ... A™(p). (7.53)

Srot psaj o6pbiBaeTcsi HAUMHAsl C HEKOTOPOTO KOHEYHOTO HOMe-
pa. Iloatomy gnocraToyHO paccMOTperb KakKoH-HUOYAb OJMH
yJieH paja; [-# uieH psna, JeHCTBYs Ha ¢, MOPOXKAAET BEKTOP
C KOMIOHEeHTaMH, cojepxawumMu a— [, a—1[ + 2,

.., a + [ in-yactuy. CooTBETCTBYIOIIHE BONHOBbIE GDYHKIHH
NpeicTaBasOT COO0H CyMMbl 4J/ICHOB BHIA

2(qu <> Qas Gir ++-» gp)=const S dK dPdG~ x

¥y a
x T18+ (P TI 8 45) s, o (K; —P, Q@ (K)f(P, Q). (7.54)
1 1

OuesnzHo, uto ¢f € H, (K, P, Q', P-, Q), oTKyaa ¢ NOMOLbIO
TeopeMbl 7.1 MOXHO NOJNYYHTb, 4TO g € Her, & << €, uTO H
Tpe6oBaJoCh J0Ka3arTh.

B cayuae pasnoxenus (6.41) pns nons A, (k) monbiHTe-
rpaJjbHble BhipaxkeHus B (opmyJe (7.53) copepakar emie «aeam-
nyTHpylowmuity MHOXHTeNb (k* — m? — ijkoe)™'. Mbl MoxeM
NpeACTaBUTb €ro B BHIE

1 _ X (%)
k2—m2—ikee ~— k2—m2—ic +
; X(—
aa kz—mz-{-te

+C®-pynkunn  (7.55)
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[Tocaiennuit 4ieH, oueBHIHO, He MIPHBOAUT K KaKHM-JIHGO TPy-
HocTsAM. OcTa/bHble [Ba Y/€HA CKOHLEHTPHPOBAaHbl B OKpeECT-
HOCTH MaccoBo#f moBepXHocTH. PaccMoTpuM, Hampumep, mnep-
BBl YJIeH W ero BKJaA B uHTerpan tuna (7.54). Murerpuposa-
HHE 10 BCeM TepeMeHHbIM, KpoMe k™, MPHBOIMT B CHJY Teope-
Mbl 7.1 K GYHKIMH nepeMeHHOM k-, HenpepbiBHO# no [énbaepy,
a uHTerpaJs oT Takod ¢yHKuun ¢ (R~ — ie)~! cymecrtByer.
AHanornuHoe paccyxieHue NPHMEHHMO KO BTOPOMY WYJIEHY.
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[NTEPEHOPMHPYEMDBIE TEOPHH

Bepuemcs Tenmepb K o6CYKIEHHIO TeX HeompejleseHHoCTel,
KOTOpBIE OCTAlOTCS Ja)Ke MCCJe NpUMEHeHHs TpeGOBaHHSA Jio-
KaJIbHOM peryJisipHOCTH, BBeJeHHOro B Iil. 5. OueBHAHO, HHTe-
pecHO 3HaTb, KaKOBa TOYHO HEONpeNeNeHHOCTb B JaHHOH KOH-
KpETHOil TeOpHH, T. €. B TEOPUH JaHHOTO THNA (W, v) !).

CornacHo pesyJbTataM IJl. 5, Heonpele/eHHOCTb B (PYHK-
UMM rg (X4, . . ., X,) YHCJEHHO ONpEJENAETCS €€ S-CTENeHbIO
SD (rg) = d (n, o). Hcciienyem Tenepb 3TH S-CTENEHH.

‘Teopus Tuna (u, v) xapakrepusyercs ofpalleHHeM B HYJb

Bcex (yHKUMH mnepBoro nopsiaka ry (xy, ..., X,), KpoMe
p-roueutodl pyHkuuu. IToatomy ‘
d(n, 1) =00 mnpu np. 8.1)

O yHKUHSA 2 (pyy . . -y Pyu) UMEET BUI
71 (ph ey Pu):54 (sz)@(P)y (82)

rae 5‘—¢6pma CTENMEHH v, TaK - YTO
7 (AP) = A4V, (P). (8.3)
[Toab3ysick onpenesienneM (5.5) B p-npocTpaHCTBe, MoOJyyaeM
dp, ) =—4@—1 —w (8.4)
Jas paccMOTpeHHs1 BBICLIMX MOPSAKOB NOJIE3HO NOKa3ath,
4yTO noBegeHue GYHKuuu rs (Apy, . . ., Ap,) IpH A — 00 TeCHO
cBsi3aHo ¢ nosejeHneM QYHKUHY 7'y (Py, . . ., Pp) NPHU M —> 0O,

T. e. ¢ npo6sieMoii nHpaKpacHbX pacxoxumocrei. s aToro
JOKaXeM CJENYIOILYI0 JIEMMY.

1) Onpenenenue THNa TEOPHH cM. B ra. 4, dopmyna (4.6)
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Jlemma 8.1.

Ilycts r (%, . . ., X,) — 0OOGLIEHHbIE ¢dbyHKUMH,
yJIOBJIETBOPAIOIIHE NpeAnooKeHuaM TeopeMnl 2.2. Torga
dyHKIUU
rr (xiv Ceey Xp) =

=A% (A xy, ..., Alx,), 0<<TA<< oo, (8.5)
TaKXKe YIOBJETBOPSIOT NPENNOJIOXKEHHSIM Teopemsl 2.2,
HO C 3aMeHOH Macchl m Ha mA~L,

CoorHoiuenue (8.5) B p-npoCTpaHCTBE MMEET BHJ
™(Pas - ooy Pr) = AT Py - o ., AD). (8.6)

OueBugHo, YTo GYHKUMH r* yjoBjerBopsitorT yciaoBusMm A, b
u B teopemn! 2.1, npuuem ycnoBue B, xoHeuHo, cienyer ¢op-
MYJIHPOBAaTh AJIsi HOBOM MaccoBO# 060/0UKH p* = m?/A%. UToGbl
y6enuTbCs B TOM, YTO QYHKUUHN rM SBJISAIOTCS peLIeHHSIMH ypaB-
HEHMH TOJIHOTHI ¢ Macco#t m/A, ucronbdyem dopmy (2.35) atux
ypaBHEHHI B p-NPOCTPAHCTBE M OTMETHM, YTO

8, (Mk; m) = e(ko)ﬁ(?»zk2—m2)—
=720 (ko) 8 (& — 7; ) A2, (& ﬁ[‘)- (8.7)

OcrasibHble BLIYHCJIEHHSI COBEPIIEHHO TPHBHAJbHBHIL.
YcnoBue HopMHPOBKH (2.58) mocse npuMeHeHHust mpeobpa-
3oBaHuA (8.6) ocTaercsi BbIIOJHEHHBIM:

~ 1
T (p, g) =84 (hp+1q) { 5 (g*—m®) +
+ (M2 — m)PF (b} =
1 2 2\ 2
~sora (& (¢ ) (e o). e
rae dynkuus F*(q) = AF (Ag) ananutnuna B obaactd ¢* <
< 4m?/A*.

anMEHHM 3Ty JIeMMY K TeopHM THna (W, v) Hs popmyani
(8.2) mosmyuaem

Py - p) =TT (T P) B (P). (8.9)
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HanomuuM, 4TO B pas/ioxeHHH TeopuH Bo3MyLieHHH (3.1)
1715t GYHKIHUH £ 4JIeH r; BXOJUT C MHOXHTeJeM, PaBHBIM KOH-
crante cBs3u g. Onpenenum

: -4
gn= g\, (8.10)
TaK 4TO )
gri(ps, -y D)= (Xp:) F (p1s - -; p)=
=ghf1(p1, eeny pu). (8.11)
[NocTpoeHusi mMpeiblAyLIMX IJ1aB Mbl MOXKEM OCYLIECTBHTD
AJist MacChl m/A BMECTO m ¥ napamerpa pasJioKeHHusi gj BMECTO
g, npuueM ¢yHKuus ry Bupa (8.2) ocraHercsi TOH Xe caMoOi.
ITosnyyeHHyI0 Ha 3TOM NYTH QYHKUHIO THOA 'y MBI 0GO3HAYHM
yepes3} % (P). AHaJOTHYHBIM obpa3oM omnpenesnM 1h THs
u T. 1. Ilo onpenenenuio, pyHKIus
rd(P) =ry (P) (8.12)

He 3aBUCHT OT A. U3 ¢opmysnl (8.10) u snemmbr 8.1 mosyunm
B KayecTBe BO3MOXKHOTI'O pellleHHs B BBICLIHX NOpSIAKax

TE(D1 oy PR)=A"TIETYTO Dy, L, ApR). (8.13)

UTo6bl onpenenutb s-cTeneHb GYHKUMH g, CJAELYeT BbISC-

HUTb XapakTep noBefeHHs1 QyHKUMH A*"r; (AP) mpu GoJbLUHX
A. BcnencrBue (8.13) 3TO 3KBHMBaJIEHTHO HCCJ/IENOBAHMIO Ipe-
JeJia IpH A — 0o BhIpaXKeHHUsi

7‘13n+6(u+v—4)7?; (ph ey pn)-
HerpynHo Buzmerb, uTo
d(n,o0)=—3n—o(m+v—4 (8.14)

NpH YCJOBHH, YTO mpousBefenue A~°7% (P) ocraercsi orpaHu-
YeHHBIM IIpH Nepexoje K npeneay A —- oo s mwboro § > 0.
Ecau GYHKIHS 7y PaCXOZUTCH NIPH A — 00 KaK A B HEKOTOPOH
creneHd uau GoJiee CHJBHO, TO oLeHKY (8.14) caenyer coorBer-
CTBYIOUIUM 00pa3oM H3MEHHTb.

OueBuHO, YTO BONPOC O CXOAHUMOCTH HJM PacXOAUMOCTH

lim A™®7% cBsizan ¢ mpo6seMoit MHGPAKPACHBIX PACXOIHMO-

A—o00

CcTed, BO3HHUKAIOIIMX, KOrja Macca m/\ CTPEMHUTCA K HYJIIO.



118 T'rasa 8

Sty npobJjeMy Mbl pacCMOTPUM B jfajibHefimieM. Mbl mokaxem,
YTO B NpOCTpPaHCTBe o  npH JioGom & > 0

lim A=%7 (py, . . ., pa) = O. (8.15)

A— o0

UTo6bl 3TO OCYILIECTBHTb, HEOOXOJHMMO HECKOJbKO YJYYLIHTH
OLEHKH, TpHBeJeHHble B IJ1. 7. Mbl GyaeM moJib30BaThCsi onpe-
JeJieHUsIMH M 0G03HAYEHHSIMH, BBEIEHHLIMH B 3TOM IJiaBe.

CemeiictBo dyukuuit fo (U, V) EH (U; V), | <A << oo
6yneM Ha3biBaTb 02PAHUYEHHbIM, €CITH HEPaBEHCTBO

Sy (fIr1V) < Sw (V) (8.16)

HMeeT MeCTO paBHOMepHO Mo A st Bcex N, npuyeM GYyHKUHH
Sy TOJHUHOMHAJbHO OrpaHHYeHbl 1Mo nepemeHHbM V. B npu-
MEHEHHSIX 3TOr0 IOHATHA HEKOTOpble M3 TMEepPeMEeHHBIX u;
HUMeIOT BHJ

— mZ
Ph=pio—on (), 0@)=] P+, (8.17)
T. €. caMH 3aBHCSIT oT napamerpa A. OnHako mpenen
Lim pa = pio— | pi |

CyLIECTBYET M HempepbiBeH B cMbicae '€npaepa ¢ unaekcom 1,
TaK 4TO 3Ta 3aBHCHMOCTh OT A NepeMeHHbIX U; He CO3Ja€ET TPYI-
HocTel.

IMyers fi (K, P, Q, U, V) € H. (K, P, U; Py, Q, V) —
TaKoe OrpaHHYeHHoe ceMeHCcTBO GYHKUHMH TOTrO XKe Tuna, 4To
¥ GYHKLHH, pacCMaTpuBaBlluecst B Teopeme 7.1. CnpaBenJmBo
caefylollee yTBEPKACHHE.

Teopema 8.2.

Iycrs Gpyukuun r5 (K, P, Px, Q), [ (K, P,Q, U, V)
onpeneJeHbl, Kak YKa3aHo BbIlllEe, H

v
1 A(P))

X?ﬁ(K: P’ PXv Q)fh(K’ P’ P;» Q’ U, V) (818)

Torna cyuecTByer Takast He 3aBHCsILIasi OT € OJIOKHTEJb-
Hasl KOHCTAaHTa Cy, 4TO GYHKUHH A~ %Cfy (PRy - - -4 V)
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NpeACTaBAsIOT CO06OH orpaHHYeHHOe CEMEHCTBO B Tpo-
crpauctBe Her (P3, Q, U; V) mpu &' < e.

Jloka3arenbCTBO 3TOH TeopeMbl O4YeHb G/IHM3KO K JI0Ka3a-
TesnbeTBY TeopeMbl 7.1. HauHeM onsitb ¢ o6GcyxkaeHusi ciayyas
o = 1. dyuxkuusa 7} M0 ONpeleJIeHHI0 He 3aBUCHT OT A. PyHk-
uusa f, orpannvyeHa no A. Ilostomy Bripaxenue (8.18) mourtu
COBNajaer C TEM BbIpa)keHHEM, KOTopoe o0CyxKaasoch IPH 10-
Ka3saresabcTBe TeopeMbl 7.1. OHO OT/IHYAeTCs OT HEro JOIMOJHH-
TeqbHBIMH MHOXHTENsIMH [0, (P;)]~!, MaciiTaGHbBIM MHOXKHTE-
JaeM A B QYHKUMSAX ) U, HaKOHell, TeM, YTO NepeMeHHble Pj
3aBHCAT OT A.

OrHocuTeNbHO (PYHKUHHA § ClefyeT 3aMeTUTb, YTO AHAMETP

HocHTe il GYHKUHH % (Ap) yMeHbLIaeTcsi C YBEJHUYEHHEM A
Kak 1/A, Tak 4TO BeJHMUYHHA

2" Sup [ X (A(p+a))—yx (Ap)|

jals1 lal®

ocraercsi orpannyeHHodl. CienoBaTesbHO, 3aBHCHMOCTh (YHK-
umi ¥ OT A HAaXOAWTCS B COOTBETCTBHH C TpeGOBaHUSIMH Teope-
Mbl 8.2, ecau BeiGpath cq > 1.

Tpynnee paccMoTperb OCTaBLIYIOCS 3aBHCHMOCTb OT A.
3amerum, uto B npexene A— oo ¢yukuus o, (p)]~! crauo-
BHTCSl CHHTYJsIpHOH B Touke p = 0. B caysae a > 0, kak
HETPYIHO BMIETb, OLEHKH, CAEJaHHLIE B IVI. 7, He mperepie-
BalOT HHMKaKuX wu3MeHeHMH. CHHrysasipHocTH THma | pj |7t
B QYHKUMAX 03! CJHHIIKOM c/1a6bl, YTOGH HapyYIUHTb CYILECT-
BOBaHHEe HHTErpajioB mno nepemeHHbiM p;. Ilpn @ = 0 paccmort-
puM cHavasna cayyait p = 0. Byzem wucxomutb u3 c¢opmy-
bl (7.14), koropasi Tenepb NPHHHUMAeT BHJ

E=2 (ot amn2) o5 (@ — B+ 26+
fr@, ...
ar(f-+a) o (F—a)

rje BMeCTO TNepeMeHHbIX ' CJelyeT MOACTaBHTb 3HAUYEHHS
u3 (7.13), B KoTOopbix m 3ameHeHo Ha m/A. DyHKUuS

fr(q,P, . .., V)orpannuena Bnpocrpanctse He(q, P, . . ., V)b).

-} ueHbl BBICIIETO TMOPSIAKA) X

, (8.19)

.. " -
1) Mul oTHOCHM K QYHKUHH fo MHOXHTeNb A~° nmpu y-GyHKUHAX.
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[Tpn mocaenymomeM pacCMOTPeHMH nepeMeHHele P, ..., V
Mbl GyeM OnycKaTh.

OGa MHOXWTENST ®3' MOXHO OTHeCTH K ¢yHKuuu fr. Mx
noeejienue NpH Q) 7 Q, HELIOCTATOYHO CHHTYJISPHO, YTOOBI
BJIUSITh Ha ouneHkH. Ilpu Q, = Q, Mbl NPOU3BOAUM HHTETPH-
pOBaHHE TONbKO B OKPECTHOCTH q ~ 0, rae 3TH MHOXHTeNH
Boo6ILe He CUHTYJspHEL (npu p 7 0).

Onpenenum

Ay = p* + dmn-e,

Ec/au npeHeGpeyb ujieHaMH BbICILEro nopsiaka B 8, BBecTH cde-
puuecKue KOopAuHarhl f; = r sin 6 cos @, {, = r sin O sin ¢,
{3 = r cos O U NpOUHTErpUPOBATb 1O ¢ U r, TO Mbl MOJYYHM

1
E= Vo, 0, S d (cos ) X
-1

X g (Ai/‘VQA—thin(-), —A:,M%]/Q;“—QACOSB) N

rae g, (U, V) € H,. Tlocne moxcranoBku ¢ = (Mm) Ay* X
X VQu — Q, cos 0 3TOT MHTErpa] NPUHHMAeT BHJ

Yo '
E=4" | dpgy (mi A 41 0m (@0 — Q) — w2, ),
~Yo

i

rae Yo = A;/4km‘1VQA—QL. Bcenencrue Gpictporo yGhiBa-
HUS (PYHKUHH g, NPH P —~ 0O NAHHBIA HHTErDaJ U €ro HOpMbl
B cMmbicsie ['énbnepa ocTaloTCs OrpaHMYEHHBIMH IIpU A — 00,
D10 yTBepKeHHe CIPAaBEIIMBO TaKKe H AMs MHOXHTeas Ay?,
TaK 4TO MPH A — 0O HUYEro IJIOXOT'O He NPOUCXOIHT.

DTa OLleHKa OKa3biBaeTcsl HeBepHOH npu p —- 0, MOCKOJbKY
CHHTYJISIPHOCTH GYHKUHIA 07! COBNANaloT, a pasoxenue (7.11)
HeCNpaBeMIMBO, €CJH P U m Magbl. UTo6bl NOHATH, YTO NPOHC-
XOOMT B 3TOM IHpejese, IPOUHTETPUPYEM TOYHO MO P, MPH
p = 0. Bmecro (7.10) Mbl mosyuaem

V Q@ —4m2A-2 Q |
(©f — 4m™?) ——Ee———F, ( —k, ) . (8.20)
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rae ¢yskuus F, orpaHHYeHa B COOTBETCTBYIOIEM IIPOCTPAHCTBE
He(...; ...) (MHOXuTenb A™° Mbl ONSTb OTHECHH K (yHKUHH
F,). Bennunna Q, onpesenena no ananorus ¢ (7.9). OueBupHo,
uyto BhipaxeHue (8.20) mpu A —- 00 orpaHuyeHoO. Sy-HOPMBI
¢yHkuug F, Takxe ocTaloTcsl orpanuyeHHeIMH. Ilycrb

% o o
6o (@) =0 (2} — 4mn-s) LA m

ITpu Qf >4m?A~2, >0 nosydyaeM OLEHKY

1 s 1
1 37/ 02 _ 24 -21__* ) —
7 V Qf— 4mA |9A+h ==
__h-® z_4m2)\’—2_l__<
e Qx_(er‘h)\
pi-e e Qe 1-g
<HFmrsen T E<l

kotopas B cuny Vx| F|y| <V x| +V 1y| npunumaer suz

1
|V @A — A — Y Q=A<

l —_—
<73%—3th2+29¢ <

Qehtir—e
Vanthr

1/9—
<2 /2 em_e

Yamep—e,

[Tostomy ¢yHKUMA

je 9@t h) —Ga () 8.21)

orpanuyeHa npu 1 KA << oo, 0 h, 2m/h << Q,, Tak 4yTO
A~®G, npencras/isier coGoii orpaHHYEHHOE CEMEHCTBO B mpo-
crpancTBe He (5 Q).

Takum o6pasoM, HOKa3aTeJbCTBO TEOpPEMBbl IJis CJydas
o = 1 3aBepuieHo. B kauecTBe KOHCTaHTBI ¢; MOXKHO BhLIGpATh
¢y = 2, rje oiHa ejuHHLA@ Bo3HHMKaer u3 (8.21), a BTOpas —
{3 MHOXHTEJNEH Y.

[TepexoguM k paccMoTpeHHIO GoJiee BBICOKHX MODSIAKOB
o > 1. Ilpennonoxum, 4To paccMaTpuBaemasi Teopema crpa-
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Bel/MBa BO BceX HHM3WKX mnopsakax T << o. Ilo aHajoruu
¢ (7.16) onpenenum

J*(K, P, P}, Q=
l

= S dW [ 8, (@i m/A) W& (Kz, Pr, Paz, —W) X
1

X r5—v(Kry Prs Pig, W).  (8.22)

Hanee onpenennm pyHknuio J» rak xe, kak B (7.17), Ho ¢ nox-
CTAaHOBKOHM B HYXHBIX MecTax MHOXHUTeJeldl A 1 w,. B uactHo-

ctu, caenyer Bect Muoxurenb |[ [, (pj)1~t. Ilo rumorese
P

MHIYKIHH GyHKuuH A~%/} npencraBasior co6oit orpanuyen-
HOe CEMEHCTBO B IIPOCTPAHCTBE

HBA(KR’ PR7 P;»IQLv Uy W; QR, V) HpH 81< ge.

O6pasyem tenepb Bhipaxkenue J% (W3, Px, Q, U, V), noncra-
BMB B COOTBercTBYIoLine Mecta (opmyJbl (7.18) MHOXHTENH A
H ©,. [IpiMeHHB ONATb THMNOTE3y HHAYKLHH, HalJIeM, uTO
$yHKLMH

}"—(ca_r-}-c,‘)e‘,g

o6pa3yloT OrpaHHYeHHOe CeMeHCTBO B IIPOCTPAHCTBE
He (W3, Py, Q, U; V) nna e’ << e. CyxeHne 3TOro npousse-
JEHHsi Ha SHEpPreTHYecKYio mnoBepxHocTb wy = 0 cyuiecTByer
H ocTaercss orpaHMYeHHBIM IpU A — oo. Orciofa Hemocpen-
CTBEHHO TMOJIyYyaeM, 4YTO MNpPOH3BEleHHe

A~ CoT N Py Q, U, V)

orpaHuueHo B npocrpanctee H, (Pj, Q, U; V), uro n tpebo-
Bajiocb. Dynkuus JA onpenensercs ¢opmysol, aHaJOrHy-
Ho#t (7.19). _

[TockoabKy GyHKUHSA I* npencrapnisier coboit CYyMMYy uJie-

HoB Buja (8.22), Mbl JoKa3aJjii, 4TO OHa obJajaer CBOACTBaMH,

chOpMYIHPOBAHHBLIMH B Teopeme 8.2 1 dyukuuu rs. Ecan

BLIGpATh CrelMa/bHbIA C/yya, KOrja COBOKYIHOCTH NepeMeH-
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upix P, Q, U, V nycThl, u 3aMeTuTb, 4T0 f < H,, TO HETPYAHC
y6equThCsl, YTO U3 ITOTO CBOMCTBA (PYHKUHUH [ ﬁ caenyer

lim A™°T% (ky, ..., kn)=0 B mpoctpanctBe ' (8.23)

A—>o00

aasa Jgmoboro € > 0. CpaBuuBas 3to ¢ ¢opmy.oi (8.13), sanu-
caHHO! A1 GyHKUUHU [, BMECTO r g, NOJNyYaeM

d(n, o) =SD (I4) = SD (ro) =
=—3n—o(uw+v—4). (824
PasenctBo SD (/4) u SD (r;) ObUIO yCTAaHOBJEHO B IJ. 5.
BHoBb Bocnosb3oBaBiunck ¢opmydoit (8.13), Ha sror pas aas
(YHKUHH 14, MBI TOJyyaeM Tpebyemoe ycjoBue (8.15). 3ame-
THM, YTO TIOCJEeJiHEe YTBEPXKIEHHME O3HayaeT, YTO B Mpejaese
m/h— oo pHOpPAaKpaCHbIX CHHIYJSPHOCTEH CTENeHHOro THMA
He PosHMKaer. OpHako JorapuMHYeCKHE CHHTYJISPHOCTH
TaKOM OLEHKOH He uckJoualorcsi. OHH 1eHACTBHTENbHO BCTpe-

YaloTCs B TEOPHH BO3MYIUEHHH, M HX INOSIBJEHHE JONYCKAETCs
B CTPOTO¥ TEOpHH, HE CBA3aHHOH ¢ Teopueil Boamymenuni [32].

Cne,uyeT elie Irokasarb, 4TO Q)YHKUJ’II/I fﬁ YIAOBJIETBOPAIOT

Teopeme 7.2. Bocnonbayemcs qopMoit byukuuu 74 (P), 3anaH-
Ho#t dopmy.ioit (7.23). Ilo ananoruu c (7.24) onpemenum

Thon (P)= | dQoTls (Po— Qo P) e (Qu), (8.25)
o (X) =N (X°) I (X). (8.26)

=

KoMnakTHBIH HOCHTEJb B NEPEMEHHBIX E (QYHKLHH
A gy« oos E) =AY (x4, oy X)) =15 (X) — D) Fhon (X) (8.27)
1

He 3aBHCHT OT A. YcnoBHe (8.23) o3Hauaert, uto lim A~ %y, =0,
A= 00

TaK 4TO
Jim A~°AY (X) =0 (8.28)

A—>o00

aas Jio6oro € > 0. Ilpeacransenue (7.27) nepenuiuem B BHAe

A* (E):%’ DF?} (B). (8.29)
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N - = s

3pech F¥ — HenpephiBHbe (YHKLUHH C KOMIAKTHBIMH HOCHTE-
JISIMH, He SaBHCﬂU.LHMH ot A. Bousee Toro, hyukuun Fy nenpe-

PBIBHO 3aBHUCAT OT A* (cm. o6cyxneHue TeopeMbl 26 B MOHO-
rpacduu Isapua [19]), Tak uro

lim A™%F% (8) = 0 (8.30)

A—>o00

paBHoMepro 1o E. ®ypbe-o6pa3 dynkuun A (X) umeer Buz

A (Pss .- -, pn):é“(;pi)G}“(pz, .o Pr). (8.31)

3neck G* — pypbe-06pas dynkuun A* (E), 1. e. uenas dpyHk-
uus. M3 (8.29) u (8.30) MOXHO NOJIYYHTH OLEHKY

| G* (P) | < C\& (P), (8.32)

rae & — MOJIOXKHUTENBHO OINpeleeHHbIH TOJHHOM, He 3aBH-
csiuuit ot A, u npu &€ > 0

limA~®C, = 0.

A—>o00
AHaJIOTHYHblE OUEHKH CIpPaBeAJIHBbI JJIsi IPOM3BOAHBIX OT G
H, CIIEJOBATEJILHO, TAKKE AJIs1 ee réblepoBbix HopM. C yuerom

57Ol HHMOPMALHKY MOMXHO AOKa3ath, uto Gynkuus A* ynosme-
TBOpsieT ycjoBHAM TeopeMbl 8.2. JloKa3aTeqbCTBO aHANOTHYHO
AOKa3aTe/IbCTBY, INPHBEACHHOMY Bbille IJIsi  (QYHKUHHA rh.
B aroM jpokasaresnbcTBe HE3aBHCHMOCTb GYHKIHH rd or A
He OblTa CYLIECTBEHHOH; JOCTAaTOYHO ObLIO JHlIb CBOHCTBA
orpanuyensoctu tuna (8.32). (KoneuHo, 3HaueHHe KOHCTaHThI
C; MOXKeT ObiThb GoJiblle e€e 3HAaYeHHsi B IpocTefileM cJiydae.)

Ocraercsi 10Ka3aTb, 4TO GYHKUHUA 72“(m (P) ymoBseTBOpSieT
ycJoBHSIM TeopeMul. TinaTteJbHas MO3TamHas NpoOBepKa IoOKa-
3bIBA€T, YTO 3TOTO MOXKHO JOCTHYb JOCJOBHBEIM IIOBTOpEHHEM
JOKAa3aTeIbCTBA TOTO, YTO DYHKIMS 7;gy YIAOBJETBOPSET TeEO-
peme 7.1 co cnepylomumMy MaMeHeHusiMu. Bee dynkiuu u 0606-
1eHHble QYHKUMH 1;q, f, f B T. 1. TPHOOPETAIOT HHIEKC A;
TO XKe on-xocwrcs{ ¥ K mnepemeHHbiM P, P'~ u 1. 1. OyHkuuu
x (p), %° (p) weoGxomuMo 3aMeHuTb Ha GYHKUMH ¥ (Ap),

%0 (Ap), a Takxe BBecTH MHOXHUTeqH [0, (p;)]~t. JloGoe
yTBepxmeHne tuna « (V, U) € He (U; V)» caenyer 3ameHHTb
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yreepxaenueM A~ °f, (U, V) siBisieTcsi orpaHuYeHHbIM ceMeli-

ctBoM B mpocrpaHcTBe He (U; V)», rne & — mosoxuresnbHoe
ypcJo, obpamjamomeecs B HyJb BMeCTe C €.

B cBsisu ¢ dopmyJioit (8.24) yke oTMeyasoch, YTO CIpaBes-
JIHBO CJIeAyloliee cJe/iIcTBUe TeopeMbl 8.2.

Teopema 8.3.

Maciura6Hasi crenenb d (1, 6) GYHKUHH g (X, ..., Xpn)
IJsi Teopuu Tuna (W, V) YINOBJIETBOPSIET HEPABEHCTBY
d(n,o)=—3n—o(p-+v—4). (8.33)

DTa OlLEHKA INpeACTaB/]sSeT HHTEpeC TOJbKO AJs (YHKIUH
rs (X), He obpamarwouuxcsd B HyJb. B so6oM mopsijake no o
TOJNIBKO KOHEYHoe yucao ¢yHKUuui rq 7% 0, a 4715 ocTalbHBIX
¢yukumi d (n, o) = oo.

OtMmernM, yTO TeopeMa 8.3 HaeT TONBbKO HHXKHIOW I'PaHHILY
ansid (n, 0). CyluecTByIOT TEOPHH, 1J1sl KOTOPHIX ycsoBue (8.33)

He ontuMmaibHo. Hanpumep, ecaum rq(py, ..., pu) =
1

= 6* (O)p;) 1] p3, To MuHEManbHOE pelleHue B BhICUIMX IIO-
i

pAIKax ecTb IPOCTO o (P) = H pir.J (P), rue r(I — peme}me
COOTBETCTBYIOIIlEE 3HAUEHHIO 10 (py, . . ., p,) = 6% (Dp;). 3
NPHUBOAUT K 3HaueHuio d (n, o) = SD (r§) — 2 BM™MecTO 3Ha-
yenusi d (n, o) = SD (r§) — 2u0, KOTOpoe MOJYYHIOCH GBI,
ecqu Obl (8.33) npexacraBaso coboit paBeHcTBo. MoXHO jony-
CTHTb TaKXe, YTO MONJIMHHOE Bo3pacTaHue 3HaueHus d (n, o)
N0 CpPaBHEHHIO cO 3HayeHHeM (8.33) MpoUCXOAUT B pe3yJibTaTe
COKpaLIEeHHsT pa3JHYHbIX Yj1eHOB B [ ;. OfHaKo noJo6HbIE COKpa-
LEHHs YJIEHOB HMKOrla He Hab/ojaluch W MaJjoBeposiTHO,
yToObl OHM MOTJIH HUMETb MECTO.

Kak 6bl10 mokasaHo B IvI. 5, GYHKUMH rg (X5, . . ., Xp)
OMpefessioTCs €JMHCTBEHHBIM 06pasoM, ecJu
d(n, ) >—4n + 4 npu n> 2, (8.34)
d(2, 0) = —6.

BoJiee oGiiee YTBEP2KAEHHUE TJIaCHT. YHCJO HEOJHO3HAYHO-
CTel TeCHO CBSI3aHO C Pa3HOCTbIO

0(n, 0) =—4n+4—d(n, o). (8.35)



126 T'ra6a 8

Ecmu 8 (n, 0) <0 npu n>2, 6 (2, 0) <2, TO HUKaKuX
HeoHO3HauHoCTeHl He cymecTByer. Yucao HeoaHo3HayHOCTEH
pacrer ¢ poctom 0. M3 HepaBencrsa (8.33) ciemyer

S(n,o)<—n+4+o(p+v—4). (8.36)

Teopusi HaspiBaercsi nepeHopmupyemoil, €cau Jasi Jio6oro
n Z= 2 cyuiectByeT KoHeuHoe yucsao O (n), Takoe, uTo

8 (n, 0) <6 (n) ana Bcex o =1 (8.37)

8(n<o0 (8.38)

IJist BCEX 1, KPOMe KOHEYHOro uucJ/a. Bce ocTasnbHbie TEOpHH
Ha3bIBAIOTCS HenepeHopmupyemoimy. B HemepeHOPMHpYeMbIX
TEOPHUSIX C POCTOM TIOPSJKa O YHCJIO HeOoNpeieIeHHOCTell Heorpa-
HHYEHHO BO3pPacTaeT. '

N3 coorHowenus (8.36) caenyer, yto KpUTEpHH NEPEHOPMHU-
pyemoctH (8.37), (8.38) Buinosusitorcst A/ Teopuil Tuna (4, 0)
u (3, 0). OHU COOTBETCTBYIOT B KAHOHHYECKOH TEOpUHU I0Jf
TEOPHSIM C JlarpaHKHaHaMu B3aumonefictBus A* u A3, xoro-
pble, KaK H3BECTHO, NIEPEHOPMUPYEMbl B KAHOHHYECKOM CMBICJIe
caoBa. Ec/H HCKJ/IOUHTb HEKOTOPHIE MaJIOBEPOSITHBIE COKpa-
IEHHSI, TOJNBKO 3TH JBE TEODHUH SIBJSIOTCS ME€pPEeHOPMHUpYe-
MBIMH, OTBJIEKasiCb OT TPUBHAJBHBIX MOJeJNell THna TeX, 4To
YIIOMHHAJIUCh TIPH obCcyxKaeHuu TeopeMsl 8.3. HamomuuMm, urto
Mbl PHHHMMaeM @ == 3, H OTMETHM, YTO Vv JOJ/IKHO OBbITH YeT-
HbIM YHCJIOM, NOCKOJIbKY TOJIbKO NMOJHHOMbI YETHBIX CTeNeHeH
MOTYT OBITb JIOPEHL-HHBAPHAHTHLIMH.

Konel; 3Toii rnaBel Mbl IOCBATHM KPaTKoMy OOCYXKAEHHIO
IBYX NepeHOPMHPYEMBbIX TEOpHi.

Teopuss Tuna (4, 0)

OrMeTnM cHauaJsa, 4To Bce (YHKIMHU Iy C HEUETHBIM YHCJIOM
apryMeHToB 06pallaloTcsl B HYJIb:

8 (n, 0) = — 00 115 HEYETHBIX A. (8.39)

Ouenka (8.36) npu p = 4, v = 0 npuHHUMaer BHUJ
§(n, o) S —n+4, (8.40)
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OTKyJa cJepyer

d(n)=—n+4. (8.41)
HOns n>4 wumeem 06 (n)<<O0, Tak ur0 ¢hynkyuu
re (X4, ..., %), B >4, onpedererol eOuHcmeeHHbIM 00PA3OM

80 6cex NOPAOKAX G PYHKYUAMU T HUBLwUX nopaokos. I1ockorvky
8 (2) = 2, mo e umeem mecmo 0as dsyxmoueuroti Pyrkyuu.
Cayuait

84,0 =0 (8.42)

OTB€YaeT B TOYHOCTH I'DAHHYHOMY 3HAUYEHHIO, HAYHHAas C KOTO-
poro nosABJAKTCA HEOAHO3SHAYHOCTH. B KaxJOM NOpsAAKE O MbI

NOJYYUM B QYHKUMH Fg (X4, . . ., X,) HEOQHO3HAYHOCTh OJHOIO
H TOTO 2Ke BHJA

€60 (xy — x2) 6% (xy — x3) 6% (x; — xy), (8.43)

IIe ¢, — BellecTBEeHHasi KOHCTaHTa. Tako#l e BHJ HMEET W
dyHkums ry (xg, . .., x,). Yo6Ho BeiGpath ¢; = (2m)®. JlioGok
JPYrofl MHOXHTeJ/Ib €; MOXXHO BKJIIOYUTh B KOHCTaHTY CBSI3H g.

[Ipo6nema ¢uUKCHpPOBaHHS KOHCTAHT (, TECHO CBsi3aHa
C ApYrod OCHOBHOH! npoGseMoii: Kak oxapaKkTepH3oBaTb B3au-
MojeHCTBHe KpUTepHeM, cGopMyJJHPOBAaHHLIM BHE PAMOK TEOPHH
Boamyuenuii. [lpensoxeHHas BbllUe Npoueaypa 3afaHHs MO-
nesd nyTteM crenudukauuy ee 3anasfblBalOIMX  (QYHKUHH
B MEpBOM IOpPSJKe, OYeBUJHO, He BIIOJIHE YIOBJETBOPHTENbHA.
B 1aHHOM c/yyae MOXXHO NpeNJOXKHTb chaepyolnee. Yerripex-

Toueunast dyHkuus r(py, . .., p) B P-TIPOCTPAHCTBE HMeEET
BuJ (2.27):

r(py, - p) =06 (pr+ ... +p)r(p1y ... pi). (8.44)
®yHKUKA 7 ONpefeseHa Ha MJOCKOCTH py + ... + p, = 0

¥ aHAJIMTHYHA B OKPECTHOCTH Hayasa koopauHat [27]. Ilosto-
My ee 3HaueHHe B Hayasle KOOpJHHAT

g=r(0,0,0,0) (8.45)

MMeET cMbics. KoHCTaHTa g BelleCTBEHHa B CHJY BelleCTBEH-
HocTH yHkuuu r (X).

Onpenesum Tenepb TeopHio tuna (4, 0), NpeAnonoxuB, 4To

BeJIMYHHA g HMeeT NpeirHCaHHOe HeHyJeBoe 3HayeHHe, a BCe

¢bysKUMH 7 (X, . .., Xp) O06JANAIOT MaKCHMaJbHBIMH JOMY-
CTHMBIMH S-CTETIEHSIMH, COBMECTHMBIMH C 3THM 3HAUEHHEM.
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IlpumeHuM 3TOT KpHTepuil B Teopku Bo3MmyineHui. ITycTb
Ry =rs(0, 0, 0, 0). (8.46)

[Torpe6yem, uToGhl
2 R:g" =g, (8.47)
g

i€ KOHCTaHTa g PUKCHpOBaHa. 3/1eCb Mbl CTaJIKUBAeMCs ¢ nNpo6-
JIEMOH OIpeleJIeHHs] «KOHCTAHTHI CBA3H» g, T. €. TaKoro mnapa-
METpPa PasJjIOKEHMsl, KOTODHIH He omnpejensiercs obleil xapak-
TEPUCTHKOH TEOpHH, NpUBeNeHHOH Bhillle. Dosee ecrecTBEHHBIM
NpEeJCTaB/AETCS BbLIOOP B KauyecTBe IlapaMeTpa pasJoXkKeHHs

CcaMOH KOHCTaHTHI g:

g=g (8.48)

B stom cnyyae u3 pasenctBa (8.47) caepyer
Ri=1 R;=0npu 0> 1. (8.49)
Torza B mepBoM MNopsiike TEOPHH BOSMYIIEHHH Mbl INOJYYHM
B TOYHOCTH GYHKUMIO ry (Pg, . . ., Py), C KOTOPOM H HauHeM

roctpoeHde Teopuu. Bce npyrue QpyHKuUHH r1(P) o6palarTcs
B HYJIb, MTOCKOJIBKY OUEBHJHO, YTO CPeIH BO3MOXKHBIX pPelleHHH
HyJleBoe pelleHHe OTBeYaeT MaKCHMaJbHOH s-cremeHH. (Mel
npuMeHsieM TpeGoBaHHE MaKCHMAJbHOCTH MO OTJAEJbHOCTH
B KaX/JIOM Nopsifike, npeHeGperasi BO3MOXKHBIMH COKPaIlEeHHSIMU
4JIEHOB Pa3/IMUHbIX NOPsAKOB.) ITocTpoeHue BHICIINX HOPSAKOB
IIPOUCXOJUT B TOYHOCTH NO CHOPMYJHUPOBAHHBIM BhIILIE Npa-
BHJIaM, a HEOJHO3HAUHOCTH B YeTHIPEXTOYEUHOH GYHKIHH
¢dukcupoBaHsl ycsaoBueM (8.49).

Opnako BuiGop (8.48) He sBAAETCS €AHHCTBEHHO BO3MOX-
HbiM. Ero Moxno o0606murh c/enyomuM obpas3om:

£=2@=2 2% &=0, (8.50)

rae g (g) — crenenHoil pax no g..Ilapamerpsl g, MOTyT GbITh
GUKCHpOBaHBl MPOH3BOJIbHO. B 3ToM ciydae ycJjoBue (8.49)
3aMeHsIeTCs YCJIOBHEM

R, = EU’ (851)

CooTBercTByIOIIEE peleHre 0603HAYMM rg (X4, . . ., X,). Torna
ry (Pas - o pn) = 0% (Xp:), a B ocTajybHOM Gynem CTPOHTE
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TEOPHIO, KaK U TNpexJAe, HUCNONb3ys JJIl YCTPAaHEHHS BCeX
HeoJHO3HauHocTel ycsoBue (8.51). Jlerko ybGenutbcsi B TOM,
4TO JiBa peIUeHHs

Dere(X) (8.52)

; 275 (X) (8.53)

COBMAJAalOT B CMbicje (OpMaJbHbIX CTENEeHHBIX psnoB. [led-
CTBHUTEJIbHO, ecJu passoxkeHue (8.50) moAcTaBHTH B pelleHHe
(8.52), a 3areM mepecTpouTb Pl IO CTEIEHSM g, TO OKaXKeTCH,
4TO KO3p(HIHEHTH pe3yJbTHPYIOUIEro pasJioxeHus rg (X)
00/121a10T BCEMH HYXKHBIMHM CBOACTBaMH K03(hduuueHTOB rg (X)
M TEM CaMbIM COBTAJAIOT C HUMH.

CeoGopa BmGopa ¢yHxkuuu g (g) B dopmyne (8.50) ectb
YacTHOE NpOosiBJICHHE TOH CBOOOABI BbIOOpa, KOTOpas M3BECTHA
B KaHOHHYECKOH TEOPUH BO3MYILIEHHH MOA Ha3BaHHEM «PEHOp-
MasnusanuonHoi rpynmen (cM. [5], ra. 8). Ilepexox ot g K g
COOTBETCTBYET KOHEUHOH I1epEHOPMHUPOBKE KOHCTAHTHI CBS3H.
AnanoruyHasi cBo6oja B MPUHLUIIE UMEET MECTO M NpPH BhIGOpe
Macchl m. Bmecto Toro, 4To6bl paccCMaTpHBAaTh MacCy Kak Gukcu-
pPOBaHHBIH BHEIUHUH mapaMeTrp, Mbl MOIVIM Obl TaK 2Ke, Kak

B cJyyae c g, cuuTath ee (YHKIMEH KOHCTAHTHI CBSI3H: M =
= m (g). Ho ato npuBeno 6bl K 3HAYUTENBHOMY YCJIOKHEHHIO
dopMann3ma, CBA3aHHOMY C TeM, YTO /M SIBHBIM 06pasoM (uepes
nocpenctBo A*-QyHKUHH) BXOAUT B COOTHOLIEHHS MOJHOTHI
(2.36). OueBuigHO, YTO BBOJAHTb TaKO€ YCJIOXKHEHHE B pac-
CMaTpUBAEMYIO TIPOCTYIO MOJEJb He uMeeT cMbicsia. OnHako
3TO BOBCE He TaK /sl Mojesiedl ¢ YacTHIaMH HeCKOJbKHX COp-
TOB, TJ€ 3aBUCHMOCTb OT g PA3HOCMeli MacC MOXET HMETb BaX-
Hoe ¢usnyeckoe 3HaueHue. [Topo6Hasfm cuTyalus paccMarpu-
Baercs B paGore [33].

Teopus Tuna (3, 0)

dra TeOpHsi COOTBETCTBYET JarpaHXKHaHYy B3aHMOJIEHCTBHS
A3. Kak u3BecTHO, Takasi TEOpHsi, CTPOTO TOBOPs, HE HMeeT
cMbicaia [34], nockosbKy B Heill Hapyluaercsi TpeGOBaHHE MOJIO-
JKUTENBbHOCTH 3Hepruu. OIHAKO 3Ta TPYAHOCTb B TEOPHH BO3-
MyLieHuit He nposiBasiercsi. [103TOMy TaKyio TEOpHIO AOMYCTHMO
paccMaTpuBarh B HAallleM KOHTEKCTE H 3TO PACCMOTPEHHE MOKET
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NpPEeACTAaBASTb CaMOCTOSITENbHBII HHTEpeC, MOCKOJbKY HEKO-
TOpble XapaKTepHble OT/IHYHs OT Teopuu Tuna (4, 0) Moryr
6bITb BaxKHBI B GoJiee peajMCTHYECKUX TEOpHSIX.

IMpu p = 3, v =0 ouenka (8.36) npuHumaer Buf

6(n, o) <—n+4—o, (8.54)

rJle CipaBa CTOUT BbIpaXKeHHe, yObiBarolee ¢ poctoM o. Mckiio-
yasi oueBHMIHBIA caydail n = 3, ¢ = 1, Bce 3Hauenus: 6 (n, o)
VIOBJIETBOPSAIOT KPHTEPHIO eauHCTBeHHOCTH (8.34): Teopus
tuna (3, 0) okaspiBaercss GUKCHPOBAHHOH HALIMMH IPaBUIAMH
00HO3HauHo. Takue TeOPHH Ha3BIBAIOTCS «CBEPXIEPEHOPMHU-
pyembiMu» 1). Kakum of6pa3oM 3TOT pesysbTar coryacyercs
co cBOOOJOH, CBSI3aHHOH C pEHOPMaJIM3allUOHHOH TIpYNNoH,
KoTOpasi JOJ/’KHA Oblia Obl NPOSIBUTBCA B NaHHOM CJydae Tak
XKe, Kak U B Teopuu tuna (4, 0)? ITocmorpuM, uto npousoiier,
€CJIM BBECTH HOBYIO KOHCTaHTY CBSI3H g':

g=2g:g'% =0 (8.55)

¢ (uKCHpOBaHHBIMH KO3(dHULHEHTAMH g H MOACTaBHTb (8.55)
B pa3JioxKeHue

r (X)_—_g g4 (X). (8.56)

[Tocie ¢opmanbHOH NepecTPORKH pSLOB Mbl IIOJyYaeM Cie-
Jlyiolllee pasJioXKeHHe O KOHCTaHTe g':

r (X):? g'rs (X). (8.57)

OyHKUUN rg YLOBJIETBOPAIOT YypaBHeHusiM (3.9), BkJtouas
JIOTNIOTHUTE/IbHBIE YCJIOBHSA, @ (PYHKIUMSA r; XapaKT€DPU3YeT THI
(3, 0). OnHako B BHICIIKX NOPSAKAaX HApyLIaeTcsi YCJOBHE
MaKCHMaJ/bHOCTH S-CTENEHH 3a cyeT JNoOGaBJEHHS K MaKCHMaJlb-
HO TJIaAKOH TpeXTOueuHOH (PYHKLUUH YJIEHOB BHIA

cg0% (x; — x3) 6% (x; — x3). (8.58)

Her HHKaknx cepbe3HbIX OCHOBaHHH He paccMaTpUBaThb TaKyio
TEOPHIO, NIOCKOJIbKY YC/IOBHE MAKCUMAJbHOCTH S-CTENEHH, KOTO-

1) B GoJee obuieil GopMyNHpPOBKe TeOPHS Ha3blBaeTCs CBepXmepe-
HODMHMPYEMOH, €C/NH CYIECTBYET TOJbKO KOHEUHOE UHCJO 3HAYeHHI
(n, 0), NpeBHILIAKIIHX KPHTHYEeCKOe 3HayeHue 0, HaYHHasi C KOTOPOro
nosiBJAAOTCS HeoAHo3HauyHocTH. (ITo moBopy ompeneseHusi NepeHOPMH-
PYeMBIX H CBEpXNepeHODMHDYeMbX Teopui cM., Hampumep, [38*].—

{Tpum.  nepes.)
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pOe B CTPOI'OM CMBIC/IE IPHUMEHSIETCS IO OTAENBHOCTH B KaXKJI0M
nopsiike TeOpUHM BO3MYIIEHHH, o060CHOBaTb TpyAHO. Bripaxe-
Hue (8.57) MOXHO paccMaTpuBaTb KaK pasjioKeHHe MeToja
BO3MylleHu#t A5 teopuu tuna (3, 0) B HeKoeM OGOOGLIEHHOM
cMbicsie. MIMEHHO B 3TOM OGOOLIEHHOM CMBIC/I@ MOXKHO TOBO-
PHTb O JaHHOH TEOPHH BHE MeTOAAa BO3MYILEHHMI.

ITo ananoruu ¢ dopmynoi (8.44) umeem

r(p1, p2y p3) = 8 (py + p2+ p3) r (py, P2, pa)y  (8.59)
rie
g=r (0,0, 0 (8.60)
— KOHEYHOe BellleCTBeHHOe 4yuc/o. B arom cayuae Teopusi Tu-
na (3, O) onpexmesnsiercsi Kak TEOPHUsA C 3aJaHHEIM 3HAYEHHEM
g # 0, npu kxoropom Bce ¢yHkuuu r (X) objagaloT MakcH-
MaJIbHOH BO3MOXKHOM S-CTENEHDIO.
[Ipu paccMOTpeHUH TaKOH TEOPUH MBI ONSITb CTAJIKHBAEMCS
co cB06OJOH BBIOOpa KOHCTAHTHI CBS3H g THNA

g=21808% (8.61)

T. €. Mbl MOXX€M CBOGOAHO BHLIGHpPAThb g,;, KPOMEe OrpaHHUEHHs

go =0, g 0 (BBOIMMOro aas ympouerus). Ilpu mo6om

BHIGOpE g, HALIMMH METOJAMH MbI IIOJIYYHM DSiZbl TEOPHH BO3-
MYLIEHHH C JOMOJHHUTEJbHbIM TpeGoBaHHEM

4 (0, 0, 0) = g. (8.62)

YcioBre MaKCHMaJbHOCTH S-CTENEHH MNPUMEHSIeTCS TOJIbKO

K OrPaHHYEHHOMY KJacCy pelueHH#d r,, YIOBJIETBOPSIOLINX

yeaoBuio (8.62). TlostoMy ¢yHKUHH 1, ONpenensioTcs eIuH-
CTBEHHbIM 00pa3oM. PasiuuHble pelueHHsi, OoTBeyalmoLlue pas-
HbIM BbIOOpaM g, COIJIacyloTcsi MexJy co6od Kak ¢opMasb-
Hble CTENEeHHble PSjbl, €CJH COOTBETCTBYIOI[HE KOHCTaHTHI
CBfI31 NPaBUJIbHO BbIPAXKAIOTCS APYT yepes ApYra Mo aHaJoTHH
¢ (8.55). Cpenst MHOTMX BO3MOXKHOCTEH CYIIECTBYET OfiHa BO3-
MOXKHOCTb, OTBeyaollasi HaiieMy GoJjiee OrpaHUYHUTEJbHOMY
peuenty, BeayuieMy K ycjoBHio (8.54). MIMenHo, B aToM cayuae
cJIeflyeT NOJIOXKUTb g = 1, a AJa onpeneseHus g, UCNONb30-
BaTb ycJsoBue (8.60), rae pyHKuus s (py, p2, Ps) COOTBETCTBYET
(QYHKUHH ry; C MaKCHMa/JbHOH S-CTeMeHblo, Koropas Oblja
TNIOCTPOEHA B IJI. 5. DTOT CnelnabHbli BRG0P He coomeemcmeyent
€CTECTBEHHOMY BbICOPY g = g.
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